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NPEAVCNOBUE

IMpennaraempiil BawreMy BHUMSHMIO COODHHK 3a7a4 OXBATHIBAET TPAXH-
LUMOHHLIR KypC BPhICIIER MATeMATHKY B 00bEeMe MepBOro Kypca TeXHHUYeCKOro
py3a. KHura noaroropsiesHa npenonaBaTensAMH HECKOJILKHUX MOCKOBCKUX BY-
30B, HMEKMEMYE MHOIOJICTHHH ONBIT JTEKUMOHHON) M ceMMHADCKON padoTst CO
crynertamMu. QUHpasACh Ha FTOT ONBIT, & TAKKE YUHTHIBAA QOCTOUHCTBA H He-
JAOCTATKY CYLIECTBYIOWMX MOCobul, ABTOPHI NONBITAJIMCE COBIATE B KAKOM-TO
CMBICJIE YHUBEPCAABHBIN 3a0a4HMK, NPUrooHLIR kKax 018 caMoo0pa3oBaHus,
TAK U A4 aKTUBHON paborhl ¢ MpenonaBaTeseM Ha MPAKTHUECKUX 3aHATHAX.
D1uM obbacHAeTcA cienudUyecKas CTPYKTYPA KHHTH.

Kaxnwnift pasnesn cfopHEKa HAYMHASTCA ¢ HEODXOMMMOLO TEOPETHYECKO-
ro MHHEMYMA, BKJICUAIOIEro BaxxHelliie onpenesnedys, TeopeMsl U dhopmy-
Anl. 3aTteM HaeT GIOK 3ala4 HA 3TY TeMy, PACCPENOTOYEHHBIH CAeOyONIMM
obpasom. Cragana noapobuo paabupatorca 1-3 THIOBLIE 33034, TIOCTE Yero
NpenyIaragTca GJIA CAMOCTOATEIBHOTO PeleHns (IoMa HiIN Ha ceMuHape) 6—
10 apanormyabix 3amad. danee cHoBa pazbuparTca 1-3 cTaHIApTHRIE 3303~
i HA ONPENENEHHYI} ¥3KYH TEMY, I0Ce KOTOPHIX OIATE HAYT AHAJIOTHYHBIE
3aJa9N A4 3aKpenieHus npuobpereHHoro Hapweika. M tak namee. Mmenno
TaK MPOMCXOIAT O0yYeHHe Ha NPAKTHYECKUX 3AHATHAX B BY34aX, MO3TOMY MbI
HaOeeMcs, YTO TAaKOe pacnpeneseHne 3agad GyneT ocobeHHO YOOOHO npeno-
NAPaTesaM, BeLYIIMM CEMHHAPHI IO BHICIICH MaTeMaTHKe.

B XoHUe KaXIOre pasnena HAXOOMTCA, COCTabasomunl HanGonee cyme-
CTBEHHYIO €I'0 YACTh, BeCEMA, OOIIMPHBI! MAaCCHB 33034 AJ18 CAMOCTOATENbHON
{6ez npenomaparens) paboret crymentop. Ilpennonaraercs, 410 HMEHHO H3
aroft yacTH paznena npenonaBaresnt OyOeT YEPIATE 3aMaYH O/1A OJOMALIHHX
3a0aHHll cTyneHTaM.

Mg1 yoenuau ocofoe BHEMaHUE CTAHAADTHHIM 33034aM, NOCTATOYROTO KO-
JIMYECTBa KOTOPHIX TAK HE XBATAET KaK NPElOmABATENAM, TAK ¥ CTYICHTAM
ILNs YCIENIHOre Xona yuebHoro npouecca. TeM He MeHee B COOpHUKE TOBOJILHO
MHOrO DOJIee CIICKHEBIX 330AHUR W YCTHBIX BOMPOCOB A7A NPOIBHHYTHIX CTY-
JeHTOB; BCE OHH BLIIEJIEHHI B OCOOEIA TYHKT, 3aBepIIAOMHY MOUYTH KaxKObitt
paznen kuurn. Cpenu YOTHBIX 3a0aHuil — B B 9TOM OOHA H3 OCOOeHHOCTEH
KHUTH — HEMANO Ka4eCTBeHHBIX BONPOCOB, ODBIMHO NMpenjiaraeMbIX Ha 2K3a-
MeHaX nmo Balcliefl MatemaTHke. DTa 4acTh 3afavHMKa Oyner moJesHa CTy-
OeHTaM OJd MOACOTOBKH K 3K3aMEHAM M NPencJaBATENAM IJ18 NOTNOJHEHUA
CBOEro 3amnaca nogoGHbIX 3adaHui.

Haxonen ene ogna ocoGeHHOCTS aToH KHHIH — HAJIMYME KOHTPOJBHBIX
paboT B XOHUE Kax ol raBel. ONATE-TAKM HX MOTYT HCTIONB30BATh KaK CTY-
HeHTH IPH NOOIOTOBKE K 3a4€TaM MM KOHTPOJIBHBIM, TAK W NPENOIABATENH
NP} NPOBENEHUH NOCISTHNX.

K nopasasomemMy 60MbIIHHCTBY 3a0a4 COOPHHKA — A HX B KHHIE OKOJIO
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3500 — mpHBeneHB! OTBETHE, & K HauOOJIee TPYOHLIM H3 HUX — DeIeHHs WiIH
noapoQHBIE YKAIAHKS.

ITpwu pafiore HaO KHEIGH TPYA ABTOPOB PACTIPENEHIICA CASAYIOUM obpa-
som: raaea 11, a raxxe § 5 us ruiaew 5 Hamucans! Jlyary K. H., rnape 3-5,
9, 10 — IIncemennwm I, T., rnaepy 6-8 — ®enunawiv C.H., arnasei 1, 2 —
Hlepuenko 1O A.

ApToph 6YnyT NPH3HATEBHBL 33 JIIODLIE OT3bIBLI, NOKCIAHNA N KPHTH-
"yeCcKHe 3aMevYaHts, KOTOphie MOXKHO IPHCEIIATE 10 agpecy: 141103, Mockos-
ckas obn., r. Menkono-3, a/a 140, ®emuny C. H.

NMPEAUCIOBUE K TPETbEMY U3OAHUIO

B tperbem nzmaruu Getnu pobapnens TeMer «duddepenuuanti pricax
nopaaxoe» H «Dopmyna Teitnopa nis ¢ysxunit asyx nepemennnix». Kpome
TOre ObINIH HCIPABJIEHL! CIIEUATKH B HETOYHOCTH, HallIEHHbIE HAMIMMM YH-
TarenAMH. BceM MM aBTODBI BHIPAXKAT MCKPEeHHW BaarogaprocTts. Ocobo
x04ercs orMerHTh K.¢.-M.H. Kynanwua E. [1. v nperonaparens MareMaTnKu
u3 r. Juenponerporcka (¥Yxpanna) [atixosy JI.I., npopemapmyio npakrTu-
4eCKH BeCh 33Ja4HHK M COENABHIYIO HEMATIO UEHHbIX 3aMedaHut, cnocobeTro-
BABINAX yJIY4HIEHHIO KHUFH.

ABTOpBI NpU3HATE/ILHE] PEICHICHTAM — 3aB. Kadeapol MaTeMaTHIecKo-
ro anaanza MI'ITY, npodeccopy Mopakosuuy A. I, 3as. xadenpoit Bricmmelt
maremarukn PYIH, npodeccopy Muxeesy B. I1., a Takoxe nouenTty kadenpht
obweii maremarrku daxyaerera BMuK MI'Y Bynaky A.B., sHckasapimum
pPAL NOJE3HBIX 3aMevaHnit, BOMBMAA YACTh U3 KOTOPBIX YYTEHA NPH IOAC0-
TOBKE HACTOALIENO W3JAHWA KHUIH.

MpwHaTeie obosHaueHun

onpefesieHne

HAYAJO PEINeHHA 3aa4H

KOHel, pemeHua 3a0a4H

MHOXECTRO HATYPAJLHBIX HUCEN
MHOXECTBO HEJTbIX YHCEN

MHOXECTBO JeHCTBUTEILHBIX YHCET
OeHCcTBHTENbHAS IJIOCKOCTh
AelCTBUTENBHOE TPEXMEPHOR IIPOCTPAHCTBO
MHOMKECTBO KOMIUICKCHBIX HCe]
obLennHenne MEOXKECTB

nepeceyeHHe MHQXKECTR

ACB A — noaMuOMecTBO MEOKecTBA B (A # B)
ACEB A — noaMHOXeCTBO MHOXeCTBa B

¥ Jiobolt, ona soboro

3 HalioeTcs, CYIIECTBYET

DCcammmNZe0l



Mnasa 1. MATPULLbI N ONPEAEJTUTENN
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> Mempuuyeil A pasMepa m X n HALIBAETCA NPAMOYTOBRAA TabIINIEa
H3 M CTPOX W 7 CTOJIOLOR, COCTOALIAN U3 91CeT HITH HHBIX MaTeMa-
TUYECKHX BRIpaKeHUl 2 {HAIMBAEMBIX 3AEMENTIAMU MATRDUYH),
i=1,2,...,m,j=12,...,n

Marpuua A c anementaMu a;; obo3HadaeTcA TaKKe (ai5).

ar a12 ay; .- Qin
aa o9 cee a2 ... Qaoan
A=
i1 g e @i .- Ain
Qm1 Gm2 ... OQpj ... Gmn
1 z 3

Hanpumep, A = (—2y 5 0) — marpuua 2 x 3, ee aJIeMEHTH a); = 1,

@z =%, 613 =3, a1 = -2y, ...

Ksadpomnuotl MaTtpuuell n-ro nopamka HA3BIBACTCA MATPHIR pa3Mepa
1 X 1. Juezonasbnod HA3BIBAETCA KBAAPATHAA MATPHUA, ¥ KOTOPOH BCe 3ute-
MEHTE! PHE IVIAPHONW AMAroHAMN (T.e. ¢ HHOEKCAMM ¢ # j) paBHBE HyTI0. Edu-
nuuHott {0603HauaeTca F) HAIBIBARTCA TUATOHANBLHAA MATPHIA C eAHHUIEAMY
Ha rnasHolf auaronanu. Hyseeofl HaspIBATCA MATPHIA, BCE 3JI@MEHThE KOTO-
POt paBHLI HYJIIO.

[pumepnr marTpuu: a) kBanpaTHas; 0) AHArOHAJIBHAA, B) eNMHUMHAS,

1 0 7 1 0 0
Dwaesana) (3 2 -1)50) (7 S)im (01 0)in(g o o)
0 2z 0 ¥ 00 1

§1. ONEPALMN HAQ MATPUUAMMU

=1 Cymmotc mempuy A = (a,j) # B = (b;;) ooMnakcBoro pasme-
pa HasmBaercs Marpuua C = (c;;) TOTO e pasmepa, NpHYEM
Cij = 45 + bgj, Vij.
Ceoticmea onepayuu caoncenus mempuy. JIaa modeix marpuu A, B u
OHOTO Pa3Mepa BHIICJHAITCA PABEHCTBa:
1) A+ B = B + A (KCMMyTaTHBHOCTE);
) {A+B)+C=A+(B+C)= A+ B+ C {accoupaTHBHOCTD).

= IMpoussederiues MaTpuubl A = (ai;) Ha uNCIIO A HA3BIBAETCHA Ma-
tpuua B = (b;;) Toro ke pasmepa, 4To M MarpHua A, mpHuem
b,‘j = /\Gij', v !,j



Ceolicmen ONepayuy YMHOMCENUR MATRDUYH HE NULAO:

1) A-(g-4) = (A pu)- A (accoudaTuBa0CTh);

2) A-(A+B) = A A+ A B (aucTpubyTHBHOCTD OTHOCUTEJIBHO CJIOKEHHA
MATpHIL);

H{A+p)-A=)N A+p- A (mucTpubyTHBHOCTH OTHOCUTEIbHO CIIOKEHHA
wucen).

= Hunefinoti xombunayuet! maempuy A 1 B OBMHAKOBOro pasMepa
HA3HLIBAETCA BhipadkenHe BuAa o - A + # - B, tme a n § — npous-
BOJIbHBIE YHCJIA.

= Ipoussedenuem A B mampuy A n B (pasmepoBm xnun xr
COOTBETCTBEHHO) HA3BIBAETCA MaTpHua C' pasMepa m X r, TaKad,
uTO

n
Cij = Qi1-byj+taia by +- T aik bri -t Gin by = Zat’k'bkj-
k=1

Takum obpasom, KaX OB} saeMelT ¢;;, Haxogamulica B ¢-it cTpoKe H j-M
eronbue marpuus! ', paBeH CyMME MPOH3BEIEHUH COOTBETCTBYIOIINX 3JIeMeH-
TOB §-#t CTPOKHK MaTpriE! A o j-ro cToabua Marpuusl 8. {l'osopa nonynapHpiM
A3BIKOM, YTOGEL HANTH 3IEMEHT €;;, HYXKHEQ «IPHIOKHTES i-10 CTPOKY MATPH-
e A K j-My cronbuy MaATpHub! B, DepeMHOXHTH COOTBETCTBYIOIIME SIIEMEH-
THI H NOJIYUEHHKIE NPOUSBEIEHUA COKUTE). HIponssenenune A- B cymectayer,
TOJILKO eCIH YHUCI0 CTONMBUOB MaTPHIB! A papHO 4YHCAy CTPOK marpuus B.

Caofiemen onepayuy YMHOFCEHUR MAMPUY!

1)(A-BY-C=A-(B-C)=A-B-(C (accONNaTHBEOCTS);

2)(A+B)-C=A-C+ B-C (auectpubyTHBHOCTD);

3 A (B+C)=A -C+ B C {(opcTpnbyTURHOCTD);

4) pooGume rosopa, A« B # B+ A — orcyrcreyer KOMMYTATHBHOCTD.

=> Kommymupyowusmy (HIA NePeCTAHOBOYHBIMM) HASBLIBAIOTCA Ma-
Tpunel A u B, nna xoropuix AB = BA.

Ecan sanas Muorowien f(x) = apa™®+an-12" 1+ -+ a1z +ag, TO Mam-
PusHBM MRO20%AeHOM [{A) HAIBIBAETCS BRIDAKEHHE Qn A%+ a1 A" 1. ..

...ta-A+ayg-E,tne A=A A- ... A nna moboro HaTypanbHoro . 3Ha-
[ -
n pa3

YEHHEM MATPHYHOrO MEOrOwsiera f(A) npu sanaxHol MaTpuue A ApnaeTcs
MATPHLA.

= Tpanenonupoeannodl x Marpune A = (a;;) Ha3bIBASTCA MaTpHUA
AT = (af)) maxas, uro ol = aji, ¥ 4,5 (T.e. BCe crpoxy KoTOpOH
PAaBHBE COOTBETCTBYIOMIMM CTOOMAM MaTpHIE A).

DAeMEHT CTPOKH MATPHLE! HA30BEM KpadihiimM, €CJIM OH OTJINYEH OT HYJA,

a BCE 3JIEMEHTHI 3TOH CTPOKH, HAXOASIIMECA JieBee HETo, paBHBI Hymo. Ma-
TPUIA HA3hIBACTCA cmynenvamedi, ecan kpaliunit sneMeHT xaxno#l CTPOXH

8



RaxoNANTCA NpaBee KpalHero snemenTa npeabinymeif crpoku. B marpunax A
# B oTMedenml kpaifHue 37eMeHTH Kaxa0M CTPOKH:

1 2 4 7 1 2 4 7
A={0 o 1 o], B=|0 -1 -1 -3
0 -1 -1 3 00 0 o

HE CTYIIEHYATAA CTYNCHYATAN

SreMERMOPHBIMY TIPEOOPRIOBAHUAMY MATPHLIL] HASHIBAIOTCA CIIELYIOIINE
OrnepaLnm:

1. TlepeMena MecTaMu ABYX CTPOk (CTOMOHOB).

2. ¥YMHOKeHMe cTpokd (cToNnbLa) Ha YHCIIO, OTJINYHOE OT HYJs.

3. lIpubasnenue x snemenTam onHo#t cTpokH {cTONM6LA) COOTBETCTBYIO-
MUY 3JIeMeHTOB apyro#t ctpoku {cTonbua).

Marpuna B, nojiy4eHHaA W3 MATPUILE A ¢ NOMOLIBIO 3JIEMEHTAPHBIX IIpe-
obpasopanuil, HA3BIBAETCA IXBUELACHMHOT MaTPULe A (0bo3Havaerca B~ A).
B nanbhettmeM 6yaeM paccMaTpUBaTE 3TleMEHTApHBIE NPeobpPA30BaAHUA TOJIb-
KO HaJ CTPOKAMH.

1.1.1. Hafttu nunpeitnyio koMbunauuio Matpay 24 + 3B, roe

1 2 3 -2 30
a=(p 1 2)m=(3 1Y)
. 1 2 3 -2 3 0y _(2 4 6
Q 2A+3B_2-(0 1 _1)+3-(2 1 1);(0 9 _2)+
+ -6 9 0y _ (2-6 449 6+0Y _ (-4 13 6 °®
6 3 3/ \0+6 2+3 -2+3) \6 5 1}
Huodimu aunetinoe xombunayuy JadaHHOIT MAMPUY!

2 1 2
1.1.2. A—)E,A=|5 -3 3|

-1 0 =2

2 -1 0 3 1 2
1.1.3. 44-5B A=1|3 4 —2 ,B= —2 1 3.
-3 1 2 —4

7 -2 3 -4 2 -1 -3 1
1.14. 34+4B,A=[0 2 1 ,B=[7 -1 0 4].

—5320 8§ -2 1 5

1.1.5. Iycrs A = 123 . Haiitn npomnsbene-
1 0 -1 8

Hua AB u BA (ecnn 210 BOSMO)KHO)
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1-s1 cTpoKa MaTpHUbl A OPUKAAOLIPAETCH
K nepBoMYy cTOnbuy Marpuust B,
COOTBETCTBYIOLINE 2JIEMEHTH NEPEMHOXKAI0TCA,
& NPOH3BENSHNA CKJAIBIBAIOTCA

-1

1
LS

134264377 14+2.0+31  1.5+42.(-2)+3-8
1-350-6+(—1)-7 1-440-0+(—1)}-1 1-540-(=2)+(-1)-8

(36 7 25
=% 3 53)-

Ilponzpenenne BA He CymecTBYeT, TAK KaK YHCJAO CTOJOIOB
MATpHULBl B He COBNaJaeT ¢ YuCaoM CTpoK MaTtputinl A (3 #2). @

Hattmu npouasedenun mampuy AB u BA (ecau onu cywecmeypom):

1.1.6.

1.1.7.

1.1.8.

1.1.9.

1.1.10.

1.1.11,

10

(3 -2 (3 4
1= (3 20 2= 3)
3

1
A=(40-231), B=|-1

Halitu 3nauenue marpuunoro muorounena f(A), ecnm f(x) =

1 2
= —p2 -
=-2z"+852+9, 4 (3 D)'

o4 oA (12 (12\_ (11423 12420 2
Q A=A A"(so) (30)"(31+0332+00) ( 6)’
— 942 . {72 . 1
F(A) = ~24% 4 54 +0E = -2 (3 6)4,5 (3 o) (o )

SETE N R R



Huodimu anavenue mampuunozo muozowaena f{A):

1.1.12.  f(z) =3 +22+2, A= ([1} _53)

1.1.13. f(z)=22° - 32245, A= (_12 3)

1 2 0
1.1.14, f(x)=322-5z+2,A=(0 2 -1].
-2 1 4

10 0
1.1.15. f(x)=z*-6224+924+4, A=(0 2 -1].
01 4

ITposepums, xommymupipom au Maempuyst A u B:

1 2 2 -3
wiae a=(1 2)e=(% 7).

(1 3 5,_{1 -1
1.1.17. A—(_l 2),3_(3 2).

1 0 0 -3
1.1.18. A=|(0 -3 0]JuB=| 0
0 0 2 0

1 21 2
1.1.18, A=]|0 1 3|uB=1-1
1 -2 4 4

1.1.20. Tpaucnonuposars Marpuuy A = (_03 f)

(Q 3anuceisas nepryio M BTOPYHX CTPOKH MaTpumbi 4 Kak mep-
Bbifi M, COOTBETCTBERHO, BTOpoll cTosGen MaTpunbl AT, momydum

marpuny AT = (g _13) ®

[l == = R e
= =]
\‘q

1.1.21. Tpadcnounporars MaTpuny A = (i g g)

(Q Tax xak y marpuust A A8e crpoxks n Tpu croabua, TO y Ma-

1 4
rpunpt AT 6ymer Tpu crpokn u nea crontua: AT = (2 5) . @
3 6

Tpanenonuposams caedyrouue Mampuys:

3 0 1 0
1.1.22. A=(2 _5). 1.1.28. A=|-3 2 |.
5 -1

11



Bunucaums npouseedenus AAT u AT A npu sadennoit mampuye A:

; 1 2
1124, A= ;] 1125 A=[-3 0
o ~2 4
1 2 1 3
1.1.26. A_(4 s _1).

1.1.27. llpupecTH K CTYOEHYATOMY BMIY MaTpHIy A ¢ MOMOMbLIO 3JIeMEH-
TapHbIX npeofpa3zobanuil HAl CTPOKAMM:

1 0 -1 -1
A=(3 -2 -1 0
-3 3 2 -1

(Q Meperitt 3ran. CoesaeM HYJEBbIMH BCE JIEMEHTH MATPHIE!
nof, kpalinum anemeHTom neppolt cTpoxu. IInd atoro merureM u3
BTOpoit CTPOKH NEePBYK, YMHOXKEHEYIO Ha 3, U 3anulleM pe3yabTaT
BO BTOpPYIC cTpoKY. Ilocse a1oro k TpeThelf ¢cTpoKe npubapuM nep-
BYIO, YMHOXKEHHYIO HA 5, M 3AIIMIIEM DE3YJILTAT B TPETBIO CTPOKY.
Honyunm marpumy A;.

Bropo#i stan. Tenepb cuenaeM pPaBHLIMH HYJIK) BCE 3JIEMEH-
Tbl MATPHIBI 104 KpafiHAM 3n1eMeHTOM BTOpOl CcTpoKH. [Ina aToro
YMHOXKHM BTOPYIO CTPOKY Ha 3, TPETBIO CTPOKY — Ha Z, ITOJIY 4MB-
IHMECH CTPOKM CJIONKHMM M PE3YJILTAT 3AMUIEM B TPETBLIO CTPOKY.
Monyuum crynenuaryio marpuny A;.

1 0 -1 -1
A=[|3 -2 -1 0 ]|II-3-T ~
-5 3 2 -1/III+5-1

1 0 -1 -1
~4, =10 -2 2 3 ~
0 3 -3 -6fj2-1U+3-1I
1 0 -1 -1
~Ay=10 -2 2 3 | — crynedyaras matpuua. @
o 0 0 -3

1.1.28. TlpuBecTd K CTYOEHYATOMY BULY MATPHIY A ¢ MOMOMIBK 3JIeMeH-
TAPHBIX NpeoOpa3oBaHdi HAN CTPOKAMIL:

0 -1 -1 -3
A=1(11 2 4 7
5 0 10 5
12



0 -1 -1 -3
Q A=11 2 4 7 |1ell~
5 0 10 5
1 2 4 7
~10 -1 -1 -3|HI-5-1~
5 0 10 5
1 2 4 7
~|0 -1 -1 =3 |IOI-10-TI~
0 -10 -10 -30
1 2 4 7
~B=|0 -1 -1 -3] — cryneHuaTas MaTpHIA. ®
0O ¢ 0 0
1.1.29. IlpupecTd K CTYNEHYATOMY BHIY MATPHLY
3 4 -5 7
2 3 3 -2
A= 4 11 -13 18
7T -2 1 3
—5 T 3 4 -5 7
o -213-II-2-1 0 1 19 -20 o~
4 11 —13 16 3-M-4-1"7[0 17 -19 20 |OI-17-11
7 - 3-IV-7-1 0 -34 38 -40/1V4+2.-1I1
34 -5 7
01 19 -2
~lo o —342 360 | — cTymemuaTam marpnua. ®
00 0 0

IIpugecmu x cmynenvamomy sudy MeMPuyn:

2 3 -2

1.1.30. 31 1. 1.1.31,
1 & -3
1 -3 1 13
3 1 -7 9

1.1.32, 1 2 0 -10 1.1.33.
2 1 -5 &
1111 1 7%
3 211 -3 -2

1.34 0122 6 23 1.1.35

5 4 3 3 -1 12

2
3
1

(1
\5

3 -2 3

1 1t 2]

3 -5 4

-2 1 1
-1 2 5

1 -3 -18
0 -1 -13
-2 1 1 -1
1 -1 -1 1
7T -5 -5 3
-1 -2 1 -1

13



Aononnurensunie sapaun

Helimu aunedinue xombunayuy mampuy:

1.1.36. 3A—2B,A=(l 2),3:(0 1).

34 1 -2
0 2 4 0 5 10
1.1.37. 2B—5A,A_(_6 i 0),3_(_15 10 0).
2 3
1.1.38. A-,\E,A_(3 _2).
1 -2 5 3 0 2 7 -5
1.1.39. 44-7B,A=[2 0 -3 1|,B={-8 1 3 o]
5 -1 0 4 4 2 -2 5

1 -2 0 5 1 -2
1.1.40. 5A-3B+2C, A=|3 & 1|, B=(-3 2 7|,

-1 2 4 4 0 -1
-5 3 1
cC=12 0 5].
6 4 2

Hadimu npouseedenun mampuy AB u BA (ecau amo sozmoncnoe):
1 2 0 -1
1.1.41. A_(3 4),3_(1 2).
1.1.42. A=(1 -2 3 0),B=
-4
-1 21
5
2 4
114e. A=(2 % N B=(-3 o]
2 -2 0
5 1
-2 3 1 1 -2 -3
1.145. A=|86 4 0 |,B=10 -3 1 |.
2 -1 -5 4 -4 5

Hatimu npouseedenun mampuy (AB) - C u A - (BC):

{1 -1y L, (2 O\ . (3 -1
trae a=(1 o= (2 Vo= )

14



13 -5 3 {13
v 4= (L Yom=(F 2)e=(2 )

-2 4 -3 0
n (-3 2 0\ ,_ b
1.1.48. A=(1 —3),3_(_2 5 _1),0_(0 2 5 2).

3 0
4 1 -1 -2
1.1.49. A= 2 _3 2 ,B_(—2 1),0_(3).
Hatitmu mempuyy A"™:

11 111
1.1.50. A=(0 1). 1.1.51. A=10 0 0].

010
1.1.62. A=|0 0 1].
000

Hatimu anavenue mampunnozo muozodaena f{A):

1.1.53. f(m)=2m2—3:c+1,A=(|1} _01).

1.1.54. f(z)=3z2+22+5 A= (g ‘43).

1.1.55. flz})=2c*-22+3, A= ( ; )

2
1
1.1.56. flo)=42® -2 +32x -2, A= (1 0)

-3 0
1.1.,57, flg)=2>-3x+2, A= 2 1].
3 -3 2

2 3 -3
1.1.58. f(z)=32%45z-24=[0 1 4}
5 -2 1

1 0 1
1.1.59, f(z)=x3—x2+5,A= 3 -1 0].
0 o 2

2 -3 4
L160. flo)=20%—22+32-2 A= (0 5 —1).
-2 -1 3
15



Hposepums, xommymuprom au mampuys A u B:

4
1.1.61. A=(1 2 3),B= )

fr 2y , (-5 3
1.1.62. A—(3 5),3_(2 _1).

2 -3 0 -2
1.1.63. A_(4 0),8_(_4 3).
B

2 -1 0 -2 1
1.164, A=1|3 2 5|,B=|-3 -2
4 -2 7 -4 2
a 0 0 0 a 0
_lo 2 00 _lo b
1165. A=[g o o o[-B=]g ¢
0 0 0 6 00
1 2 3 -1 2 -
1.1.66. A=144 5 6|,B=(—-4 & -
7 8 9 -7 8 -

1 2 -3 4
11.67. A=|°% 8 81 8=

2 73 7 -6
1.1.68. A=1[3 9 4],B=|-5 1
1 5 3 6 -3

Hotimu mempuyy AT

3 4

1.1.69. A:(l 2). 1.1.70.

1171, A=(1 2 3 4)

Hatimu npouseedenus mampuy AAT u ATA:

1.1.72. A=(1 2)_ 1.1.73.

3 4

-4 1 2

1 -2 0
1.1.74. A= 3 5 -T}. 1.1.75.

00 -3
1.1.76. A=10 2 0 ). 1.1.77.

5 0 0
16

4 3
0 -9
-6 5
2 1
1 -2 0
3 5 -7
-4 1 2



ITpusecnu mampuyy A x cmynewnamomy eudy:

1.1.78.

1.1.80.

1.1.82.

1.1.84,

1.1.88.

2 -1 5
A=(}! g g) 1.1.79. A=(1 1 3).
1 -5 1
_ /12 3 -1 8
1 -2 3 1 2-1 -4 3 1
a=(3 2 -42) 1181 a=|i 00 T
5 -2 2 4 \31 -1 2 9
1-1 5 -3 4 (11—104
12 =70 7 {3-1-7-4 7
A=1o_ 1 90 g | V188 A=, ) 15 .11
10 1 -25) \1-1-3-2 5
1 5 3 -10\
3 -1 1 10 -
a=|s 74 1.1.85. A=[8 3 -6
1.0 -4 -1 3
7 10 6 -10/
1 2 -1 0 10 2 -13
3 -1 2 2 3-2 0 —47
A=ty 5 1 o] VL8T A=ly 5 19 18
1 -1 0 2 1-2 -4 5 2

KonTponbHbie ponpocs u Honee cnoxHuie sapavn

1.1.88,
1.1.89.

1.1.90.
1.1.91,

1.1.92,

1.1.93.
1.1.94,
1.1.95.
1.1.96.
1.1.97.
1.1.98,
1.1.99,
1.1.100.

1.1.101.

2-2351

Ecnu matpanel A 1 B MOXHO YMHOXKATH, CNAEAYET JIH U3 3TOrO,
4TO HX MOXKHO CKJIAOBIBATE?

Ecnu marpunst A u B MOXKHO CKJIAABBATE, CJIENYET JIH U3 3TOrO,
4T0 HX MOKHO YMHOXATH?

MoXHO M YMHOXKUTH KBAIPATHYIO MATPHULY HA HEKBAIPATHYIO?
MoxeT M NpousBeleHAe HEKBAAPATHEIX MATpHl GBITH Kaadpar-
Holi maTpuueit?

MoxkeT M OpM YMHOMEHMH HEHYJIEBBIX MATPHI DOJYIATLCA HY-
nepas Marpuna?

Moryr nu cosnagars marpunet A u AT?

Kax seirnsaur marpuua (AT)T?

Bepro s pasescrso (A + B)T = AT + BT?

Bepro s pasercrso (A + E){A — E) = A® - E?

Bepro s pasenctso (A + E)? = A% + 2A + E?

Bepuo nm pasenctso (4 + B)(A - B) = A* - B*?

Bepuo nu pasencrso (A + B)? = A% + 2AB + B??

MoryT nu GbITh 3KBUBAJEHTHHIME MATPUUB! ¢ DAIJTAYHBIM KOJIU-
YECTBOM CTpPOK? cToa01oB?

QO0nsarensHo Mu cymecteyer nponaseneune BA, ecmm AB = E7

17



1.1.102. Moxer a1 Hy1eBas MaTpuua OblTh 3KBHBANIEHTHON HeHyIeno#t Ma-
Tpuie?

1.1.103. MoxeT 4 npon3pencHue MATpull GpITh YnCaOM?

1.1.104. Kak usmenurca npomssenenue marpuu A u B, ecom nepectabBuThb
i-K0 H j-10 CTPOKH MATpHUL A7

1.1.105. Kak aamenurca npoussencane marpun, A U B, ecou x i-#t crpoke
Mmarpuiusl A npubaBuTe j-10 CrpoKy, YMHOXEHHYIO HA YUCII0 7

1.1.106. Kaxk usmeHRTCA mpou3BeleHde MaTpun A # B, eciu nepecTaBuThb
t-#f 1 j-#i cTonbup mMarpuus B?

1.1.107. Kax uamenutca npousbefenne matpun A u B, ecou k i-My cTonbmy
Marpuusl B mpuGapuTe j-it crosben, ymMHOXKeHHBIE HA dHCIIO €7

1.1.108*, Halit Bce kBampaTHbie MaTpuLel A pasMepa 2 x 2, ecom A2 = E.

1.1.109*. Haiitu Bce xBaapaTHble MaTpuibl A pasmepa 2 x 2, ecnm A2 —
HYJIeBAS MATPHLA.

1.1.110*. Hafitn maTpuuy A" !, ecyin A — KBAApaTHAA MATPHIA R-FO 1M0-

praKa 1100 ..00
0110 ..00

a0 011 00
0000 ..0°1

1.1.111%, Hafitu matpuuy (sina cos o

cosa  —sin a) "
3 4

1.1.113*, Moxa3aTh, 4to eciu A 1 B - KBaJIpATHBIE MATPHLBI N-I'0 HOPAIKA,
TO CYMMBI BCEX DJIEMEHTOB [1aBHOl qnaronasm y Mmarpuu AB u BA
PABHEL.

1.1,114% Maypuiia HA3IbIBAETCA CTOXACTHYECKOM, €CJIH CYMMA 3JIEMEHTOB
nobott ee cTpoku pasHa 1. JToka’aTh, 4T0 NPOH3BEIEHHE CTOXACTH-
YECKHX MATPHL — TOXE CTOXACTHYECKAd MATPHLA.

1.1.112* Hal'Tu Bce MaTpHUb!, KOMMYTUPYIOIIUHE ¢ MaTpuueld A = (1 2).

§ 2. ONPEAENUTENN

agy a4z --- Q1

a a @
JIroGolt kpagpaTHO# MATPHUE N-TO HOpAIKA A = 21 o n
Qin G2n +«+  lppn

MOXHO MOCTABMTH B COOTBETCTBHE BBIPAXKEHHE, KOTOPOE HA3bIBAETCHA
onpedesumenesm (Jemepmunanmmom) marpuusl A, m obosHavaerca Tak:

@1y 412 ... @in
a a R !

A= | %22 27 pn |A| wom det A,
Qin Q2n ... Onn

18



> Onpenenutens 2-ro nopALKa 3a1aeTCA PABEHCTBOM:

11 d12

= aq1822 + (—a2021).
@21 Q22

Taxum obpazom, onpegenurens 2-ro nopaaka ects cymMa 2 = 2! cnarae-
MBIX, K&XK0E U3 KOTOPBIX NpencTapaseT cobolt mpon3peleHne 2-X COMHOXU-
Teselt — JeMeHTOR MATPHIL A, M0 OMHOMY M3 KaXIOH CTPOKK H KakKIoro
cronbia. OaHO n3 cnaraembix GEPETCA €O 3HAKOM <3, IPYTOE — CO 3HAKOM
«=».

= Onpenenutens 3-ro nopaaka 3aNaeTCsa PABEHCTBOM:

a1r a1z 413
Q21 @22 a3 = anidgasz + €12023831 + @13d2idze+
a31 432 QG33

+ (—013022331) + ('-012021333) + (—011023332)- (2-1)

Taxnm o6pasom, onpenemnresab 3-ro nopanka ects cymma 6 = 3! cnarae-
MBIX, KAXOO0E U3 KOTOPHIX Npencrasnser cobolt mpouaseneHue 3-x COMHOXH-
Tenelk ~— JJIEMEHTOB MATPULILI A, MO0 OAHOMY M3 KasKAOH CTPOKM M KasKIOoro
cronfua. OoHa BOROBUHA CJIATAEMEBIX BEpeTCa CO 3HAKOM «+», IPYTas — co
3HAKOM «—». [IpaBnio, o KoTOpoMy BHIGHPAIOTCA 3TH SHAKH, 3aZ8eTCA ¢
nomMompio dopmysel (2.1) HAM OpYTrUMH METOLAMH, [[PHBENEHHLIMH HIDKE.

Onpenenuresne n-ro MOPAIKS 3303€TCA PABSHCTBOM:

@211 @12 ... Qin
a1 Qg9 ... [43))

"= E (a1, - 92i - -+ Cniy )
pl Op2 ... Qnn

YxasaHHAT CYMMa COCTOMT M3 711! CJ1araeMhbiX, KOKIOEe M3 KOTOPBIX Ipel-
crapaaeT cobolt npousseneHne n COMHOKUTENEE — 3JIeMEHTOB MATPHIH A,
MO OOHOMY M3 KaokaoH CTpOKH M Kaxkmoro ¢roabua. OoHA DOJIOBHHA CJIa-
raeMbix beperca co 3HAKOM «+», Ipyrag — co 3HakoM «—». I[IpaBuio, no
KOTODOMY BBIGHDAIOTCA 3TH 3HAKH, B HACTOAINEM H3INAHHH HE HCIOJb3YeTCHA
H 30eCb He IPUBOIATCA. MeTonpl BEMHC/IEHUA OnpeleauTenell n-ro nopaika
IPUBEOEHH HIDKE.

Mertogu Boiuncnenusa onpepenuTenei

1. [Ipaeuso empeyzoavruxoes (npasuno Cappioca) BIYMCIIEHMA ONpenae-
Jiutesiell 3-ro HOpPAIKA: BEPBOE M3 TPEX CJIATAEMLIX, BXONAMUX B cymMMy (2.1}
CO 3HAKOM «—+%, €CTh NPOMIBEIEHHE BNEMEHTOB IJIAaBHOH NHATOHAJIH, BTO-
poe u ¥peTb€ — NPOH3BEISHMA ITeMEHTOB, HAXOOAMMUXCA B BEPIUMHAX OPYX

19
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TPEYTONBHUKOB C OCHOBAHMAMY, NApALNe/BHLIMYA raBHol nuaroHann. Tpu
CJIaraeMbIX, BXOLAIMX B cyMMy (2.1) CO 3HAKOM «—», ONpPENensoTes aHalIo-
THYHO, HO OTHOCHTEAbHO BTOPolt (mobokHol) auaroHa:

[ L]

«+»

2. Paaaooicenue onpedeaumenn 3-20 nopsike no nepaotl cmpoxe:

22 Q23
32 433

a1 d23
231 (33

a1 da3
a3 a2

det A = ay] - + ay3 - (22)

ITpu TakOM CHocO6E BEIYHCJICRHA ONPEIeITHTENA KOKAbIH U3 TPEX 2JIeMEHTOB
a1; nepBofl CTPOKH yMHOMKAELTCA HA ONPEISINTEb 2-10 NOPAIKA, COCTABIIEH-
HBIH W3 37IEMEHTOB MATPHILL A, OCTABIINXCA MOC/I€ BhuepkuBaHna 1-it cTpo-
KU # j-ro cronfua. TIpu 9TOM claraeMoe ¢ MHOXHUTENIEM @1; YMHOKACTCA Ha
qucsio {—-1)114:

det A= (1" .aq; - laa1 @22 aos|+ (1) apn-

31 d32 033

+(~1)"3 g -

Taxum obpazoM, BEIYUCTEHHE ONDPEIETUTENA 3-I0 NOPANKA CBOOUTCA K BbI-
uncnenuto 3-x onpeaenurenelt 2-ro mopanka. B obieM crydyae MOXHO BBI-
YHCIATE ONPELETHTENE N-T0 BOPALKA KBAIPATHOR MATPHIE A, CBOOA €ro K
BEIMHCIIEHHIO 1t onpenesurene (n — 1)-ro nopaika.

3. Pasaoxwcenue onpedesumenn n-zo nopadxa no nepootl cmpoxe. Anano-
ru4HO nocaentei hopmysie, KMeeM

det A = (—1)1+1 ~ayy

20



+ (—1)1+3 * {13

o (=D
T.€
o 23 ... [ 57
’ @3z a3z ... @Q3n
det A = an -] . ) . R -
Qna Qnz ... Opa
a1 d23 ... AQ2n a1
31 d3z ... AQ3n 31
—ae| . . . .|+ a3
Qpl Qpz ... {Qnp n]
.+ (—1)1+nﬂln .

Qan
Q3n

nn
dgn—1

d3n—1

{2.3)

Gnn-1

AHATIOTMYHO 3IAOAI0TCH ADYTHe cnocofnl BEIYHUCTICHHS onpenejiIuTesis R-ro no-
PAOKA — <«PaivioEEHUEe» [0 HpOHBBOJ’leOﬁ CTPOKE HWJIH TNPOM3IBOJIBHOMY

cronbuy — (2.4), {2.5).

Onpedeaumenem (femepmunarmon) 1-20 nopaixe KBAIPATHOH MATPHIBI

A = (@) HasbiBaeTca 3HAYEHME a1 det A = ay7.

Honoanumenvrss munoposm M;; K dnemenTy a;; kpanpaTHoft MATDHIBI
A Ha3bIBaeTCA MMHOpP, COCTABJICHHBIR 3 371eMeHTOB A, OCTABUIMXCS MOCJHIE

BLIYEPKHBAHMA -H CTPOKH H j-ro CTOOLA.
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Aszebpauveckum donoanenuem Ay K 971€MEHTY @;; KBALPATHON MaTpHUIbI
A = (a;) HaswBaeTca npoussenenne A;; = (—1)17 . M.

1 2 3
Hanpumep, B matpune |4 5 6] munopom M, ABJseTCS onpenesin-
7T 80
TeNb, COCTABMEHHBIA H3 3/IEMEHTOB MATPHIH, OCTABIINXCH TOCTIE BHYEPKU-
2 3
BaHnfa 2-# cTpokn ¥ 1-ro cTonbia:
8 0
2 3
Taxum oGpazom, My = g ol = 2-0-3-8 = —24; cOOTBeTCTBEHHO,

anrebpanueckuM gomosHenneM Az BymeT umcno Ay = (=1)2F1 - My =
= (—=1)3 - (—24) = 24. B noBrIx 0603HAYEHHUAX, AHATOTHYHO GopMyte (2.2),

3AMUCHBALTCH POPMYJIA «PAZIIOIKCHME ONPEIeSTHTEN 3-T0 NOPALKS [0 1ep-
Boit cTpoke»:

3
det A =a; - 411 +a12 - A12 + aga - A13 = Zalj . A]j.
i=1

Ananorudano dopmyne (2.3} sanucesaercd GopMysa «pasjmKenue onpene-
JHTENA N-ro NopAfKa Mo nepeofl cTpokes:

n
det A =ay A Fair-Ap+ -+ ain-1 Ain_1 +01n A1n = Zﬂu - Aij.
i=1

4. Peaaoocenue onpedeaumnens n-20 nopaixe no i-& cmpoxe:

n
det A =aq - An + a2 Aiz+ -+ Qino1 - Ain1 + Qin - Ain = Zﬂij - A,
ji=1
Vi=1,n. (2.4)

5. Pazaoocenue onpedesumenn n-20 nopadxe no j-my cmoatiuy:
m

det A =ay; A1j+ 695+ Agj+ o+ Gnoyj Anc1j + nj - Anj = Zaij - Ay
i=1

vi=T,n. (2.5)

6. Memod npueedenus ¥ mpeyzoadnomy eudy 3aKI0UAETCA B IpHBENE-
HHH OnpenesnTess (¢ NoMObLI) 9JeMenTapHbIX npeofpasopanuii) Kk TRKOMY
BMLY, KOTHA BCE BJEMEHTDI, PACTIOTIOKEHHIE FI0 OBHY CTOPORY OHOHOR M3 AMa-
ronanett, papHul HY.110.

7. Memod pexyppenmubs coomuoutenust COCTONT B TOM, 4TO OHPEIEsIH-
TeJlb 7I-I0 NOPAOKA BRIPAXKAIOT Yepes onpeleuTeNId TOTO Xe Buga, no Bosee
HH3KOTO NOPALKA, UCIIOJIB3YH 3/IEMEHTADHbIE IPEOGPA3OBAHU U DA3JIOKEHHE
N0 CTPOKE HJIH CTOJOLY.
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CeoiicTea onpegenureneii

1. Ecn y onpenenanTens Kaxas-jnbo cTpoka {cTonfen} coCTOMT TOJIBKO
H3 Hynelt, To onpenenutens pasen 0.

2. Ecsin xakue-nnbo nBe CTpoKH (Apa cTosbla) onpenesmTens npomnop-
UMOHAMLHBI, TC OMPEAeIUTENE paBeH ().

3. Ecnu kakyo-nubo cTpoky (cTonbei} onpeaesHTeNa yMHOKNTE HA TIPO-
U3BOJBHOE YUCJIC, TO H BeCh ONpPeNeNuTesb YMHOXKUTCA HA TO YHCTO.

4. Ecnu gee crpokn {nea cronbua) onpeneuTens NOMEHATh MECTAMH, TO
OnpefeTHTeb H3MEHHT FHAK.

5. Ecnn k kakoif-mubo crpoke (ctonbuy} onpezenntena npufaBHTh Ka-
Ky0-mufo Opyryr ¢Tpoky {CTonben), yMHOMEHHYIO Ha NPON3BOJIBHOE YHCIIO,
TO OnpeAenaTent HE U3MEHUTCH.

6. OnpenendTens NpOH3BENEHNS MATDHI PABEH IPOH3BEICHHID MX OTpe-
nenvrenel.

Marpuua, onpenenutens kotopoil pasen (), HasblBaeTCA ampoKcdennotl;
MATPHIA, OIpEIeJIHTeN b XKOTOPol He papeH 0, HA3BIBAETCA Hesuponcdentol.

2
1.2.1. BriuncauTh onpeng/IuTeNs BTOPOrO MOPsAIKS, 3 4|
1 2
Q[ 4=14-2-3=-2 o
Bunucaums onpedeaumeny 6mopozo nopadxa:
1 2 -3 5
1.2.2. _3 _41. 1.2.3. 0 D"
T Ty a b
1.2.4. 1yl 1.2.5. . d"
1.2.6. | ¥y sme| 127, [BY 1 |
—sing cosy -1 tge
Pewums ypasnenua:
2241 3 _ z+3 z-1f _
1.2.8, 45 2|—D. 1.2.9, 7_ g :r—l‘ =0.
2r—-1 z+1] x—2 y+3|_
1.2.10. z 42 :r:—1|__ﬁ' 1.2.11. —y-3 $_2’—-0.
1.2.12, |50 2z sinz —0
cosxr coslr
321
1.2.13. Buumcanrts onpenesurent 3-ro nopagka: (2 5 3
3 4 2
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(Q Bbrumcaas onpenenuTe b Pa3oAeRueM 10 POl CTPOKe, 1o~
JIy - IAM:

5 3 2 3 2 5
oo a2 e -
=3-(5-2-3-4-2-(2-2-3.3)+1-(2-4-5-3) =

=3-(-2)-2-(-5)+1-(-7)=-3. ®

Buvucaume onpedesumenu 3-20 nopadea:

1 2 3 213
1.2.14. (4 § 6| 1.2.15. |5 3 2|

7T 89 1 4 3

3 2 1 111
1.2.16. (-2 2 3| 1.2.17. |1 2 3.

4 2 -3 1 3 6

1 1 1 1 1 1
1.2.18. |4 5 9| 1.2.19. |5 7 8|

16 25 81 25 49 64

1.2.20. BriqucauTE OIPEOEIUTEN C ITOMOMBI «IPABMIA TPEYTOIBHHKOBY

1 00
0 2 0.
00 3
(Q U mecty crnaraeMbiX He PaBHBIM HY/I0 GymeT TOJIBKG OHHO:
+1-2-3=6. ®
Brvucaums onpedeaumentt ¢ NOMOUWDBIO ¢NPABUAR TNPEYLOALHUKGOD:
0 01 0 =z 0
1.2.21. |0 2 0. 1.2.22. |y 0 0|
3 00 0 0 =z
010
1.2.23. |2 3 4.
¢ 5 0

1.2.24. BulvHcIuTB OnpeneiuTess pasiekenneM no Kakoh-uubynp crpoke
WiH cronbuy:

5 6 3
o 2 0f.
7T -4 5

Q Yuobmee BCero BBIMHCHATL ONPENEJMTETh PA3TIKEHHEM MO
CTpUKe MaH CTobLy, comepxamuM HauGONbIIEE KOMHYECTBO HY-
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nelt. Pasnoxum onpenenutens no 2-ff crpoke:

(~1)*1-0-

1.2.25.

6 3|, w42 4 153, 243 o |5 6
—q 5| T 2’75**(1) ’0’?—4
=2(25—21)=8
3 0
Beiuucnuts onpenenrens (—5 3 —1f.
6 0 3

(Q Tpu pasnoxenun onpegesmTesnis 3-ro NOpAAKAa N0 CTPOKE WITH
cTosBiy, 3HAKY («+» MM «—») Nepen cnaraeMeM a;; - My; npome

BCErQ 3AMOMHANTE B CHeOyONeM BHOe.

+_
- 4+
+_

Pasnoxum onpegenntens 0o 2-mMy cronbuy:

3 2

—0+3-[¢ 3

—0=3-(9-12)=-9.

Buvucaume onpedeaumeau 3-20 nopaire paszaosceruesm no xaxod-nubydo

cmpoxe uan cmoabuyy:

2 0 3

1.2.26. |7 1 6. 1.2.27.
6 0 5
1 2 3

1.2.28. |0 0 1|. 1.2.29,
4 5 6
sina cosa 1

1.2.30. [sinf8 cosg 1§
siny cosy 1

Pewyms ypaenenun u nepagencmeo:
2 0 3

1.2.31. -1 7 z-3=0. 1.2.32.
5 -3 6

-1 0 2z+3

1.2.33. 3—-=z 1 1 =0 1.2.34.
2r+1 -1 2

1.2.35.

a1 b

1+ a1z + by

0 ¢ O
b e df
0 e 0
2 1 =3
o 1 -1
3 -2 1
-1 3 -2
2—-32 0 5i=20
3 2 1
6 3 -1
2z 1 0 |=0
4 z+2 2

JlokasaTs paBeHCTRO, MCTIONBE3YA CBOHCTBA onpenesuTesneh:

a b o

as b cotaz+beyi=|a2 b2 c2.

3 ba

ca + asx + by

las b ca
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(Q Tak xax Tpetutt cronfel J€BOro olpeneHTeNsA MOXKHO Tped-
CTABUThL B BHOE CYMMbI TPeX cTONGLOB, 3TOT ONpPeNeANTEb MOXHO
NpPencTaBUTh B BHAE CYMMBI Tpex onpenennTenet;

a1 b o ag b amz a b by
ar by e+ as ba asx|+laz by Doyl
as b3 c3zl |as b3 asx| |as b3 bay

Tperufi cronGen Bo BTOPOM ONpeneUTeNe NPONOPUMOHATIeH Nep-
BOMY CTOJIOIY, & B TPeThEM ONpEene/uUTe/ie — BTOPOMY CTOJDILY,
CNIeN0BATENBHO, 06a 2THX ONpeNesATeNA paBHu Hyslo. UTo 1 3a-
BepHIaeT JOKA3aTebCTBO. ®

Hoxaszaemv pasencmea:

1.2.36.

1.2.37.

] — .’.L‘b‘l ay + ﬂ?b] c1 251 b] Ci

Gz —Thy ap+axby eo|=22|an by el

a3 — Ibg az + .’.L‘ba Cc3 a3 b3 Ca
at+zb aiz+b o a b o
as+zby ayr+by cal=(1-2%|aa b: eaf.
az+zbs aaz+bs ea a3 b ca

Buvucaums, ucnoasays ceoticmea onpedesumenets:

1.2.38.

1.2.40.

1.2.41.

26

sinfa costa 1 sinfa cosa cos2a
sinf8 cos?8 1| 1.2.39. [sin?8 cos? 8 cos2B3|.
sin®y cosfy 1 sin?y cos?vy cos2y
1 a b+e
1 & c+al
1 ¢ a+d
BurancauTs onpenesnTests 4-ro MOpAAKa PazIoKEHUeM 110 CTPOKe
HJTM CTONBIY:
-2 -3 0 2
1 -1 2 2
A= 3 -1 5 =2
0 -2 4 1

Q VYnobuee Nob30BATHCH PAINIOKEHNEM N0 CTPOKE UM CTOJGILY,
cofepxammuM Haubosibmee koaudecTso Hynell. Pasmoxum onpene-
JinTens Mo nepeoit cTpoke:

-1 2 2 12 2 1 -1 2
A=(=2)--1 5 —2{—(-3)-13 5 —2[+0-|3 -1 -2|[-
—2 4 1 0 4 1 0 -2 1
1 -1 2
-2/3 -1 5/ =-2-9+3-31+0-2-6=63.
0 -2 4



1.2.42.

IIpu BLIMMCAEeHHA onpenenuTesel 4-ro NOpAIKa pPasflOKEeHUEM 110
CTPOKE HIH CTONGUY, 3HaKH («+» WM «—») [epel CAaraeMbiM
aij - M;; npome pcero 3aAOMHHTE B CTIEIYIOMEM BHIE:

+ —_

+

+

AHanoruyno, NA BEINHCIEHWA ONPEfesHTENA N-ro HOpAJKa 3HA-
KM PACTIOJI0XKEHb] CHEAYIOMUM 00Da30M (B «IAXMATHOM» MOpANKE,
CNeBa BBEPXY 3HAK «+»):

+

T+ 1+
I+ |

+
+

L+ 1+
+ 0+
®

+

S+

BeranciuTs onpegennatesns 4-ro DOpAOKa

a 0 3
_ _ _ |paznoxum onpenenurens|
A = (+d) (1) 2 g - [ no 2-off crpoke ] -

a 0

=d-(-4)-|] J=-d-bac ®

Buuncaums onpedeaumeny, ucnosssya passodcenue no cmpoxe uau cmoab-

uy:

1.2.43.

1.2.45,

1.2.47,

1 0 2 a 0 —a -b —d
20 6 0 a 0 —¢ -e
3 ¢ 4 5 1.2.44. b ¢ 0 0
d 0 0 0 d e 0 0
11 3 4 2 -3 41
2 0 0 8 4 -2 3 2
30 0 2 1.2.46. e b c d
4 4 7 5 3 -1 4 3
1 2 3 4 5
_33 ‘45 _25 ‘34 2 3 7 10 13
. 1.2.48. 3 5 11 16 21
-5 7 -7 b5
8 -8 5 -6 2 -7 7 7T 2
1 4 5 3 10
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1.2.49, Bruumcimuts onpeneauTesb NPUBEIEHMEM K TPEYTOJILHOMY BHIY:

1 1 1 1 ... 1
-1 1 1 1 ... 1
-1 -1 2 2 ... 2
Dp=]-1 -1 -1 3 . 3
-1 -1 -1 -1 ... n-1
Q Mpubabnas x xawgol cTpoKe ONpENENUTENA NEPBYI CTPOKY,
NOJTY IMM:
1 111 1
o 2 2 2 2
D. = 0 033 3 _ [ pasmoxmamo | _
n=10 00 4 4 NepBOMY CTONGIY
0 00 0 . n
2 2 2 2
0 3 3 3
_1.10 0 4 4| _ | nosropsem pasnoxenue no | _
- .. ~ |neppomMy cronbmy n — 2 pasa| —
000 n
n:1

=1-2-3-...-(n-1)-n=nl @

1.2,50. BuryncnuTe onpeaesUTeNk N-TO NOPAIKA:

0o o ... 0 -1
0o 0 ... -1 0
Da=|: @ o @
0 -1 ... 0 0
-1 ¢ ... 0 O
Q Pasnoxum onpenenaTess no nepeoif cTpoke:
o 0o ... 0 -1
¢ 0o ... -1 0
Dp=(-1y"*' (=D 1+ 1 [ =(=1)"Da
0 -1 0 0
-1 0 ... 0 0
e

Ananornuno Dy,_1 = (-1)**!- D,,_» u 1. 1. TarumM o6pasom,
D, =(-1)"2. (). (=1)2. D,
28



YudTBIBAA, 9TO
()™= (-1, =0T L, (G = (-1

HOJTy4uM BHpaxkeHue ans D,:

Do = (—1)7 (=D)L (217 (<D =
- (_1)1+2+...+(n—1)+n = (_l)n-%' ®

Buintcaums onpedesumentt n-20 nopadka;

n n n ... r NN
n n—1 n ... m onon
n n n—2 ... n n n
1.2.51. : : :
n n n 3 non
n n n n 2 n
n n n n n 1l
1 2 3 n
-1 0 3 n
1252 |71 -2 O n.
-1 -2 -3 0
1 2 3 n—2 n-1 n
2 3 4 n—1 n i)
3 4 5 n n n
1.2.53. )
n—-1 n n n n 7
n n n n n n
3 2 2 2 n 1 1 1
23 2 ... 2 1 1 1
1.2.54, [2 2 3 ... 2~ 1.2.55. |1 1
2 2 2 ... 3 111 ... n
1.2.56, BuNBCINTL ONpeNeNNTeNb N-T0 NOPATKS MEeTOIO0M PeKyPPeHTHBIX
COOTHOmEH Wi
210 0 . 0 0
1 21 0 . 0 0
D, = o1 2 1 . 0 0
00 0 0 1 2
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(Q Pasnoxum onpenenutess M0 NEPBOMY CTOGIY

2 1 0 00 1 0 0 . 00
1 21 ... 00 1'21..00
D,=2-]. . . Y P T (U - 0 0=
;000; 12 looo ... 12
n—1
Pa3ssIoKUM BTOPOH]
OnpeAeNuTeNb 0o | =
nepaoﬁ CTPOKe |
21 0 0
1 2 1 .. 00
=2Dp 1.1+, . . . . =2Dy_1~ Dy,
000 ... 1 2
n:2
BeruncnnMm Dy, Dy u Dy
2 1
D2‘|1 2}‘3’
210
Dy=11 2 1=2-‘f ;’—l‘é é‘=2-3—1-2=4;
01 2

Dy=2D3-Dp=2-4-3=5.
Hrax, Dy = 3, D3 = 4, Dy = 5. Hoxaked (N0 MEAYKUUH), YTO
D, = n + 1. Ilo npegnonoxeHuio MHAyxuuu, D,_; = n — 1,
D,y = n. Yunthmaa, uro D, = 2D,_,1 — D,_;, nomy4um

D,=2n—-(n-1)=n+1, 410 u TpeboBaAIOChH. ®
Buuwucaums onpedestiments MEMOJoM PEXYPPEHMHBIT COOMHOUIEHBTL
3 20 ... 00 o1 1 ... 1
1257. (01 3 ... 0 0%, 12858 (1 0 @ ... 0
000 ... 123 1 0 0 ... am

DononHurensHeie sagaun

DBovucaums onpedeaumenu 2-20 nopadxa:

2 _3| 1.2.60.

1.2.59. ’5 _al

0 o
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x z a Ja
2.61. . 1.2.62. .
1 2 6 xyg yg )6 3,8
cosy sing x r-1
1.2.63. sing cosg| 1.2.64. 2rz+l 2
Pewums ypasHenuR:
1.2.85. |73 4]0 1.2.68. T3 Tt _g
-z =3 r—-1 -2
3—r z+2|_ r—2 y+3|_ _
1.2.67. c+1 z— 1| = 6. 1.2.68. -y z-2|= 4,
-2 y+3_ sin2r —sindz| _
1.2.69. T—y o+ 4| =-34. 1.2.70. cosdz  cosdz | = 0.
Bunvucaums onpedesumenu 5-20 nopadxe pasacorcenues no nepeoli ecmpore:
1 11 1 10
1.2.71. |2 3 3. 1.2.72. |2 3 1f.
4 6 7 0 2 3
-2 3 B a b ¢
1.2.78. 4 1 -2| 1.2.74. |b ¢ al
1 -3 2 c a b
Buuucaums onpedeauments ¢ NOMOWBI0 «NPEGUAT MPEYLOADHUKOES
a 0 0 0 11
1.2.95. |0 8 0. 1.2.76. |1 0O 1j.
0 0 ~ 110
cosa cosf 0 0 z 0O
1.2.77. |cosa 0 cos-y|. 1.2.78. |r 1 z|.
0 cosB cosy 0 = 0

Bunucaums onpedeaument pasaoncenuem no xexofl-nubydv cmpoxe uau

cToabyy:
2 3 5
1.2.78. 0 -1 0|
6 7 8
1 2 3
1.2.81. (4 5 8|
7 80
cosax cosf cosvy
1.2.83. 1 1 0
1 0 1

1.2.80.

1.2.82.

B OR N
o e O e b

e ]
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Pewume YPASHEHIA U HEPARGEHCTREA!

1.2.84.

1.2.86.

1.2.88,

He gnnucann onpedeaumeneti, nposepumsp, wmo onu deasmen na a b, b—¢,

c—a’

1.2.89.

1.2.91.

1 a a?

1 b b

1 ¢ ¢

1 1 1

a b el
a ¥ 8

-3 2 1
x—-1 0 Ti=0.
2 -1 3
z+2 4 =1
-2 2 z-1/=0.
1 3 0
3 2 -1
x+2 0 1]<0.
-2 3-z 1

1.2.85.

1.2.87.

1.2.90.

1

[ —y

z+5 2-zx| g
-1 2

[ R~ =]
&8¢

Buvucaums, ucnoavays ceolicmea onpedeaumened:

1.2.92.

sina coso
sinf cosf
siny cosvy

sin(a + 4)
sin(3 + 6)
sin(y + 4)

1.2.93.

a
b

a?+1 {a+1)?
B+1 (b+1)?
e+1 (c+1)?

Buwucaums onpefesuments pusiodicentiem Ro CMpoxe wal cmoabuy:

1.2.94.

1.2.96.

1.2.98,
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1]

b OO OR
oo e
OB O o
= e T e I R

a8 o R
[ R Ny X

1 ~1 0o ~1
U
b ©

2 ~1 e b

e G WD O

T S~ T}

1.2.95.

1.2.97.

1.2.99,

o 10O

bo s oL [=p R oL R =T ]

5 2 0
35 4
2 4 1
410
2 2 2
-8 5 10
-8 5 8f
-5 4 7
6 5 6 4
9 7 8 6
12 13 9 7
6 6 5 4
5 4 5 3




Boitucatums onpedeatmests npusedenuem X mpeyzoavhomy sudy:

oo o
oo o o

1 1 1 ... 1 1
1 -1 2 2 2
1 1 -1 3 3
1.2.100. . . .
1 1 1 -1 n-1
1 1 1 1 -1
~n l-n 2-n -2 -1
l1-n 2-n 3-n -1 0
2-n 3-n 4-n 0 0
1.2.101. . . . ) R
-2 -1 0 0 0
-1 0 0 0 0
I a, a2 Gn.1 1
a; T daz adn—1 1
a; g an—1 1
1.2.102. . .
a, as as T 1
a, a2 dasa a, 1
1-n 1 1 1
1 1-n 1 1
1.2.103. . ] .
1 1 1 1-n
@y ap a2 Qp-1 @
-z z 0 0 0
1.2.104. |0 -2 2 0 0
0 0 0 - I
Buwucaumo onpedeaument memodorm pexyppermuns coomHouenut:
10 0 0 ...01 56000
45200.
laeg 0 0 ...0 0
01320.
11 a 0 ...00 00132
1.2.105. 10 1as...0 0/ 1.2.106. :
Do 00000 ..
10 0 0 ...1 ay 00000 ..

3. 2361
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Kontponbhbie Bonpockl v Honee cnoxxbie 3agad4v

1.2.107.

1.2.108.

1.2.109.

1.2.110.

1.2.111.

1.2.112,

1.2.113.

1.2.114.

1.2.115.

1.2.116,

1.2,117.

1.2.118.
1.2.119.
1.2.120.

1.2.121.

1.2.122,

34

Beerna st onpenenurtent CyMMbL MATDHL PABEH CYMME HX OILpene-
nateneh?
IpuBecTi npuMep ABYX TAKUX MATPHIL, YTO ONPENENUTENb UX CYM-
Mbl PABEH CyMMe UX onpenenuTeneii.
[TpupecTn UpnMep ABYX TAKHX MATPHIE, 9TO ONPEOSSTHTENb HX CYM-
ME] PaBeH CyMMe HX omnpefesnTeselt, UpDHYeM HH OJAH H3 Tpex
oupegennTeneli He paBeH HymO.
MoryT AM Bce anrebpaMyecKme MOMOJTHEHNA HEKOTODOH MaTpHIIbI
A = {a;;) GbITb PaBHBI COOTBETCTBYIOMUM MuHOpaM {Ai; = Mj;)?
MoryT an Bee anrebpandeckue NONOJHEHHSA HEKOTOPOH MaTpubl
A = {a;;) OuITE paBHBI COOTBeTCTBYIONIAM dreMeHTaM (A = ai;)?
Moxer nu onpemesHTeNb 2-TO NOPAOKA TPHHAMATL 3HAYEHHE
BonpLiee, 4eM onpenenuTeNb H-ro nopaaka?
MoxeT Jin onpenenUTeNh H3MEHHThL 3HAK HA TIPOTHBOMONOXKHEIH
NPH TPAHCTIOHUPOBAHHU MATPHLIBI?
Jauna kBanparnas marpaua n-ro nopsaka A = {a;;). Yemy pabna
3

CyMMa Z a;; -Agj ?

hi=1
MoXHO MM BBIMHCHATH MMHOPHL, JONONHUTENbHEIE K SJeMEHTAM
HekBagpaTHON MATPHILI?
Kak uaMeH#TCA OUpeAenuTeNb 3-T0 NOPAIKA, €CH ero CTPOKH Ne-
PECTABHTL CASAYIOIAM 00PA3OM: IEPBYI0 — HA MECTO BTOPOU, BTO-
PYIC — HA MeCTO TPeThell, TPETLI — HA MeCTO Nepnofi?
Kak u3MeHHTCA ONpeAeNuTeNtb n-T0 MOPAOKA, eCIIH ero CTPOKN me-
pPeCTABHTH CAEAYIOIMNM 00PA30M: MEPBYI0 — Ha MeCTO BTOPOM, BTO-
PYI0O — Ha MecTo TpeToel, ..., (n — 1)-10 — Ha mMecTo n-i, n-0 —
Ha MecTo nepeoit?
CKonbKo BCEr0 MHHODPOB ¥ KBAAPATHOR MATPHULEL N-rO NOpAAKAT
CKOMABKO BCEro MHHOPOB ¥ MaTpHUB! pa3mepa m X n'!
MoryT nu Bce anrefpanvyeckHe AONONHEHHS HEKOTOPOH HeHyJse-
Bo# MaTpuukl A = (a;;) ObITh PABHBI COOTBETCTBYIOLIAM MHHOPAM
(A = My;)?
MoryT i BCe anrebpanvecikue JONOAHEHNA HEKOTOROH HeHyiepoi
maTpunet A = (a;;) ObIThb PAaBHBI COOTBETCTBYIOIMM 3JIEMEHTAM
(4i; = ai5)?
BbIYMCIHTE ONpENeNUTENb IPUBEICHHEM K TPeyrOJbHOMY BUIY:

1 x 22 £ "
any 1 zr 2 gt
da] oo 1 xr v .'.Bﬂ*z
Gn1 Qn2 an3 Gn4 ... 1



1.2.123*. Jana xBaapaTHas MaTpuua n-1o nopsagka A = (a;;). Yemy pasHa
cyMMa @y + An + @12 Azz + -+ @11 - Azn—1 + @in - A2n?
1.2.124*, Hokasarh, 4TO €C/id BCE 2JIEMEHTh! OMpENenuTesns J-r0 NOpAIKa
PaBHBI 1, TO 3HauEHHE OMPENETUTENA — YeTHOe YHCJIIO.
1.2.125%, Hoka3aTk, 4TO &Clid 4HCHAA a, b, ¢ — HefCTBHTE BRI, TO YPaBHe-
a—z b
b c—z
1.2.126*. Yucna 255, 391, 578 nenarca Ha 17. He suiancnas 3nauenue onpe-
2 5 5
genautens (3 9 1|, mokasarhk, 4TO OH TOXe AesdTcA Ha 17.
5 7 8
1.2.127* Kak usmeHdTCa cyMMa Beex anrebpanvecKux DONONHERWH K 3ie-
MEHTAM MATDHLEI, €CJIM KO BCEM 3JIEMEHTAM MATPHLEI NPHOABUTH
OHHO U TO K€ YUCH0?
1.2.128*, BRIYHCINThL OOPEIeSTHTEb R-TO NOPANKA METOOOM DEKYPPEeHTHBIX

HHE = () umeeT OeHCTBHTENbHbBIE KODHH.

COOTHOMEHNHA:
1 20 0 0 0 0
3 4 3 00 0 0
0 2 5 30 0 0
0 0 2 5 3 0 0 ]
0 0 0 0 5 3
0 0 0 0 2 5

§3. PAHI MATPULbI

= Munopom k-20 nopadxa npoussoabHOR MaTpuilbl A HasmBaeTcA
ONpENeNATENb, COCTABNEHHLI U3 5/1eMedTOB MATPHIEI, PACcIOic-
JKEHHBIX Ha NepeceveHHr KakuX-nubo k cTpok u & cTonbuos.

1 23 1
Buarpuue A= |4 5 6 4 | moxHO ykasaTh, HANDHMED, TAKHE MH-
HODH: 7 8 9 -7
— 2-r0 nopsafaka
1 2 a2 4 4 a1 G2
|4 5| (MHHOp 1 ass|)’ 7 _7 MHHOP s asel )’

23 (Mmmp o ‘;;2);
-— 3-ro nopagka

1 2 1 23 1

4 5 4, |5 6 41;

7 8 =7 8 9 -7

a5



— l-ro mopanka

P

|2| (mumop |arz|), |3 (Murop |a1s|), |~7| (Muuop |as4|)-

= Panzom mampuys A HaspiBaeTca HauGoNbLUOIMH M3 MOPSAKOB ee
MHHOPOB, He PABHBIX HYJIO.

Oboznadenus: r(A), rang(A).

> Basuchbim MUHOPOM HASBIBARTCS JIIOO0H M3 OTANYHBIX OT HYJIA M-
HOPOB MaTpuus A, NopA#ok KoToporo pased 7{A).

Ansa cnenyoweit MaTpuun A ee panr pasex 1:

A:(g s g) r(d) = 1.

JIioBoli U3 MuHOPOB 2-ro AOPANKA MATpuUbl A paBeH HYMNIO, U CYECTBYET
xo1s Obl OOMH MHHOP 1-rO MOpsAnKa, He paBHRIY Hym0, Hanpamep, |3| = 3.
Ba3ucHbM MUHOPOM MaTpHiibl A ABNAeTCA KaXnbilt U3 HEHYJIeBLIX MHHODOB
1-ro nopanka: |3|(= 3), | — 2|(= -2), 12|(= 2).

Hnsa cnenymomel MaTpuupl A ee paHr paped 2:

A= (g [2}) r(4) = 2,

TaK KaK CYIECTBYeT MHHOP 2-Tr0 NOpAmKa

0 2
3 gl = —6, He paBHBIH HYMO, &
MHHOPOB 3-T0 Hopanka y marpuupl A #er. EnquHcTBenAud Ga3ucHpll MUHOP

0 2
MaTpuubt A — MHHOp 3 of

Teopema 1.1. Tlpn anemeHTapHbIX Npeobpa3oeaHMAX PaHT MATPULBI He -
MEHAETCA.

Teopema 1.2. Pavr cTyneH4aToRm mMaTpuubl paBeH KOAWYECTBY €8 HeHyne-
BbIX CTPOK.

Memod saemenmaprug npeodpazodantl HAXOXKIEHUA PAHTA MATPUIILL 38~
KJIIOYAETCA B TOM, YTO MATPHLY A OPUBOOAT K CTYNEHYATOMY BULY ¢ MOMO-
B HTEMEHTAPHBIX Npecbpa30oBaHui; KOTMYECTBO HEHYAEBLIX CTPOK MOJY-
YeHHOH CTYTNEHYaTOl MATPHLBI €CTh UCKOMBIH paHr MaTpumbl A.

Memod oxaiMAROUUT MURCPEE HAXOKIEHIA PDAHTA MATPHIEL A COCTOHT
B cHenyionieM. Heobxoaumo:
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1) Hatttu xakoft-uubynb Mudop M uepsoro nopanxa (T.e. 3JeMeHT Ma-
TpHULEL), OTAHYUHBIN OT Hyna. Ecnn Takoro MuHopa HeT, TO MaTpuua A Hyse-
pag nr(Ad) =0.

2) BeiyucnaTh MUHODHL 2-T0 NOpaAKa, comepxawye M, (oxaliimasioujue
M) Ho Tex nop, moka e Halzerca muuop M, ovnuuHwil or HynA. Ecnu
TAKOrO MHHOpa HeT, To T(A) = 1, ecqm ecto, 10 7{4) 2 2. U 1. 1.

k) BrruucnsTs {ecny OHM CYIIECTBYIOT) MHHODH K-T0O NOPAOKA, OKaHMITA-
jotne muaop M1 # 0. Ecniy Takux MUHODOB HeT, HJIH OHM BCe PABHBI HYMIO,
to r{A) = k — 1; ecnm ecth x0T 661 ONEH Takol MuHop M), # 0, To r(A) 2 &,
M TIPOLECC MPOAOJDKAST A,

TMpu HaxoXOeHUHM paHra MATDHLB TAKHM CNOCOBOM MOCTATOYHO HA Ka-
HOOM Are HalTH 6cezo odur HEHYJIEBOH MHHOP K-IO NOPANKA, MPHYEM HC-
KATh €r0 TOMBLKO CPEAH MHHODOR, COTepXamux muHop My # 0.

1.3.1. HaiiTi panr MATpHLILI METONOM 3JIEMEHTAPHBIX HpecbpasoBanunii:
2 -1 5 6
1 1 3 5
1 -5 1 -3

(Q Ipupenem MaTpHIy K CTYNEHYATOMY BHAY € TOMOIIBLIC 3JIEMER-
TAPHBIX pecOpaszopaHuii:

2-15686 2-15 6
113 5 |2II-T~]0 3 1 4 ~
1 -51-3;2-1I-1 0 -9 -3 -12) MMI+3-1I
2 -1 5 6
~10 3 1 4
0 0 00

ITonyyenHas cTyneHYaTad MATPHUIA CONEPHT J[Be HEHYJEeBbe
CTPOKH, 3HAYUT ¢e paHr paseH 2. Cieg0BaTebA0, PAHT HCXONHOH
MATPHLEI TAXAE paBeH 2. @

Hattmu panez Mampuys Memodom 3ACMENMAPHUT NPeodpazosanutl:

1230 /1 2 -1 1 -3
1.3.2. 01 1 1]). 1.3.3. 3 -1 1 6 11
13 41 \l1 -1 -1 4 -3
1 1 3 -7 1 (;31?;7_14
1.3.4. 2 -1 1 6 -4|. 1.3.5. 12 -1 -10 5
-1 2 -1 -~10 5

\2 -1 2 5 -4
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1001 4 211
1 3 11
0102 5 11 4 1
1.3.6. 0013 6 1.3.7. 111 5
123 14 32 1 2 3 4
4 56 3277 111 1
1.3.8. Haltn pasr MATPHLB METOIOM OKAHMIAIOIMY MHHODOB M YKAZATh

onuH u3 6a3zncHLIX MHHODOB:

1 3 3 4
A=10 0 1 2].
261 -2

(Q Tak kax y MaTpaubl A ecTb HeHyJIeBHIE sJieMeRThl, To 1{4) > 1.
Haiinem kakoit-nubo gedynepolt MmuHop 2-10 nopagka (€Cau oH cy-

3 3
mecTayer). Takum MUHODPOM ABRAfAETCA, HAnpumMep, My = 0 1=
= 3 # 0. 3uauut, r(4) = 2.

Briuucnum mMuHOph! 3-ro nopAnka, okaimamomue My:

1 3
MO =lo o 1|= [paanomeﬂne] -1 }1 3‘ -0
2 6 1 no 2-it cTpoke 2 6
5 3 4 A3TIOKEHHe
Méz] =01 2= [rn:tpl-JI cTond ] =
6 1 —2 i ad
1 2 3 4
=3 1 _2}+6- 1 2’ =3(-2-2)+6.{(6—4)= -12+12 = 0;

Bee mMunopn 3-ro nopanka, okafiMnaomie My, paBHE Hym0, Coe-
posatensuo, r(A) < 3. Hraxk, r(A) = 2.

Onuum w3 6asMCHBIX MUHODOR Aesnasgerca My =

0 1y

Hattmu panz mempuys memodosm OXeIMARIOWUT MUROPOS U YKa3amd Kaxoti-
Aubo BasucHnl munop:

1 2 3 1 2 3
1.3.9. 2 4 5. 1.3.10. 2 4 5.
7 89 4 8 11

1 -2 3 1 1 -2 3 1
1.3.11. 3 2 -4 23. 1.3.12, 3 2 -4 3.
8 -2 2 4 5 -2 2 4

33’

2 -1 3 -2 4 s 5 d
1313, {4 -2 5 1 7). 1314

2 -1 1 8 2 > b7

77 9 1

38



Halimu panz Mampuys NP PA3AUNHOE IHGYEHUAT napaMempa X!

1 2 -1 0

3 -1 -2 2 12 -12
1.3.15. 5 3 -1 0l 1.3.16. 2 -1 x 5].

1 21 0 2 1 10 -6 1

DononnMrensHuie 3aaa4m

Huoflimu paxz mampuyst MeMogoM IAeMeHMaPRBE npeobpazosanud:

1 -3 1 -14 22 1 2 4 -3
1.3.17. -2 1 3 3 -9]. 1318, 3 5 6 -4.

4 -3 11 -19 17 38 2 -19
/3 -1 3 2 5 /24 19 36 72 —38
5 -3 2 3 4 49 40 73 147 —80

1319 1y 3 50 —7[ 1320 |73 50 08 219 —118
\7 -5 1 4 1 \47 36 71 141 -T2
(43 -5 2 3 /17 —28 45 11 39
8 6 -7 4 2 24 —37 61 13 50

18321, J4 3 -8 2 7| 1322 |25 -7 32 -18 -1
43 1 2 -5 31 12 19 —43 —55
\8 6 ~1 4 -6 \42 13 29 -55 —68

Hatimu panz mampuyst memodom oxciMARIOUSUT MUHOPOS U YKa3amd odux
U3 BA3UCHMT MUROPOS:

3 -1 2 3 -1 2
1.3.23. [4 -3 3). 1.3.24. |4 -3 3]).
1 38 0 1 3 2

2 -1 5 6 ([1) ‘12 _3'1 ‘14 _43\
1.3.25. [1 1 3 5 |. 1.3.26. .
I 5 1 3 1 3 0 -3 1
\0 -7 3 1 -3/
1 -2 1 -1 1 /2 1 -1 -1 1)
2 1 -1 2 -3 1 -1 1 1 -2
82T 1y 1 1 —2| V32 |5 3 3 _3 4
2 -5 1 -2 2 \4 5 -5 -5 7/
Hatimu pane MATRPUYDB NPU PASAUNHBIE FHAYEHURT NADAMEMPA A;
1 -3 2 0 31 1 4
2 -3 -1 3 A4 10 1
1.3.29. .3.30.
2. 3 6 -1 A 1330 |, 7 17 3
1 -2 0 1 2 2 4 3
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1.3.31.

A1 1 1
1 X 1 A
1 1 & A%

KoHtponuHbie ponpock k Gonee cnoxuuie sagaqun

1.3.32.
1.3.33.

1.3.34.
1.3.35.

1.3.36.
1.3.37.
1.3.38.
1.3.390,

1.3.40.

1.3.41.

1.3.42.

1.3.43%.

1.3.44%,
1.3.45%*,

40

Moxer 5 padr marpuubl GLITL PABHBIM HYMO! MEHbLIE HYJIA!
paBHBIM 2,57

Paur marpuum A pasen r. Y1o moxno ckasats o r(24)7 r{—A)7?
r{0- A)?

Kak mMoXeT H3MEHNTBCH PAHT MATPHLBI UPH TPAHCHOHHPOBAHUK!
Kak MoxXeT M3MEHUTHCA DAHr MATDUILL OpH A00ABHEHUH K Helt
onHo# nponsponbHO# cTpokn? OoHOre NpoU3BOJILHOTO cTONOLA?
Kak mokeT #3MEHHTLCA PAHr MATPUOE! OPY BEIYEPKUBAHHEA OMHOH
CTpoKu? omHoro crondna?

Jokasars, uTo y Marpuum! panra 1 Bee crpoku (u ctonfus) opo-
NOPUHMOHATIBHBL

Panr marpuupl A papeH 7, panr MaTpHup! B paBeH ra. dTo MOxHO
ckasaTh o (A + B)? r(A — B)?

Kak MokeT H3MEHHTbCA PAHT MATPHULI UpH OOOABJIEHHHM K Hel
onnoft (Taxofi ke kak nepsasn) cTpoKu?

HokazaTh, YTO Kaxkgasd MATDHLA paHra 1 MOXeT OLITH HpPEOCTa-

b
by
srenasbBuze | . | (& e ... ).
bn l nn ... n
n 2 n ... n
HafiTn panr marpaus |7 7 3 --0 R
n non n
011 ... 1
1 01 ... 1
HattTu paur MaTpunp pasmepan xn |1 1 0 1
111 ... 0

Hokasate, 4r0 ecsin ¢ — KBaApaTHaA HeBLIPOAJEHHAA MATPHLA,
H CylecTByeT npouisenenue marpuu C - A, to r(C - A) = r{4).
Hokasare, 910 (AT 4) = r{4A4T) = r(4).

Jokazath, uTo ecnu panr MaTpulsl A He H3MEHSETCS OT HPHITH-
chiBAHUA K Hell kaxknoll CcTpoxu HekoTopo# MaTpuusl B (¢ uncioM
CTONOLOB, KaK ¥y MATpuubl A}, T0 9TOT paHr He UIMEHHTCA OT HPH-
NHUCHIBAHKA K MATpHue A BCEX CTPOK MaTpHlsl B.



1.3.46%. IHokaszare, 4yro awOYI0 MATpHLY paHra v MOXHO NPEICTABHThL B
BHOE CYMMBI T MATPHL PAHra 1, HO HENb3IA NPeACTABUTHL B BHAE
CYMMBI MEHEe, YeM T TAKHX MATPHL.

1.3.47*. Hailtu panr Marpyubl pasMepa n X n

l-n 1 1 1
1 l—-n 1 1
1 1 l1-n 1
1 1 1 1—-n

§4. OBPATHAA MATPULUA. MATPUYHbIE YPABHEHUA

= Ofpamnoti mampuyeli K KBagpaTHOll MaTpHUe A HAILIBACTCH Ta-
kaa Marpuua (o6osHavaercs A1), 9r0 A”1-A=4-A"1 =E.

" Bamevanue. Eciiu mMaTpHua A cymecTByeT, TO OHA €IHHCTBEHHA.
=3 ITpucoedumnennoti mompuyed x xpagparnot Marpune A = {a;;} Ha-
3bIBAETCA MATpHIa A = (A,-j}T, MOJIYYeHHAR TPAHCIOHUPOBAHHEM

H3 MATPHUBL, COCTaBJIeHHOR N3 anreGpanyeckux gomonnesnit A;; k
3JIEMEHTAM ;5.

Teopema 1.3. Ecnn keagpatHaa marpuya A — HeseipoXAeHHan (1. e.
det A #0), To 1
-1 _ e
A ' = det,AA' (4.1)

Memod npucoedunennotl mompuyms BBINHCIEHHUA oOpaTHOH MaTpHIBI K
HEBBIPOXK AEHHOH MaTpuLUe A cocTouT B npuMeHeHHH (opmysibt (4.1).

Memod saemenmoprux npeofpeszosanutt (Meton Daycca) Bermcnenus
o0paTHON MATPHLE! K HEBBIPOXKIEHHOK MaTprie A COCTOHT B CJIEOYIOLIEM.
[TpunvcriBas copapa K MaTprue A pasMepa i X 1l €IUHHYHYIO MATPUIY pas-
Mepa n X n, MOJIYYMM OpAMOyrofibHywo Matpuuy I' = {A|E)} pasmepa n x 2n.
C moMOMIbIO aJIEMENTAPHLIX Opeobpazopanult Hax cTpokaMu MaTpuibl I' cHa-
4ana NpHBeneM ee K crynexuaromy suny I'y = (A;|B), rne Matpuma A; —
TpeyroibHasd, a 3aTeM K sumy s = (EjA™1),

Muampuunsie ypasnenua npocteliluero pnaa ¢ Hen3specTHO! MaTpnued X
3AMUCHIBAIOTCA CEXYIOIMMM 06pa3oM

AX = B, (4.2)
XA=B, (4.3)
AXC = B. (4.4)
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B arnx ypapHenuax A, B, €, X — MaTpHLBL Takyx pasMepoB, 4¥TO BCE HC-
NOJIL3YEMEIE ONEPALIME YMHOKEHHS BO3MOXKHDBI, M ¢ 006MX CTOPOH OT 3HAKOD
PaPEHCTBA HAXOLATCA MATPHIEL! OIWHAKOBLIX Pa3sMEpOB.

Ecan B ypabrennax (4.2), (4.3) Marpuua A mesrpoxieHHAA, TO HX pe-
LIEHKA JAMMCHIBAIOTCA CJIEAYIOmMM 00DasoM:

X =A"1B,
X =BA™.
Ecan B ypasuenuu {4.4) marpuubt A 1 C HEBHIPOXIEHBL, TO €0 DellieHHe

3AMHCHIBAETCA TAK: et
X=A4A"BC™".

1.4.1. Haittu (MeTOzOM NPHCOEANHEHHON MATPHIIBL) MATPHLY, OOPATHYIO
ft:
K IaHHO 1 2 3
A=14 5 6].
7 8 0

5 6|_2.\4 6 4 5‘

(Q 1) Haitnem det A:

8 0 7 0 7 8
=—48-2.(—42)+3-(32—35) = —48 + 84 — 9 =27 £ 0.

an=i ] vs.

Tak xax det A # 0, To MaTpuua A~! cymectsyer.
2) Hafinem anrefpaudeckye SONOJHEHNA KO BCEM 3JIEMEHTaM

Marpuubl A:
An = (-1 gl=5-0—6-8=—48;
Au:(—l)l”-? g]=—(4-0—6-7)=42;
A13=(—1)1+3-$ g|=4-8—5-7=—3;
Am_—|8 3|=24-, An =} g=—21;
A23—*‘; §‘=6; A31=§ 2=—3;
A32=—]i g]=6; A=, o=-8

N ~48 24 -3
3) Banumem marpuny A = (4:;)T =1 42 -21 6 |.
S )
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4) Hattmem marpumy A~':

1 -~ 1
_l: .A:--
det 4 27

|
|
o b B
|
=2 =
[y
| |
w @ e
S
I
|
|
1T I%l;
L=l X I =11
@l
I o |
o
\____/

CruenaeM IpoOBEpKy:

=
= =]

) ;

3
6| =
0
1 00
2
5 010
1

e

b

1
.
b B
Q0 Cnoeo
O h W
'\.___../
/"-—_“\
cbl'-ll'“t:r'm
@i b o
=

Hetimu ofpemuipe smampuyy memodom pucoe&uueunoﬁ MATRDUY DL

1.4.2.

1.4.4.

1.4.6.

1.4.8.

1.4.9,

1 00 1/3 2/3  2/3
01 0. 1.4.3. 2/3 1/3 -2/3].
001 2/3 -2/3 1/3

1 2 -3 2 -3 1

3 2 -4). 1.4.5. 4 -5 2.
2 -1 0 & -7 3

3 21 1 2 3

2 3 1]). 1.4.7, 4 5 6.
21 3 7 89

F 3 1

r -3 -2}.

-5 2 1

Halitn MaTpuuy, obpaThyio k MaTpuue A = (an alz)_
an 4z

an 1z
az a2
A~ cymecryer, Tonbko ecrm det A # 0.

2) Hattnem anrebpanyueckue JONOJIHEHUS K 9J1EMEHTAM MATDH-
b A:

(Q 1) Haitgem det A = = G189 — Gi1262. Marpuna

An =an, Ap=-ay, Ay =-en2; A =oan.
3} 3anumeM OpHCOSOAMHEHHYH) MATPULY!
— (AU_)T - ( a22 -&12) _
—a31 an
Hrak, o8 MaTpHIbl 2-TO NOPAIKA MPHCOSINHEHHAA MATPHHA Ha-
XODUTCH O4YEHb MPOCTO — BJIEMEHTLI TVIABHON AMATOHATIN MEHSIOT-
Cfl MECTAMH, 4 3JIEMeHThI NOGOYHON INarcHaJTH YMHOMATCA Ha

(_l): a a e a —a
A= ( 11 12) — A= ( 22 12) ]
o1 @92 —fz1 Q11
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4) Halnem o6paTHyYIO MATPULLY
A} 1 A= 1 ( 22 —012) . ®

det 4 1132 — @289 \—021  CG11

Hofimu ofpamuyio Mampuyy, ucnoab3ya pesysbmamos aadavu 1.4.9:

1.4.10.

1.4.12.
1.4.14.

44

1 2 1 2
(1 3). 1.4.11. (3 4).
("’ z). 1.4.13. (“ _b).
¥y -z —a b

Hattu (meTonom saemenTapHeix npeobpasosannit) marpuuy, ob-

}:
PATHYIO K BaHHO 11 1
A=11 2 -1].

2 2 4

(9 3annceBas marpuny I' = (A|E) pasmepa (3 x 6), ¢ momo-
B0 3JIEMEHTAPHBIX NMPeobpa30BaHni HAZ CTPOKAMHA [IPHBEIEM ee
CHavana K crynenyaromy sumy [y = (A;|B}, a sarem x pHOY

T, = (E|A™Y):
11 1100
r={12 -1j0 1 olu-1 ~
2 2 440 0 1/II-21I
11 1|1 00
~Dy={0 1 -2|-1 1 0|+~
00 2|-20 1
1111 00
~{0 1 0[-3 11 ~
00 2|-2 0 1/Im:2

1 0 O)I-II—III

5 -1 -3/2
-3 1 1 |=T,.

-1 0 12

5 -1 -3/2
Hrax, A~'=|-3 1 1 .
-1 0 1/2

ChenaeM uposepxy:

11 1 5 -1 -3/2 100
A7t-a=t{1 2 <1} [-3 1 1 }=10 1 0};
2 2 4 -1 0 12 0 0 1



5 —1 —3/2 11 1 100
A-A1=]-3 1 1 11 2 -1]=(0 1 0].®
-1 0 172 2 2 4 0 0 1

Hatimu ofpamuyio Mempuyy Memodom rieMenmaphsis npeolpasoeanutl:

1 11 1 1 1
1.4.15. 1 2 1]1. 1.4.16. -2 -1 -2].
11 2 2 3 3

1 2 3 1 2 3
1.4.17. |2 6 4]. 1.4.18, 2 6 4.

3 10 8 -4 -14 -

1 2 -3 4 1 2 3 -2 4

5 6 7 -9 2 6 2 1 0
1.4.19. 1.4.20. 3 0 -1 1 2

-0 12 -1 4 0 5 —4

3 4 5 6

1.4.21. Meromom aneMeHTapHBIX Npeodpasopannit HatttH MaTpuny, obpat-
HYIO K JaHHOW MaTpuile pasMepa n X n:

111 ...1
1 01 1
A=11 10 1
111 0
1 11 11t 0 0 ... 0O
1 01 110 1t 0 oluI-1
QFZ(A|E)= 110 110 01 ... 0JIII-~1
111 ...0(0 00 ... 1/(n)-1
11 1 111 00... 0\ I+II+...+(n)
0-10 ...0|]-110...0
~Ty = 00 -1... 0|]-101...0 —~
0 0 0 -1{-100...1
1 0 0 0l2-n 1 1 1
0 -1 0 0 -1 1 0 011 (-1)
~10 0 -1 0 -1 0 1 0| Hr-(-1)
0 0 0 ... =1 -t 0 0 ... 1} (n}-(-1)
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100 ...0[2-n 1 1 ... 1
010...0/ 1 -10 0
w001 000 1 0 -1 0 =T, = (E|A™Y).
009 1{ 1 0 0 -1
2-n 1 1 1
1 -1 0 0
Hrak, A~! = 1 0 -1 0 @
1 0 0 -1

Hatimu Mampuyy, ofpamnyoe x 0ennoti Mempuye passepe n X n, HCRoAbIYR
Memod FAeMEHTREPHT Rpeobpasoearudl:

1.4.22,

1.4.24,

1.4.26.

1.4.27,
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/1 00 ..00 /1 10 ... 0\
110..00 011
011 ... 00 ) 1.4.23. 0 01 0
\0 0 0 11 \0 0 0 ... 1/
/1 00 0 /1 11 .. 1\
110 0 011 .1
111 0 1425 1001 ... 1
\1 1 1 1 \0 0 0 1/
/1 -1 0 0 0

-1 2 -1 0 0

0 -1 2 0 0

0 0 0 ... 2 -1

\o 0 0 .. -1 2

Peuite MaTpuyHOe ypaBHeHHE:

(5= %)

(Q 3anmmmem naHHOE MATpHUHOE ypaBHeHue B Buge AX = B. Ero
pelnienvem spJssercs Marpuua X = A71B (ecnm cymecTByer ma-
Tpuna A7},

1) Hailinem onpenennatens MaTpHibl A:

-1 2

det A = 3 _3

=-1#£0.




detA=‘ =2#0, detC= =170

3naunt, oBparHas Marpua A~! cymecTsyeT, B HCXONHOE YpaBHE-
HHE UMeeT (EIHHCTBEHHOR) PELIeHHE.
2) Halinem ofpaTHy10 MaTpHLY
1 ~ -3 -2 3 2
-1 _ A =f(—1).
AT = qqa A=Y (—2 —1) (2 1)'
3) Haktgem mazpumy
- 3 2 -2 3 -4 1
— 1p _ . =
X=4 B‘(z 1) (1 —4) (-3 2)‘ .
1.4.28. Haiitn Marpuuy X, yA0BIETBOPSAIONIYI0 YPaBHEHUIO:
1 0 -1 =2 3 -2
(1 2)‘X‘(2 3)‘(5 -4)‘
(Q 3ammmem pamHOe MATpHYHOe ypasHemmne B supe AXC = B.
Ero pemenvem sensercs Marpuua X = A~'BC! (ecrm MaTpHLLI
A~V u C7! cymecTByOT).
1) Hafizem oupemenurenn matprn A u C:
1 0 -1 =2
1 2 3
Matpunst A 1 C' HeRLIDOXKAEHDI, 3HAYHT, CYIUECTBYIOT O6paTHHIE
marpust A~! w C71, u uexomnoe ypapHenue umeer (enMHCTBeH-
HOE) pelleHne.
2) Hattnem obpatnbie Marpusl A~ uw C1;
1 —~ 1 2 0 1 0
-1 - . = —. = .
A=At (—1 1) (-1/2 1/2)’
1 = 3 2 3 2
-1 _ — = . =
=g ¢! (—2 -1) (—2 —1)‘
3) Halinem matpuuy
1 0 3 -2 3 2
— A—1 -1 _ =
X =A7BC" = (—1/2 1/2) (5 —4) (—2 —1) =
3 -2 3 2 13 8
-G DE L)) e
Pewsums mompunnme YpeeHenus!

-1 1 2

1-. . . =
. (7 0)x=(}
-1 1 2

1-. . N =
430. X (0 1) (_1

w o WD
R W
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1.4.32.

1 -1 2 -1
1.4.31. (_2 2)-)(_(0 3).
—1 1y e (-1 12y _ (1 2
0 2 0 1/2) T \~2 4}
1 2 - 1 -3 0
1433 X |3 2 -4)={(2 2 -1|.
2 -1 0 -1 -2 4
1 -2 3 7
1434. [2 3 -1]-Xx=]|0].
0 -2 1 7
12 3 1
1435, [2 4 6]).x=[2].
3609 10
1 -2 -1 1 0
1436 (-3 2 2 ).x=[2 -2}
3 -1 -2 -3 1

HononHurencHoie 3agaqn

Haiimu (memodom npucoedunennod mampuys) Mempuyy, oopamuyo x dan-
noti:

-1 0 0 1 1 -1
1.4.37. 0 0 2. 1.4.38. 8 3 -6].
0 05 0 -4 -1 3
1 1 2 3 4 2
1.4.39. 2 -1 2}. 1.4.40. 2 -4 -3].
4 1 4 I 5 1

3 -1 2 3 8 -1
1.4.41, 4 -3 3). 1.4.42, 2 -3 2.
1 3 0 1 2 3

Hattmu (memodom saemenmaprvic npeolpasosanutl) smampuyy, obpamuyio x
dannoli:

1 -1 -1 2 7 3
1.4.43, -1 2 1. 1.4.44. 3 9 4].
-1 1 2 1 5 3

-2
1.4.45.

Lo B -
e O bo
[ I

| e Y N

48



1.4.46.

1.4.47.

1.4.48.

1.4.49.

ofR = O

D

= CER— I

RO SO

1

- ==
- OO

1

oo o
o T e Y o Y

b

0

Pewums mampusnoe ypaerenue:

=00

1.4.50.

1.4.51.

1.4.52,

1.4.53.

1.4.54.

1.4.55.

1.4.56.

4 - 2361

x-(

1
3

{pasmep n x n).

(pasmep n x n).
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1]-X=
1
1 -2 3

2 3 1
0 -2 1

1 -2 3 2
2 3 -1]- -1].

0 -2 3

1 2 3 1 2 3
~1l-X-|4 5 6}y=14 5 6}].

7 80 7T 80

Koutponbhbie sonpoc 1 Gonee cnoxubie 3agaun

1.4.59.

1.4.60.

1.4.81,

1.4.82.

1.4.63.

1.4.64.

1.4.65,

1.4.66.

50

Ecnum marpuna A He kBaIpaTHasd, MOXET JIH CYMIECTBOBATh TaKasf
MaTpHua B, uto:

a) BA=E?

6) AB=E?

Hoxa3aTs, YTO eCM Ona kBaApaTHON MaTpunnl A HalimyTcsa npe
takne mMarpuusl B u O, uto BA=AC =E, o B =C.

Bepuo s, 4ro;

a) (24)"!1 =05 471 (aﬂa.nor YHCJIOBOTO PABEHCTBA % = %-%)?
6) (A+B)y'=A"1+B"1?

B) (~E)"! =-F (aHa.nor: -:1-1 = ~1)?

r) (AB)~! = A"1B~! (aHa.nor: =1 %)?

a) (A7)t =(a~HT?

e} (A%)~1 =(4~1)® (aHa.nor: a—lg = {ll : ?:)?

Bepuo au, arto:

a) ecm|4| =0, 10 |JA™ =07

6) ecnm [4] =2, 10 |47 = -27

B) ecrm {A| =2, 10 |47 =057

r) 4] A1 =17

Bepno s, 4T0 MaTprna A~! uMeeT Te e pasMephl, YTO U MATDH-
ua A?

Crnexyer in BTOPOE YTBEPKIEHAS M3 [EPBOrO (ecay MaTpuusl A
B npouzsonbubie):

a) AB=E; BA=FE?

6} AB=2E; BA=2E"?

BYA-A=E;A=FumA=-E?

Cnenyer Ju BTOpo€ yTBEPXKACHAE M3 IEpBOro (eC/in MaTpHUL A 1
B xeanpaTHbI€):

a) AB=E;BA=E?

6) AB=2F; BA=2E?

Moxer nu Marpuynoe ypasHenre AX = B umerh:

a} ongHo pemenne?

0) npa pemwenns?



1.4.87.

1.4.88.

1.4.69,

1.4.70.

1.4.71.

1.4.72,

1.4.73.

1.4,.74.

1.4.75.

1.4.7¢%.

B} 17 pemenuti?

T} Hil ONHOTO pemeHua’

PaBHOCHLHLL 1M YDABHEHHA:

a) AX=BuX=A1B?

6) AX=BuX=BA1?

B)AX =BuX=AB"1?

r) AX=BuX=B"1A7

Kak wsmenntca marpuna A~ !, eca B maTpune A:

a) NOMEHATb MECTaMH §~10 ¥ j-10 CTPOKH (i-# u j-# cronbusi)?

6) i-10 cTpoky {cTonben) yMHOKHTL Ha THCIO A # 07

B) k -8t cTpoke {cToaAbuy) npubaBUTE j-10 ¢TPOKY (cTONGEN), YMHO-
KEHHYIO HA 4UCa0 A?

Hoxa3ars, 410 Marpu4roe ypapHenue A - X = 0 {marpuua 4 —
KBOPATHAS) HMEET HEHYJICBO¢ pelleHHWe TOLOa M TOJIBKO TOCOA,
xorma |A| = 0.

Kvaaparraa marpuua A = (a;;) HasbiBaerca cumamempuunod,
ecid a;; = aj; (Vi,j). Jokasars, 4ro Marpuua, oGpaTHad K CHM-
MeTpu4HOH, 6yneT cuMMeTpHYHOHN,

PemuTh MaTpH4EOEe ypABHEHEE

111 .1 123 ... n
¢ 11 1 ¢ 1 2 ... n—-1
001 1l.x=|001 .. n-2
6000 ... 1 000 .. 1

JoxazaTh, YTO €CJIH AJIS KBAApaTHO# MaTpHlbl A IPH HEKOTOPOM
HATYPAJILHOM k BBIIIOJIEEHO paBeHCTBO A¥ = 0, 1O

(E-A'=E+A+.. .+ AL

Haittu wmarpuinly, oBpaTHYI0 K MarpHie ('E[;}k g) pasMmepa
1

(k+0) x(k+1), roe Ex n B} — enuHu4EbIE MATPHIBI Pa3MEpPOB

kx k u I xI cooTBercTBeHHO, A — NPOU3BOIBHAS MATPHUIIA PA3MeEpa

kExl

IIycry pasmepn! marpun A, B, C TAKOBBI, YTO MOXKHO COCTABHTD

MATPHILY 61 g), u cymectpyior Marpunsl A~1 1 €1, Hoka-

34Tb, 4TO 1
A B\™' (A _alpc-?
0 C R c! ’

Jlokasars, 4TO €CaAH MATPHIA A) NOIYYaeTca W3 MATPHLL! A MOBO-
porom Ha 90°, To ofparHas maTpuua A7 ! nosyuaerca us marpmist
A~1 nosopotom Ha 90° B 0OPATHOM HALIPABJICHHN.

Hokasare, uro mobas {(m x n)-marpuua A pasara r MoxeT OwITB
NPEICTABJICHA B BUAE NponaseneHun A = A, - By« Ao, roe MaTpuikl
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Ay 1 Ap (pasmMepos m X 1 U 1 X 7 COOTBETCTBEHHO) HEBHPOAIEHB!,
a marpaua E, cOnepxAT 2/eMEHTH @1 = @32 = ... = @pp = 1, B
BC€ OCTAJILHBIE €€ JIEMEHTEl papHbl ().

1.4.77*. Hokazarb, 4ro 14 moboll (BO3MOXKHG, He KBaOPATHOH) MaTPHILI
A ypasreure AX A = A uMeeT pemenue.

KOHTPONLHAA PABOTA
Bapuanrt 1

1. Halitu sHaveHne MATPUYHOTO MHOrO4eHa f(A):

— a? 2 _(-10
flz) =—2° +2z° —x + 3, A_(3 2).

2. Haftti panr marpHubl NpHBemeHEeM K CTYNEHYATOMY BHIY. YKAa3aThb
GasucHMH MHHOP.
-2 0 8 1 -5)
3 -1 7 2 4
-8 2 -6 -3 -13
11 -3 13 5 17/

-2 3 5
3. Bervucants onpepenatens (7 -1 4|
9 -8 -6

-2 3 5
4. Halirn marpuny, oBpaTHYI0 K MaTpulle ( 7 -1 4 ) .
9 -8 -6

5. PemnTh MaTpHYHOE ypaBHEHHE (_13 —42) X = (—2 3 5).

BapuanTt 2

1. Halitn sHayesne MATPUYHOTG MHOTO4IeHa, f(A):

F@)=a* - 3224222, A= (g _31)

2. Hality panr MaTpuubl NPHBEOEHHEM K CTYNEHYATOMY BUIY. YKasaTh
GasucHBIlf MEHOD.
0 -1 -4 4 21
3 -1 7 2 4
8 -3 2 7 -8
-2 0 8 1 -5
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3 5 4
3. Buruncaurs onpepenurens (—7 —1 8l
2 6 9

3 5 4
4, HafiTu MmaTpuiy, obpaTHYIO K MATpHLE (—7 -1 8) .
2 6 9

3 -1 1 -2
5. PemuTe MATpHYHOE YpaBHEHHE (2 4 ) X = (_3 4 )

Bapmanr 3

1. Hafltu snaqerne marpuqsoro Muorodiena f(A):

— 3 2 . _{2 -1
flx)=—-2*+82° + 2 2,A_(_3 0}

2. Halitn pasr MaTpuubl NpHBCOEHHEM K CTYMEHYATOMY BHAY. YKAa3aTh
GasncHbili MHHOD.
-2 3 -1 1 &6
3 -1 7 2 4
8 -3 2 7 -8
0 2 -13 ¢4 -10

-1 9
-4 6
3 7

3. BHMHCAHTD ONpenesHTe b

o0 o N

-1 9 5
4. Hafit marpuny, o6paTHyio K MaTpuue (—4 6 2).

5. Pemntp MaTpuyHoe ypaBueune X - (2 *3) = (

BapwanT 4

1. Halite sHauerne MaTpa4HOrO Muoro4nena f(A):

flx)=23+322+2x -1, A= (_91 _:_32)
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2. Haittu panr Marpiiibl NpHBENEHHEM K CTYNEHYATOMY BHOY. YKa3aTh
6a3HCHBIN MHHOD.
2 -1 4 7 1
-6 2 0 -13 -7
-2 0 8 1 -5
8§ -3 4 20 8

-3
2
5

3. BLIMHCIHATH ONPENEIUTEND

o O =7
— e D

-3 79
4. Haiitn marpuuy, 0OpaTHyIo K MATpHLE ( 2 6 4) .
5 8 1

4 -2 30
5. Pemnts mMaTpuyHoe ypasHeHue X - (3 1 ) = ( 4 2).

[



Mnaea 2. CUCTEMbI JINHEWHGLIX YPABHEHUN

Q

§1. NCCNEAOBAHWE CUCTEM NIMHENHbIX
YPABHEHWIA. TEOPEMA KPOHEKEPA-KANENN.
METOf, FAYCCA

[IycTs sanaHa cHCTEMa W3 . JIHHEHHBIX yPABHEHHE ¢ n HEW3BECT-
HBIMH F1,L2,...,Tn:

a11¥1 + a12T2 + ...+ @1y = by,
211 + @2a%s + ... + Qonly = bo,

(1.1)

1Tl F GmaZa + ... + QnTn = D,

roe amena ai; (2=1,2,...,m; 7 = 1,2,...,n) HasHBAOTCA K02(H-
PuyuenmamMu cucmemMs, a INCHa by, ... by — cenfodnvmuy wie-
HIAMLL.

Pewenuem cucmemn (1.1) HasbiBaeTca Takoft Habop uucen
(c1,¢2,...,€x), UTO TIPH €TO MOACTAHOBKE B CHCTEMY BMECTO CO-
OTBETCTBYIOIIMX HEN3BECTHHIX (€1 BMECTO %1, ..., Cn BMECTOG Iy )
KaoKO0e H3 ypabBHeHul CHCTeMbl 00palllaeTcs B TOXAeCTRO.

Ecawu cucrema (1.1) umeer xoTa Obl 0OHO PELISHHE, OHA HA3LIBACT-
¢ coemecmuodl; CHCTEMA, He HMEIOINAA HH OOHOIO PeIleHNA, HA3bI-
Baetcs necosmecmuotf. CHCTEMA HA3bIBaeTCA onpedesenotd, ecin
OHZ HMEeT eIMHCTBEHHOE pellieHMe, M kreonpedeacHnoll, ecnu OHa,
HMeeT Goslee OMHOTC PeUIeHHA.

Jpe cucremsl JMuHEHHBIX YpaBHeHME C OOMHAKOBBIM HHCJIOM He-
M3BECTHBIX HA3BIBAIOTCH 3XGUSGACHINHMMU, EC/TH MHOXKeCTBA BCeX
pemeHril 5THX CHCTEM COBMAIANOT.

Ecnm by = by = ... = by, = 0, 70 cHcTeMa HA3LIBACTCS ndHOpOTHOL,
B NPOTHBHOM CJIy4ae OHA HABLIBAETCHA HeoTHopodHod.

Cucremy {(1.1) MOXHO 3aIRCATE B MATPHYHON opMe:

rne A =

AX =B,

a3y a2 “aa Qg I

@3y  d2r ... d2n I2
— mampuye cucmemst, X = . —

am1 @m2 ... Omn Tn
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by
emoabey (unu BexTop-cTONben) weudeecmuniz, B = | . | — cmonbey ceo-
bodunT waenoe. bm
L ... G | B
asy ... Ggn | bo
= Marpuna (A|B) = . ] . ) HA3LIBAETCA pactiy-
ml .- Qmn | bm

pernofl mampuyetl cucmemn.

Teopema 2.1 (Kponekepa-Kanennu). Cuctema nuHeHbIX ypagHeHWid
(1.1) coBmecTHa TOrAa M TONLKO TOrAA, KOTAA PAHT MATPULLI CHCTEMbI PaBeH
PaHTy PaCciINPeHHON MaTPULbI CUCTEMBI:

*(A) = r(A|B).

Uccnenoparh cucTeMy JMHHEHHBIX YPaBHEHMH O03HAYAET ONPENENNTD, CO-
BMECTHA OH& HJIM HET, 8 A1 COBMECTHON CHCTEMBI — BHIFICHUTD, OIPEIEIICHHA,
oHa uK HeT. [Ipu 3TOM PO3MOXKHEL TPW BAPHAHTA:

1) Ecom r(A) < #(A|B), T0 cHCTEMa HECOBMECTHA.

2) Ecou r(A) = r(A|B) = n (roe n — 4BCAO HEN3IBECTHHIX), TO CHCTEMA
COBMECTHA M ONpeIeseHHa.

3) Ecou r{A) = r{4|B) < n, TO CHCTEMa COBMECTHA M HEONIPENENICHHA.

Jasa ucenenoBaHnsa CHCTEM JIRHEHHBIX ypaBHEeHNH M HAXOKICHUS HX pe-
meHnit MOXKHO MCNIONIBL30BATE, HANpUMEp, Memod [aycca:

C nomompio 3/eMEHTEPHLIX Hpecdpa3oBaHuil Had CTPOKAMM NPUBENEM
pacmUpernyo Marpuuy cuctemnul (A[B) k ctynenuaromy suny (A'|B'):

fa1y .. @, ... Q. .- ailﬂ b:l 3
0 ... ay, .. ey ... ap, | b
ABhY=10 ... 0o ... Qg - G b |,
!
¢ ... 0 ... 0 ... 0 1
\0 ... 0 ... 0 .. 0]¢d,)/
roe B -0 crpoxe (i = 1,2,...,r) campiii Jienniill HeHy1eROl 9aemenT 0fo3HA-

4EH Yepes ik, -

HNony4ennoll pacmupennott Marpuue (A'|B') coorsercTByeT cCHCTEMA JTN-
HellHbIX ypaBHeHHli, sxBuBanenTHaA cucTeme (1.1). Ilpu stoM r{A’) = r(A),
r(A'|B') = r(A|B), n yTBepxOeHrsa 0 TOM, YTO NOJYYEHHAS CHCTEMA CO-
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pMECTHA (HECOBMECTHA) M OUpENeseHHa {HEONPENeIeHHA) BEDHBI M IJIA CH-
creMst (1.1).

Eco xors 6B omHo M3 umcen bl.,,...,b, He paBHO HymoO, TO
r(A'|B') > r(A'), u cucrema necopMecTHa; nuave (ecma by = ... = b, = 0)
cHcTeMa coBmecTHa. B ciydae, korma cucrema coemecrsa, Gyner r{A') =
= r(A'|B’) = r, roe r — 4uCc0 HeHyeBbIX cTpoK MaTpuu A' u (A'|B'). Ecau
r = n (COe n — YHCJI0 HEH3BECTHBIX), TO CHCTEMa ONPENE/IEEHA, B IPOTHBHOM
cny4ae (ey 7 < n) CHCTEMA HEOIIPEHOE/ICHHA.

Basucubiv munopom Matpnn A’ n (A'}R’) aenaerca, HaNpEMeED, MAHOP,
COCTABJIGHHBI M3 9/IeMEHTOB STMX MATPHIL, PACIOJONKESHHBEIX B NEPBHIX T

CTPOKAX M CcTONBUax ¢ Homepamu 1, ke, ks, ..., k. Hazosem fasgucnomy (non
2AQEHBMY) T TIEPEMEHHEIX 21, Tpy, Thys - - - , Tk, , & OCTATILHBIE N — T IEPEMEH-
HBIX Ha30BeM ceobodnsimu. Bes orpaHu4eHrA ODIIHOCTH MOMXHO MNpPEanoio-
AKBTH, YTO IVT3BHBIME NEPEMEHHBIMHE ABJAIOTCA 1, T3, T3, - . . , Ly, & CBOGOIHRI-
MM — Tp41,. .., En. Toroa marpuna (A'}B') (B cnysae xorna r(A’)=r(A'|B'}))
3ANHIIeTCH B BHOE:
i ¥ ! ! i !
(‘111 3}2 e a.},. al,.+l e ﬂ‘}ﬂ b}\
0 322 s 327. ag,-+1 “aa ﬂ'«zn b2
']
WIBY =0 0 ... &y @ws ... al,|Y
0 0 ... @ 0 RO
\0 o0 ... 0 0 ... 0|0/

3anMmeM cHUCTEMY YDABHEHHE, COOTBETCTBYIOUYK) DACHIHPEHHOH MATpHIE
(A'|B’) B cnenyromem BHIE -— MEpeHeceM BCE CJaraeMble Co CBOBOIHBIMH

NEePEMEHHBIME Tyy],...,%Ls B NPABYIO YACTD:
ajjx1 +aoxa + ... talzr=b —al, T — ... — 4
1% 12%2 T .. trZr = 0p Lr1Trdl = oo = B En,
GhyTa + ...+ an,&p = by —ah  Tri1 — ... — QhpTp,
................................................... (1.2)
! r — kI ! !
e 1p 1 Fr—1 F Bp 1, Tr = br—l ~ Gy 1p418r+l o T Gy Tns
a;'r:':" = b:" - a:‘r+1‘r"‘+1 e T a‘:‘nIﬂ’
rie koxpdbHIneHTH ]y, s, - - ., 4}, HE PABHBI HYJIIO.

IIycte cBoBOOHBIE NEPEMEHHBIE Tpy|,...,T; TPAHKMAIT 3HAMEHNA
t1,...,th—p. Torma us nocnemuero ypasnenna cuctemsl (1.2) nepemennan T,
OMHO3HAMHO BbIpaXKaeTca depes &1, ...,0h_p:

1 t ! !
e =2 (b, b} = a,—(b,. — Orpy1t] — o — Gpptny).

rr
IIO)],CT&BJ‘[HH 3TO 3Ha4YEeHHEe ¥, B TNpeanocnenHee ypaABHEHNEe CHCTEMbI (12),
[IOIYYHM BBIpaZKcHNE, OOHO3HAYHO 3a7al0MIee X1 Yepes tl, ey th—r:
Tp—1 = Lr-1 (tl, - tn_,-).
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Iponookas MOMCTABIATE NOJIYYEHHBIE 3HAYEHNA £y, Zp_y,... B YPABHEHHUS
cuctemb! (1.2), noNyYaM BHIPAKERMA, ONHO3HAMHO 320AI0MME Ty, T2, ..., Ty
gepes fy, ..., tp—r. Takum 00pa3zom, KaXIOMY PUKCEPOBAHHOMY HabOpY 3HA-
4eHult CBOGOMHBIX MEPEeMEHHBIX Tryy = t1,.-.,Zn = Ep—r COOTBETCTBYET
€I0MHCTBEHHOE pemenne cucTemsl (1.2) u cHeremsr (1.1):

21.1.

58

(2:1 (t1,. .. ;tn—r)\

xr(tls rery tn—r)
X = i1 . (1.3)
ta

\ e
Ofujum petuentiem cucTeMbl (1.1} HA3BIBASTCA MHOKECTBO BCEX €€
peweHuil, sanucannux B Brae Gopmysnt (1.3), epipaxatomeii npo-

M3BOJILHOE PELIEHNE CUCTEMBl B BHOE QDYHKUME OT n — F ¢BOGOIHBIX
NepPeMEeHHBIX.

Hecnenopars cHcTeMy AHHERHBIX YPAaBHEHHKH; €CITN OHA COBMECTHA,
T0 HafiTH ee obuIee M OOHO HACTHOE pelIeHHE:

Xy — s = —1,

221422 =7.

(Q 3anumeM pacUIMpEHHYIO MATDMIYY CUCTEMbl M TPUBENEM ee K
CTYMEHYATOMY BULY C TIOMOMIBIO 3JEMEHTADHBIX mpeobpasosanuit:

1 -1|-1 1 -1]-1
(2 1 7)11—2-1"“(0 3 9)‘
Paur MaTpuLUbl CHCTEMH PaBeH PAHIry PACIUMPEHHOH MATPHUBI CH-
CTeMBbI:
r(A) =r(A|B) = 2,
JHAYINT, CUCTMEMI COoBMECTMHG. KonnyecTBO HEH3BECTHEBIX TAKXKE
paBHO 2:

n=r(4) =r(A|B) = 2,
3HAYUT, cucmeMa onpedeserna, T.e. UMEET eJUHCTBEHHOE Ppelle-
HEe. 3anuileM CHCTeMY YPapBHeHul, COOTBETCTEBYIOIYI) MOy YeH-
HOt pacmupenHo# MaTpuie:

x — 2 = -1,
33‘,‘2 =9

W3 proporo ypasHeunsa T2 = 3; NOOCTABIIAA 3TO 3HAYEHHE B [IEPBOE
YPaBHEHHE, OYYHM &) = 2.



2.1.2.

Hraxk, ofmee pemenne (OHO e eOMHCTBEHHOE vacTHOe): (2;3).
Omeem. cuCTeMa COBMECTHA, 1 ONpeIesIenta; obmee pemenne (2; 3);
yacTHOE pemenne (2;3). ®
Heenenoeats cucTeMy JTMHENHBIX YPABHEHRI; €CITH OHA COBMECTHA,
TO HAHTH ¢e 0DIee ¥ ONHO YACTHOE PelleHHe:

T+ 22— 13 =—4,
2y + 223 —3z3 = 0,
-—21‘1 — 22?3 = 186.

(Q IpuBeaeM x CTYNEH4ATOMY BHIOY DACHIEDEHHYIO MATDHIY CH-
CTEMEI:

1 1 -1|-4 11 -1|-4
1 2 =30 |II-I ~({0 1 -2]| 4 o~
-2 0 =216/ 111+2-1 6 2 4 8JIII-2-11
11 -1|-4
~|0 1 -2 4
00 0 0
Tak xak

r(A) =r(4|B) =2 < 3 =n,
TO CUCTREMA COBMEcTNE U Heonpedesenna (T. ¢ uMeeT BeCKOHEYHO
MHOFOQ pelreuit).
Konudectso riaaBHbIx mepeMenHnix parHo r{A4) = 2, xommae-
CTBO CBODOAHBIX NEPEMEHHBIX paBHO 1 — (A} = 3 — 2 = 1. BriBe-
peM Kako#-HuOyap He PaBHbIY HY/TI0 MMHOD 2-r0 NOPALKA DOJIYUEH-

HO# Marpuiikl A, HaNpUMEP, MEHOD [1} %’ Ero cronbupr — 1-# u

2-# cTonbubl Marpuikl A — COOTBETCTBYIOT NEPEMEHHBIM T M
Ty — 3BTO BYLYT 24a6HBE NEPEMERHbE, A T3 — c60000HAR nepe-
Mennaa, 3anumem CUCTEMY ypPaBHEHMIl, COOTBETCTBYIOIYIO TOJ1Y-
9eHHOW pacmupeHHoit MaTpuue:

T+ 23 —x3 = —4,
$2—2$3—_-4.

Teneps nna HATMIAAHOCTM 3AMUIIEM 3TY CHCTEMY B OPYIOM BHIE
(c1eBa OCTAIOTCA TOJBKO IIABHbIC NEPEMEHHBIE):

T+ T =23 — 4,
oo = 213 + 4.

IloncraBnan BbIpAXEHME OUIA T B MEPBOE YPABHEHHME, NOSYYHM
x1 = —x3 — 8. Obo3nayas cBOGOOHYIO MEPEMEHHYIO X3 depes i,
noay4nM obwee peusenue cucmemv: (—f — 8;2¢ + 4;1). Jacmnoe
pewenue cucmems: NOJYIHM, Hampumep, npu ¢ = 0: (—8; 4;0).
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2.1.3.

60

Omeem. CHCTEMa COBMECTHA M HEOUIpENEJIEHHA; O0MEe pemweHwne
(—t — B; 2t + 4;t); uactHoe pemenne (—8;4; (). ®
Hecnenosath cucTeMy IMHEHHBIX YPaBHEHHH; eC/IN OHA COBMECTHA,
T0 HaliTn ee 06Iee ¥ OMHO YACTHOE PeIlleHHE:

Ty + 2294+ 283+ 3y = 1,
61 — 3zy — 33— x4 = -9,
—Tr14+ 29+ x3— 224= 8§,
—3x; + 922 + 923 + 104 = 12.

(Q TlpmrBeneM pacmMpeHHy10 MATPRLY CHCTEMBI K CTYNEHYATOMY
BHIY:

1 2 2 3|1

6 -3 -3 —-1|-9|II-6-I
-7 1 1 -2| 8 |mM+7-17
-3 9 9 10!12/IVv+3-1

1 2 2 3 1
0 -15 -15 -19|-15

0 15 15 19| 15 [mI+m™
0 15 15 19 | 15/ IV+II

1 2 2 3 1
0 —15 —-15 —19| —15|II-(-1)
“le o o o | 0 ~

0 0 0 0| 0
1 21 2 31
0 15! 15 19|15

~10°0 0 olo0

0 0 0 00

Tak Kak
r{A) =r(A|B) =2 <4 =n,
TO CUCTEMO COBMECTANG U HEOTIPEdeseHHd.
KomuuecTso rnasHbix nepemeHHbIX papHo 7{Ad) = 2, xoauve-
CTBO CBOBOAHBIX NepemenHbix parHo n—r{A) = 4—2 = 2. Bribepenm
KaKoi-HNGyOb HE PABHBIH HYM0 MUHOP 2-ro NOpAOKA MoJIy4eHHOoH

MATPMUBLI A, HANPUMEDP, MUHOP ’é 125|‘ Ero cronbuer (1-it v 2-t

cronbupt MaTprus A) COOTEETCTBYIOT NEPEMEHHBIM T H T3 — 3TO
GynyT eaaenbie NEPEMEHHbE, 8 T3 U T4 — c60000HME MEPEMEK-
HME. 33.M€THM, MTO B KA4YeCTBE INIABHBIX NEPEMEHHBIX B JAHHOM
OpHUMepe HEAb3A BHIOpATh mapy I» ¥ I3, Tak Kak JioGol coort-
2 2 2

=0,

2
BeTCTBYIOIHI HM MHHOD paBeH HYJIIO: 15 15‘ =0, |O 0




2.1.4.

15 15
0 0
nosTyHeRHON pacmmpedHolt MaTpuLe:

= 0. 3amunmieM CHCTEMY YDaBHEHHH, COOTBETCTBYIOUILYIO

1+ 2z 4+ 23 + 324 =1,
15x2 + 1523 + 1924 = 15.

Teneps 3amumem 3Ty CHCTEMY B APYLOM BUOE (CJAEBA OCTAKTCA
TOJIbKO TJI2BHEIE IEPEMEHHBIE):

T+ 2ps =1 — 2x3 — 3ix4,
151‘2 =15— 15273 — 19274.

U3 Broporo ypaBHeHUs BHPAIUM T3, depes £z U o4: T2 = 1 — o3—

~15%¢ IToncraBnsia BhipaskeHHe OJ1A Iz B NEPBOS yPaBHEHHE,

NoJy4ynM r; = —1 — T%m. OBo3HaUMM CBOOOIHEIE nepeMeHHRe:

T3 uepes ty, T4 depea 15t Janumem obujee peurenie CUCTREMDL
(=1 —"Tiz; 1 — £ — 1922;£1; 15¢;). Hacmnoe peuenue cucmems: no-
Jy4uM, HaTpUMep, npd ) = 1, ¢, = 0: (—1;0;1;0).

Omeem. CHCTEMa COBMECTHA M HEONpeAeseHna; obuee pelreHHne
(—1—T7ta; 1 — t; — 1925; £1; 1542); vacTHoe pemenne (—1;0;1;0). @
HcenenopaTh cucTeMy NHHEHHEIX ypaBHEHRUH

T+ Tp— T3 =-4,
Ty +2z:—3x3 = 0,
—2.1:1 - 233 = 3.

(Q TpuseneM x CTYNEHYATOMY BHAY PACIIMPEHHYIO MATPHIY CH-
CTEMbI:

1 1 -1]|-4 11 -1]|-4
1 2 -390 |11-1 ~(0 1 -2|4 ~
-2 0 =-2¢ 3 /JI1+2-1 0 2 —-4|-5/1II-2-11
11 -1| —4
~ 10 1 =2 4
0 0 0 |-13
Tax kax

r(A) =2 #3 =r(4A|B),

TO cucmems wecoemecmya (He nmeer pemernti). B caMoMm mene,
nocyienHelt ¢Tpoke mosiydeHHol pacmupeHrOft MATPUILI COOTHET-

creyer ypasHenue (-1, + 0. x2 + 0. 13 = —13, He uMeloee peme-
Hul.
Omeem. CHCTEMA HECOBMECTHA. @
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Heenedosams cucmemsr AunelHbiz ypasnenull, 0AR COBMECTINGE CUCTNEM
nafimu ofwee u O0HO NECIMHOE PeULEHUR!

=3, = 3
2.1.5. {0 2.1.6, {7 T™
r1—x3=-—1 21 + 219 =

2, — o =1, 2.1.8 I1+I2+5‘33=3,
2, — 20, = 2. e 2x1+2$2+2x3=6.

22 — x5+ 33 =2, 2.1.10. 42—3y+3z=0,
z, + 439 + 225 = 3. z+3y=0.

) + a3 —x3 =0, dr — 3y +22=19,
8z1 + 325 — B6z3 = 0, 2.1.12. 2r + 5y — 3z =14,
4r) — 2o + 3z3 =0. 5z + 6y — 2z = 18.

2.1.11.

{$1+$2+I3—3 Jr—y+2:=0,

(22 — 3y = -2, Ir—-y+2z=2,
T+ 2y = 2,5, 2.1.14. 4r — 3y +3z=13,
-2z — 4y = -3, z+3y=0,
| 2/32 — 3+/3y = —2v/3. 52 +32=3

(20 — T3 + 313 — 524 =1,
X1 —Ie — 5:1.'3 = 2,

dz1 — 2@ — 2173 - 5:1.'4 = 3,
uTIl — 829 — Q23+ 10x4 = 8.

2.1.13.

2.1.15,

r£1 + 2z9 +3x3 —x4 = 8,

221 — 2o —des+ 324 =1,

4z — Tzs — 1823 + 11xz4 = —13,
3T + 72— 23+ 2T, =9,

2.1.16.

(22, — T3 + T3 + 224 + 375 = 2,
6z; — Jrs + 223 + 4y + S35 = 3,
6z, — 3zo + 4z3 + 8y + 1325 = 9,
L dz1 — 220 + 23+ 24 + 2rs = 4.

2.1.17,

(8) + 62 + 513 + 224 = 21,
3z, + 322 + 223 + 74 = 10,
2.1.18. <43+ 222+ 323+ 34 = 8,
3z, + 522 + T3+ 14 = 15,
\73"1 + 4zs + 5z3 + 224 = 18.
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T — 232+ T3 —Tg + 35 = 2,
2.1.19. 22y —4dxy + 333 — 214 + 615 = 5,
3z — 6z + 423 — 34+ %25 =1T.

911 — 322 + Hx3 + b2y = 4,
2.1.20. 6z, — 225 + 323 + 4z = 5,
3x1 ~ 22 + 3z3 + 14z, = -8,

2.1.21. Hccneposarb CHCTEMY W3 1 JIMHEHHBIX ypaBHeHuH, HaliTH olmee ¥
OOHO YaCTHOE PeleHHe.

21+ 2o+ ...+ xp=n—2

ry+ast+...+Ta=n-3,
L1t F+Ts+...FTn=n—3,

................................

1t ar+...+p1=n-—-3.

(Q TMpupenem x crymeHdaTOMY BHIY DACHIADPEHHYIO MATPMIY CH-

CTeMbi:
111 ... 1{n=-2
10 1 1|n-3{I-1I
110 1|n-3|m-1_
111 ... 0|n=-3/(m)-I
1 1 1 ... 1 |n-2
0 -1 0 0} -1 |I-{(-1)
o 0| -1 JHI-(-1)
0 0 0 .. -1| -1/@- (-1
111 Lin=2\1_1I-II-...~ (n)
010 ...0[ 1
~l0 01 0| 1 ~
000 ... 1| 1
{n—1} pa»
—— e,
100 0|n-2C1-1-... -T=-1
010 01
Lo 01 01
000 1|1



JanumeM CcHCTEMY YPABHERHH, COOTBETCTBYIOWYK NOTYYEHROR
PACHIMPEHHON MATPHLE!

r =-1,
.‘1?2:1,
.133:1,
In=1

QueBnInO, BTA CHCTEMA COBMECTHA M ONPEIEIEHHA, eTHHCTBEHHOR
pemenue (—1;1;1;...;1}.

Omeemn. cucTema COBMECTHS M OIpeHesIeHHa; 00lee pemenne (OHO
#e yacTHoe pemenue) (—1,1,1,...,1).

Hecaedosams cucmemy u3 n aunelinms ypaenerut, walimu obuice u oduo
YacMHoe petieHue!

4
Tyt x2+...+zp=n,

2.1.22. < 221+ 2%2 + ... + 2z, = 21,

'x1+xz+...+:cn=n,

221+ 220+ ...+ 22, = 2n,

2.1.23. € e
n-Dzy+n—-Dzs+...+(n+ Dz, =(n—-1n,

an1+nm2+...+n:c,,=0.

(21 + 2o+ 25+ Zs+ ..+ Tnoy +En =1,
T +z3+z4+...+Tp1tTha=n-1,
T+ +z4+ ...+ Tp1+Tu=n-—2,
2.1.24. ¢ 1 2 4 n—1 n

T +Ta+Ta+T4a+... +I,—,=2,
LT1t 2t 23+ g+ ...+ Tn =1

)+ 229+ 323 + 424+ ...+ (n— 1}zpy + Rz =0,

- +3z3+4z4+...+ (n — D)opy—) + nr, = -0,

2.1.25. {7 223 +4rs ...+ (n—1)2ny + 0Ty = -1,
51— 223 —3x3 — x4 — ... — (N — 2)Tp_2 + BTy, = -7,

[ —%1 — 282 — 323 — 424 — ... — (R — 1)&pna - _n.
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2.1.26. MHccnemosars cHCTeMy MHHEHHBIX yPABHEHUH B 3aBHCHMOCTH OT Na-
paMmeTrpa A. B cayyae, Korma cucrema copMecTHa, Haitti obmee u

OJHO YACTHOE pPEIICHHUE:
2I1 —Tg = 8,
4I1 - 2I2 = A

(Q lpuBeneM Kk CTYymeH4aTOMY BHIY DACIIMPEHHYI) MATDMILY CH-

CTEMBI:
2 -1{8 {2 -1| 8
4 —2{xJu-2.1"0 o0 |r-16/

3anuiueM NOAY4YCHHYIO MATPHIY CHCTeMb A = (3 _61), e¢ PaHr
r{A4) papen 1.
a) IlIpu A # 16 monyynM pPacHIMPEHHYI0 MATPHLY CUCTEMBI
2 -1 8
@e)= (5 o[,
soM, r{A} =1 # 2 = r(A|B), cucmema necosmecmmua.
6) Mpu A = 16 noaywdM pPACUTMPEHHYI0 MATPHIY CHCTEMbI

16)’ ee panr r{A4|B) pasen 2. Taxum ofpa-

(A|B) = 3 _01 ‘ {E; , ee panr r(A|B) pasen 1. 3nauur, r{d) =
= r(AlB) = 1 < 2 = n, cucmema coemecmna u HeonpedescH-

na. [lony+ennoll pacIHpeRHON MaTpHLE CUCTEMBI COOTBETCTBYET
ypabHeHne 2ry — x2 = 8. B xawecrse rnaeroll nepemennoft MOX-
HO B3ATH, HanpuMep, Tz = 2x; — 8. Obo3rayas ceobOOHYIO nepe-
MEHHY0 I depes i, nosy9uM obiee pemenve cucreMen: (i; 2t — 8).
YacTHoe pelleHHe CHCTeMbl NOTYSHM, Hanpumep, npu ¢ = 0: (0; —8).
Omeem. Tlpn X # 16 cucrema HecoBMecTHa; npu A = 16 cucrema
COBMECTHZ H HeONpeneseHna, obmee pemenue (¢;2¢ — 8), wacTHoe
pewenne (0; —8).

Hecaedosamy cucmemn auHetHBT ypasrenud, 3a8UCAUUT OM NAPEMENPE .
Has coamecmuny cucmes watimu ofwee u 0010 “acmHoe pewenue:

2z — 20 =8, 2%, + Azq = 6,
2.1.27. 2.1.28.
{2.‘1?1 + Te = A. {)k:l‘] + 8z = 12.
£ + 4z + 223 = -1,
2.1.29. T, — T2 + 233 =35, 2.1.30. 2z, + 313 — 23 =3,
AT, — 222 + 433 = 10. T] — ¥y — 313 = 4,

5] —GIQ —)\.133 =9

(14 Ayr1 +z2+23=1,
2.1.31. 21+ (14 Xzxg + 23 = A,
21+ a2+ (1+ Nzg = A2
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HononhurentHuie aagaun

Heenedosams cucembi AunelRuz ypasnenudl, AR COBMECTIHMET CUCTIEM
naitmu obujee ¥ 00HO “ACTAHOE PElERUE:

- = 2y =
9.1.32. J T ==l 2.1.33. {XTH= 3
2xy — 229 = 5. 6z + 4y = 10.

z—V3y= 1,
V3z— 3y= V3,

3 —_¥3
—Rr . y=-%.

T+ 2x2 =3,
2.1.34 =22y + 3z, =0, 2.1.35

-2z —4z, = 1.

r+4y+22=
20 — 4y - 32
z+dy+ z= 0.

ot
|
=-»

2.1.38 z—y— z=2, 2.1.39 3z +4y—22=10,

3z -2y +42=0.

3z — Y= _"51
2c+ 3y= 4,
2.1.36. 1 5 2.1.37.
{——a:+y—3z—5, {2:::— y— z=0,

(3z+ y—52=0, 3z, + 222+ 3= 5,
“y— 2= 921 + 3 = 1,
2040, { FTW- =0 2.1.41 FLE T o
2r4+3y—-4z2=0, 21+ 29+ 323 = 11,
L z+9y—3z=0. 3z + 4z — T3 = -5
(2v5x1 — a3+ v5x3 = 1,
2'1.42- < 1031 — £x2 + 5:63 = '\/5}
5 1
—22 + - = -1
| &1 A Iz L3 75

3z, + 4z + zT3+ 2T4= 3,
2.1.43. 6z + Bra+2rs+ bzy= T,
91, + 12x2 + 3z3 + 10z4 = 13.

2z + 22 +3zy =
o+ 30 — 223
2.1.44. 3z + Ta— T4
2z + I3+ x4 =
T+ T2 +4r; — 3z = -3

i
(R = RN
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2.1.45.

2.1.46,

2.1.47.

(452, — 287, + 34z3 — 52zs = 9,
36x) — 2379 + 2913 — 43z, = 3,
4 35z, — 21xs + 28z — 4524 = 16,
47z — 3223 + 3613 — 484 = —17,

».2?3:1 — 1925 + 2223 ~ 354 = 6.

(6% + 472 + 53 + 224 + 325 =
3z, + 229 + 423 + g + 225
3z + 220 - 223+ 14

|92y + 622+ T3+ 374+ 205 = 2.

ol
el

Il
|
-~

(23 + T2+ 373 — 234+ 305 =1,
<2:171-f-2.’.l?2-f'4i3— 24+ 325 =2,
3r1 + 322 + 023 ~ 2244+ 325 =1,
\2z1 + 223 + 823 — 3z4 + 925 = 2.

Cucmnemu 2.1.4/8-2.1.50 codeprcamn no n ypoaxenuil.

2.1.48,

2.1.49,

2.1.50.

2.1.51.

(21 + 272+ 323+ ...+ nzp =1,

) 2z +4zy + 0623 + ...+ 2nx, =2,

(21 —2p+ 23 —2q+ ...+ (-1)" 1z, =1,
201 —2T2 + 223 — 224 + ...+ 2-(-1)""lz, =2,
{

T+ To o + Zp-1 = 1,
e e ol T LA + xp_n T, = 2,

rr+xo+........ +Tn—_3 +Tp-1+Tn= 3,

1 o 2 S +r,=n—1,

T O S, +T,= 0.
[ &1 — T2 = 1:
-z, +2r— 23 =-1,

— o+ 2r3—I4 = 0,

s :
—Tp-2+22n_1— za= 0,

\ - Tn-1 +2;1'n_—‘ 1.
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2.1.52,

(& + Iz =0,
) + 329 + 225 =4,
x3 + 33+ 214 =6,

< T3+ 3xy + 215 =6,
Tn-3+3Tpn—2+22p_1 =6,

Ppoz + 3L +22,=8,

\ Tp—1+3x,=T.

Hecaedpsams cucmemst aunefinnd ypasHenud, 3a6UCYUT 0N RAPAMEMPE A.
ar coamecmunr cucmem waltmu obuee u 0dKHo YGCTRHOE PEWEHUE!

2.1.53.

2.1.55.

2.1.57,

2$1 — I = /\, 2.1.54. AI[ — 41‘2 = 2,

ATy + 12 = 2. T — Azz = —1.

Ay — 4z =2, 2.1.56. 1+ 2x2 + 323 =6,
Ty — Apg = 1. 2% + Bxy — 3z3 = A

ATy 22+ 23+ 24 =4,
1+ Ars+ o3ty =4,
T+ To+ ATz + 24 =4,
1+ 29+ x5+ Axg =4,

ATy + T2 + 23 = 3,
1+ Are + 73 =3, 2.1.58.
T+ 29 + Azz = 3.

KoHTponuHule Bonpockl v Gonee cnoxHeie 3agaun

Omeemu % sadavam 2.1.59- 2.1.68, 2.1.71- 2.1.73 npouamocmpupylime npu-

MEpamu.

2.1.59.

2.1.60.

2.1.61.

2.1.62.

2.1.63.

2.1.64,

K cucreme nunelinbix ypapHeHul ¢ N HEH3BECTHHIMH IOIHCAJIH
OPOH3BOJIBHOE YPaBHeHUe ¢ 1 HemsbecTHbIMM. Kak npu stom u3-
MEHHTCA MHOMXKECTBO penieHult cucteMnl?

W3 necopmecTHOU cHcTeMbl THHeHHBIX ypaBHEHAN YA THIIR KaKoe-
TO OAHO YpaBHEHHE. Byner JIH MoJydeHHAS CHCTEMA COBMECTHOM?
MpuoxecTba pemwieHHE OBYX CHCTEM JUHEHHBIX ypaeBHeHHH coBna-
DaoT. PaBHH /M pacmnpeRHbie MaTpHUL! 3THX cucreM? Paprbl s
PAHTH 3TEX MATPUU’

MoryT JIn OBITH SKBUBAJICHTHBEIMH OB CHCTEMbL JHHelHBIX ypab-
HeHull ¢ ONMHAKOBHIM YHCJIOM HEH3BECTHBIX, HO C PA3HBIM HHCIIOM
ypasHeHAR?

Cywmectsyer nH Takad cucreMma JUHeHMBIX ypaBHeHHH, 4TO
(1;2;3) — ee pemenne, a (—1; —2; —3) — ner? Ecan cymectsyer,
YTO MOXKHO CKA3ATh O BCEX TAKHX CHCTEMAX’!

YT0O MOXHO CKA3aTh 0 MHOXKECTBe pemieHult CHCTeMbl JUHeHHbIX
ypasHeHul, ecnu panr r( A} Marpuus aToll cucreMsi i panr r( A| B}
PACIIHPEHHON MaTpUIbl paBHbl Hymo?



2.1.65.

2.1.66.

2.1.67.

2.1.68.

2.1.69,

2.1.70.

2.1.71.

2,1.72.

2.1.73.

2.1.74.

Y10 MOKHO CKa3aTh 0 MHOXECTBE pemleHHH CHCTeMbl JIMHEHHBIX
ypaBHerull ¢ maTpuuelt A u pacmupennoit marpuuelt (A|B), ecnu
r(A) > r(A|B)?

MoxeT AH 4acTHOE pemleHWe CUCTeMBl JuHellHBIX ypaBHeHufl co-
BNAJATE ¢ €€ O0LWUM peiueHpem?

BosmokHo siu, 91008l CHCTeMa, JIMHeRRBIX ypaBHeHnH ¢ Marpuuett
A ¥Mena To ke MHOXECTBO penleHul, 4To M CHCTeMa ¢ MaTpuiel
AT ecomu:

a) A #0;

6) A # AT;

B) A # AT, cucrema ommroponRas;

r) A # AT, cucrema ne onroponnasn, copmecTHaA?

Moxer I MHOXECTBO pemeHu cUcTeMbl JITHeRHBIX ypapHeHUH
COCTOATh POBHO H3 ONHOTO PEMEHHAT B3 OBYX peimenuit? uz 17-TH
pemennii?

PeumTh cHcTEMY NHMHEHHBIX YpabHeHHH ¢ TeTHPLMA NapaMeTpPaMy
a,bcud

—r+y+zt+t=a,

T—y+zt+t=b,

T+y—z+it=c,

z+y+z—-t=4d.

JoxasaTh, 4To cucTema n AHHeHHbIX YpaBHeHu#i ¢ 7 — 1 HeuspecT-
HbIMHM COBMECTHA TOTZIA H TOMBKO TOTOA, KOTHA PAaBeH HYJO Onpe-
AenuTenb PACIUPEHACH MATPHIIBL.

Kak peirianar pemenns coBMecTHOH cHCTEMBI MMAEHHBIX ypaBHe-
Hull, ecru Bee cTOAOUBI PACIOVPEHHON MATDHUDBI, KDOME NEPBOTO,
IPONOPHHOHANBHELT

Yr0o MOKHO CKA3aTh 0 MATPHUIE COBMECTHOM CHCTEMbI JHHelHBIX
ypabBHeHul, eciid B MoGoM ee pemiesul ReH3BeCTHOE T NPHHUMAET
OITHO ¥ TO XKe 3HaYeHHe?

Yto MOMKHO CKA3aTh 0 MATPHIE COBMECTHON CHCTEMbI JIMHeHHBbIX
ypapHeHHH, ecqn B M000OM €¢ PeICHUH HER3BECTHOR T) NPHHAMAET
sHaqdenne (7

Peurntb cucremy uz 2n auMefiHwix ypasHeHHH

Ty + Tz+ ...+ T2n = ap,
—It + T3+ ...+ T2an = 2,
—Z) — Tz — I3 — ... Tap—2 F T2p = G2n-1,
—&1 — X3 —¥3— ... Toapn-1 = Q2n.
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2,1.75. Pemuts cuctemy ypabHeHuH

T1750s =2,

zixdzi =4,

Tizaey = 2.
2.1.76. Cucrema

ay+ bz =c¢,

cx+az=bh,

bz + cy = a.

HMEeT eNMHCTBeHROe pemenne. Joxazark, 4To abc # 0, 0 pemnTh
CHCTEMY.

2.1.77. Cucrema nuHelinbix ypabHeHuMt 3anucana B MaTpudHoii ¢opme:
AX = B. H3pecTHBI OBa YaCTHBIX pemieHUA sTOH cucteMsl X; H
Xs. Kak BRIriaguT cucTeMa, HMEKIAasa OOHAM H3 pemeHuii:
a) X+ Xg;
6) AX; (A — nekoropoe duc0)?

Heenedosams cucmemy ypasnenutl u nafimu obyee peutenie 8 I46UCUMOCTRU
om napamempos @, b, ¢, d:

z+y+z=1, ar+y+z=aq,
2,1.78% {ar+by+ez=d, 21.79%. {z+by+2=0b,
a’z + by + cfz = d%. Ttytez=c

§2. PELLUEHVE CUCTEM JIMHENHLIX YPABHEHWIA
C NOMOLLILIO OEPATHOW MATPULLI.
®OPMYfbl KPAMEPA

ITycTs cucTema W3 1 IHHEWHBIX YPABHEHAN ¢ N HEH3BECTHBIMA BANNCAHA
B MaTpu4HOl dopmMe:

AX = B,
rze A = (a;;) — marpuua ko3bQHUHEHTOB CHCTeMbl pasmepa n X 7,
x by
o) b2
X = . | — cronbew nHemspectHwix, B = | . | — cronfey cpobonmpbix
Iy bn

YJIEHOB.
Ecin D — onpemenutent MaTpHubpl 4 — He paBeH HYJIO, TO CHCTEMA
COBMECTHA UM ONPEIeeHHa, ee PelleHre 3aaaeTca GhopMy o
X=A"1.B.
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JpyTy1o pOpMY 3aNNCH 3TOTO YTBeDXKIeHUA NAK0T Popmyasst Kpamepa:

= Dx

:Ek—D, k=1,2,...,n,

roe Dy — onpenenurtens, nony4awwniica u3 D samenolt k-ro ctosbua Ha
crosibel] ¢cBODOIHBIX 4JI€HOB.

2.2.1.

Pemnte cucremy ypaenennit mo ¢popmynam Kpamepa # ¢ noMobio
ry — I = -—1,

20+ a2 =1T.

(Q a) Pemnam cucremy no dropmynam Kpamepa. ns storo Haltnem
OMpEeNeNHTENb MATPUIILI CUCTEMbI:

1 -1
2 1

obpaTHofi MATPHIBL:

D=

=1-1-(-1)-2=3.

Tak xak D # (0, To peLieHHe CUCTEMbI CYIWECTBYET ¥ QMHCTBRHHO.
Halinem onpeasenutens D, noacrapnda B onpenendrens D

BMECTO epBoro cronbua (;) cronfen cBODOMHLIX 11eHOB (_71) :

=(-1)-1-(-1)-7=6.

-1 -1
p=[7 7]

Onpenpenutent Dy nony4daerca u3 D noacranoekoli ctonbua cbo-

GOOHBIX 4/ICHOB ( . ) BMECTO BTOPOIO CTOIGLA (_11):

1 -1

2 7 =1-7—-(-1)-2=9.

o

OTciona nosIyYnM pellieHRe CUCTEMbl YpaBHeHuH:

eoDi_6 o D 9_,
b 3 ° **p 3 7
Omeem. (2;3).
6) Pemnum cucremy ¢ momowmplo obpatHolt maTpungl. Hattnem

maTpruy A1, ofpaTHyio K MaTpune cucTemsl A = (; _11) Me-

TOIOM MPUCOSAUHEHHON MATDUIEL

Tax kax det A = 3 # 0, To marpuna A~! cymectsyer, nosromy
PELlIEHNe CUCTEMbI CYIUECTBYET H €OKHCTBEHHO.

Hattnem anrefpanyeckne JOMOMHEHNA K BJIEMEHTAM MATPULBI

A:

An=1, Ap=-2 An=-(-1)=1 Ap=L1
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2.2.2.

CocrasaM MaTprLy (A;;) 13 anrebpandeckux HONOTHEHKI:
1 -2
{Aiz) = (1 1 ) .

Sammmem Marpruy A = (4;)T = (32 })

Hafizem marpumy

o
i
Il
(=9
LY
e
P
1l
=
|
N e
e
S
I
o
I T -
[N
(AT
T

ees (4 G-
-(LAD)-0)
Omsem. (2;3).

CpasnuTte pemenne npumepa 2.2.1 cnocobamu a} g 6) ¢ peme-
HHeMm npumepa 2.1.1.
Pewnte cuctemy ypasHenuit no dopmynam Kpamepa n ¢ noMolbio
x) + 2:2 + Jzz = 6,
obparHoit MATpRUEL: { 47| + 512 + 623 =9,
Tz + 8z = —6.
(9 a) Pemnm cucTemy no popmynam Kpamepa. s 3Toro Haiinem
ONPENeIATe b MATPULB] CHCTEMBbIL:

12 3
D=|4 5 6/ =27 {(cm. npumep 1.4.1).
7 8 0

Tak kak D # 0, To pelleHHe CACTEMH CYLIECTBYET ¥ eIUHCTBEHHO.

Hafinem onpeaenurenn Dy, Dy u Dy noacrasnaa cronben ceobon-
6

HbIX WieHOB | 9 | BMECTO MepBOro, BTOPOTO H TPETHEFO CTONOLOB
-6

ONpenenaATens A COOTBETCTBEHHO:

-6 0

5 6 9 6
) |'2" -6 8

ol

=6-(—48) — 2-36+3- (72 + 30) =
— 288 — 72 + 306 = —360 + 306 = —54,



1 6 3
9 6 4 6 4 9
picli 5 far]s Yot Genft 5
. 6 0 6 0 70 7 -6
=1-36—6-(—42) +3-(—24 - 63) = 36 + 252 + 3 - (—87) =
= 288 — 261 = 27,
12 6
5 9 4 9 4 5
D=4 5 9 _1.1 |~2-l |+6-| ‘:
- 8 6 8 -6 7 -6 7 8

=1-(-30-72)—2-(=24—63) +6- (32— 35) =
=-102-2-(-87) +6-(—3) = —102 + 174 — 18 = 54.

Orcrofa NOMyYUM pellieRe CUCTEMb] YDaBHERUI:

x=&=__54=_2
=D T o7 '
Dy, 27
n=p=xp=b
Dy 54
BnEp Tt

Omeem. {(—2;1;2).
6} Pemrm cuctemy ¢ momompio obparHoll Marpuusl. Halinem

1 2 3
matpuny A~!, oBpaTHy K MaTpHLe cCUCTEMBI A = (4 5 6).
7 8 0

DTa MATpULA HaiifeHa B npumepe 1.4.1:

Haitnem pemeHne cucTembl ypapHeHRH:

© -3 5 5\ /6

(2:2)=X=A*1-B= % —-g % -(9)=

I3 0 - S | —6

B 9 5

(-16-64+8-9-1-{-6)}/9 (-96+72+6)/9

=1 (14-6-7-94+42-{-6))/9 }| =|(84-63-12)/9 } =
(—1-6+2-9—1-{-6))/9 (—6 + 18 + 6}/9

Hrak, #; = —2, 22 = 1, 3 = 2 (kak 1 npy peileHur mo hopMynam
Kpamepa).
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2.2.3. Pewwrs cucremy ypabhennit no ¢popmynam Kpamepa u ¢ moMowmeto
T, + 222+ 3xy = 6,
obpatHofi MaTpuULL: { 4x; + 5z5 + 613 = 15,
Txy + 8x9 + 93 = 24,
() Haitnem onpegenuTeTb MATPHLB! CHCTEMBI:

1 2 3
D=4 |56|2|""'6
7

45
=l-1g o =2 |7 9‘*3'\ |

5 6 =
8 9 7 8
=1-{45-48)—2-(36-42)+3-{32-35) =
=-3-2-(-6)+3-(-3)=-3+12-9=0.

Tax kak D = 0, To cucrema He MOXKeT OBITH pelieHa HU no Gop-
mynam Kpamepa #u ¢ nomoumsio obOparnoft marpuupbt. IIpu stom
CUCTEMA ABNAETCA COBMECTROI {HAnpumep, ects pemenne (1;1;1))
H HeolpeAsIeHHOMH.

Omaem. no ¢popmynam Kpamepa 1 ¢ moMolnio o6paTHol MaTpaLE]
CHUCTEMY PEUIBTH HENb3A. &

Hafimu pewenus aunefinofi cucmemm ypasHenutl, ucnoavayn oipomuyo ma-
mpuyy u Popmyan Kpamepa. Vxazamos me snouenus napamempoe {a u b},
NPU KOMOPHT YKAIAHHWMY MEMOJIMU CUCTNEMY DELUUTID HEBOIMONCHO!

- = — =11,
2.2.4. T - =4 225 (V3m+ =
2z + 22 = —5. 4z, — \/_1‘2 = (.
2 - =
2.2.6. oz —3by = 0, 227, {®tw=h
dazr — 6by = ab. cx +dy = fa.
r+2y+32=05, 2ry —Jxs + T = -7,
2.2.8. 4z + by + 6z = 8, 2.2.9. T+ 2z —3z3 = 14,
Tx + 8y =2 —I, — T2+ 5z3 = —18.
281+ 12— 3= 3, z, + 2z2+3x3 = 3,
2.2.10. xy + 320 + 2253 = —1, 2.2.11. 2z + 6xs +4x3 = 6,
£+ o = 5. 3z + 10zs + 8z5 = 21.
ary + T2+ xz= 1,
2.2.12. zy+ary+ 3= a,
x4+ ¥s+arg =a’.
3z - B8xo + 223 —4dry = 0,
2.9.13. =321 + 410 — Sxg + 314 = ——2,
—bxy + Txo — Tx3 + Bxg = —2,
8z, — 8z + Sx3 — 6y = —5.
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6z, — 5xg + 433 + Tzg = 28,
5x, — 8y + 513 + 8x4 = 36,
O9xy — 81y + 5x3 + 10z = 42,
L3x; 4+ 229 + 203 + 2z = 2

2.2.14, A

I(2.11'.‘1 + 60+ I3 =0,

X1 + 229 — 223 + 414 = 0,
-, +4x2 4+ S5zg —4xy =0,
3x1 4+ T3+ 2x4 =0.

2,2.15. <

.

DononHurensHote 3agaqv

2.2.16. HaiiTn nemspectHrie xoabdruments Mrorounena f(z) = azxl+
+bz + ¢, yIOBJIETBOPAOIIETC YCIOBRAM:

f(-2)=-8, f(l)=4, f(2)=-4

2.2.17. Hailttu RemspecTHhle ko3gduumentsl dynrunn f(z) = a - 3+
+bx? + ¢, yaoBseTBOPAIOWEH YCITOBRAM:

f(0)=2, f(l)=—-]., f(2)=4

Pewums cucmems ypasnenudl no dopsyaam Kpemeps u ¢ nomowvro obpam-
RO mampuyse.

2.2.18 1 - 22 =3, 2.2.19 7 =V8m = 0
) 281+ 2 =1. e 2\/59:1— Bxe = —10.

2.2.20. ar— y=2, 2.2.21. ar + 3by =1,
2+ ay = bz + 3ay = 1.
z+2y+3z2= 8§, 21+ 222+ 3x3= 4,
2.2.22, 4z + by + 6z = 19, 2.2.23. 2x1 + 6zp + 423 = —6,
Tr + 8y = 1. 3z, + 10z + Bz = —8.
Jx+2y+ z= 1, Ir+2y+ z2=-8,
2.2.24, 6x + 5y + 4z = -2, 2.2.25. 2r + 3y + z= -3,
9r+8y+ 7= 3. 2¢+ y+3z2=-1.
2 4 8z, =0,
e+ by+ z=1, T+ Tot+4xz+8ry
Ty +3xe — 623+ 214 =0,
2.2.26. x+aby+ z=2b, 2.2.27.
b obytaz=1 3z - 220+ 223 — 2124 =0,
o @ == 22, — To+2x3 =0.
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2.2.28,

2.2.29,

2.2.30.

2.2.31.

o) + 279 — 3y + 4y = 13,
- + z3+2ry= -1,
3y + 43 + 5x;g = 11,

51 + 62 + Tz — 224 = 19
[~ + 4%2 + 5z3 — 434 = —15,

Ty + 22y — 2oy + 4y = 3,

2r1 +6z2 + I3 = -6,
| 32, + z342z,= 11

Halith nenspectnrbie xoadduumenth: MHorounena f{z) = ax’+
+bx% + ¢, yOOBIIETBOPAIOWIETO YCIOBHAM:

f(_l) = 3! f(l) =1, f(2) = —15.
Hafitn nemspectHbie koddduuuentsl Gynxumu f(z) = alogs z+
+bx + ¢, yAOBJIETBOPAIOIIER YCIOBUAM:

fy=s  f@=8  f(O=19.

KoHTponsHuie pONPockl U Gonee CNOXHBbIE 33Ra4W

Omeemy x aadavam 2.2.32-2.2.35 npouasocmpupyiime npumepami.

2.2.32.

2.2.33.

2.2.34.

2.2.35.

2.2.36.

2.2.37.
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MoryT ¥ pasnuuHble METONB] PELIeHNA CHCTeMB] JNHEHHEIX yDaB-
uweHutt (meton Kpamepa g merom ofpatHo#t mMaTpuusl) nath pa3-
JIMYHBIE OTBETHI?

BosMoxHO M, 9TO6LI cHCTEMA NUHEHHBIX ypaBHeHRH NMena pere-
HMe C IOMOIIBI0 MeToga ['aycca, Ho He nMena pemeHns no popMy-
naMm Kpamepa?

CobpMecTHAA CHCTEMA 7 JIMHEHHBIX ypapHeHM#t C 1. HEM3BECTHBIMU
sanucana B Marpryuod ¢opme: AX = B. ByayTt an pemennamu
cHcTembl 0ba mabopa uz n uncem: A~'B u BT A-1?

B cucreme n auHeHHbIX ypaBHeHME C 1 HEH3BECTHBLIMHI OMEHATH
MECTAMH BA YpaBHeHHA. MaMeHATCA S hOPMbI 3alUCH pelleRNA
¢ oMol obparHolt MaTpunbl M o dhopmynam Kpamepa? Hame-
HRTCA Jin owee pemexHne?

Hoxaszare, yro dopmyns Kpamepa spiaarces apyro#t <hopmoit
sanucn pemenns X = A71B cucrempl smuelinbix ypabueHnit
AX =B.

Penmute cucremy nuaefHuIX ypaBHeHult:

T + Ta+ ...+ T, = 1,
apz+ asra ...+ gy = b,

al 'z +al ey +.. +al g, = b

(pce uncna @1, ag, .. .,a, PAITMYHLL).



2.2.38. Iycte (#1,...,%2) ¥ {(41,...,Yn) — EOMHCTBEHHBIE DEllCHHA CH-
cTeM JIHHeHHEIX ypaBHeHufi:

a11%1 + ... + 81Ty = by, anyl + ... + Qg = 21,

@1 T + ...+ QunZn = by Gn1¥l + -+ GupYn = Ca-

JokasaTe, 4T0 €12] + ...+ €nTn = biyy + - - - + bpyy. 3anmucats 310
4HCIIO B BRAE ONPEIeSTHTENA.

§3. OAHOPOAHBLIE U HEOQHOPOAHDLIE CUCTEMBbI
NAHEWHbLIX YPABHEHUU

[Mycts NaHa oAHOpPOAHAA CUCTEMA JIMHEHHHIX YpaBHeHUH:

a1 +a1282 + ... + a1aTn =0,
................................ (3.1)
Am1TL + Qm2¥2 + ... + QpnTn =0,

nau B maTpuyHoit dopme AX = 0.

OnHOPOOHAA CHCTEMA BCETAA COBMECTHA, TAK KAK CYIECTBYET MPUsUalb-
noe pelleHne &y = &g = ... = Z, = 0. OAHOPOAHAA CHCTEMA HEeOUpeae/eHHa
TOrNA K TOJbKO TOrOR, Korja r(A) < n.

Honoxkam r = r{A). Ilycts ofwee pewenue cnctembl (3.1) samncano B

Bhae
s} (t].': ey t'n—‘r)

X = Ir(tls---:tn—r)

1 !
tﬂ'—'."
Fae xy,...,T, — IJIABHHIE TEPEMEHHEIE, {1, ..., tn—; — 3HAYEHHA CBODOIHBIX
UEPEMEHHBIX Tyy], - - -, Tn. Buibepem n—r pewennh cucremer (3.1), mony4es-

HbIX p3 0Bwero pellleHUA CAEOYIOWMM 06pas3OM: 0IHO B3 3HAYEHNI CBODOIHBIX
NepeMeHHBIX MOMATASTCH PABHBIM 1, A OCTANbHEE — paBHbIMU (:

/21(1,0, ..., 0)\ (21(0,1, ., 0)\ (Il(ﬂ,o,..‘,l]\
2:(1,0,....0) 2,(0,1,...,0) 20,0, ..,1)
X, = 1 , Xo= 0 s ey Xnep= 0
0 1 0
\ o/ \ o 1)
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DT pemenus 00pazyIOT KOPMAALHYIO PYHITMERMAALHYIO cucmemy Peuenudl
onuopoanoi cucremel (3.1). Oun 0BABIAIOT CACHYIOMMM CBOMRCTBOM:
JlwBoe pewenre X cncremsl (3.1) moxer ObITE eRHCTBEHHBIM 0BpazOM
NPeACTABMIEH( B BRAE:
X=X +... v ap_r Xy,
THE (1, ..., Gp—p — HEKOTOpBIE YHCA,

=1 ool vabop us n — r pewennl cuetemsl {3.1), obnanaomux yxa-
3aHHEIM CBOUCTBOM, RA3kIBaETCH Pyndamenmarvrol cucmemod pe-
wenudl cucremsl {3.1).

Hafop 3 n — ¥ npou3poneHBIX pemennil cacTemse! (3.1) —

(1) {2) {n—r)
e I o1
x=|..l.x%=0..| .. x..=| ..
1’511) x'(rf) x‘(qn—r)
obpasyeT (byHIAMEHTATPHY0 CHCTEMY DELISHH TOTOA N TONBKO TOTHS, KO-
I
17 e T
Ta MATPHUA, COCTABJIEHHAA W3 MX KOMIIOHEHTOB | ., : uMeeT
:Fﬁt 1} . Ign—f}
DaHL 1 — 7.
IlycTe DaHa HeKOTOpas HEOOHODOIHAA CHCTEeMA JIRHeHHBIX ypabHeHuH
AX = B, (3.2)

a AX = 0 (cucrema (3.1)} — cooTBeTcTByIOWIAA €ll ONHOPOIHAA CHCTEMA.
Qbuiee pemense cucTems! (3.2) Moxker GbITH NMPEACTABIEHO B BHAE CYMMEL
obmero pewennsa cucteMel (3.1) B KaKOro-TO OZHOTO {YaCTHOTO) PemICHHHA
cucreMel (3.2).

2.3.1. Hafith obwee pemennie  GhyrAAMEHTANBHY0 CUCTEMY pelleHNH
onuopoanoli cucTeMsl NMHedHbIX ypapHeHRHN:

{ T —22:2 = 0,
2r1 + 3z = 0.

LY
(Q 3SanwmeM paclIHpeHHY0 MATPHLY CHCTEMbl ¥ NMPHBEHEM e€e K
CTYIIEHYATOMY BHAY ¢ NOMOMBIO 3/IeMEHTAPHEIX Npeobpa3opanruil:

1 -2:0 _{r —2)|0
2 3 |ofnm-2.1 0o 7 |0/

Tax kak croabeu CBOBOIHBIX WIEHOB IIPK BCEX 3JIEMEHTADHLIX Npe-
06pa3’oBAHNAX He HW3MEHAETCH, er0 MOXHO He MUCATE W OrpaHH-
YUTHCA MATpuUel cucreMsl A:

1 -2 {1 -2
2 3/1I-2-1 0o 7/
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2.3.2.

QuropoNHas CHCTEMa, COBMECTHA BCErNa, T.e. padr 7(A)} MATPKHLBI
A onHOponHOH cucTeMsl Beeraa paeeH panry r(A|B) pacwuperHoi
marpunsl (A|B), B nanrnom npumepe r{4) = r(A]B) = 2. Komqe-
CTBO [IEPEMEHHBIX 1 TAKKe PABHO 2!
n=r(4) =r{A|B) =2,
3HAYHT, CHCTEMA OMPENESIEHHA, T. €. HMEET EIHHCTBEHHOE (OYeBH -
HO, TPHBHAJIBHOE — HYJIEBOE) PEeIUeHHe.
Moapobuee, sanumeM CHCTEMY, COOTBETCTBYIOUIYIO TOJIYMEH-
HOH MaTpHue:
I — 2z = 0,
7.’.."2 =0.
H3 sroporo ypaeresns nonyymM oy = 0. Hogcrasnaa sTo 3Haue-
HHE B NEPBOE ypaBHEHKe, NOSyunM Iy = 0.
Omeem. obwee pewenve (0;0). ®
Haittu ofwee pewenne 0 yHIaMERTANLHYIO CACTEMY perueHni
OOHOpPOIHON cHeTeMbl IMRefiHbIX ypaBHeRuit:

Ty — T2+ w3 =0,
2n+zo—x3=0.

(Q Banmmem MaTpHIy CHCTeME ¥ NpHBENeM ee K CTYMeH4aTOMY
BULY C TOMOIAIO 2TEMEHTAPHEIX Npeofpa3oBaHnii:

1 -11 L1 -1 1 1 -111
21 -1/11-2-1 03 -3/I:37\0 1!-1}"

Taxk kak

r{A)=r{A|B)=2<3=n,
TO CHCTeMA HeoupeneseHHd. KONMYeCTBO IMTABHBIX [I€DEMEHHBIX
paBHo 1{A) = 2, KONNUYECTBO CBODOAHBIX MEPEMEHHBIX PABHO
n—r(A) = 3 — 2 = 1. [Ina onpeneneHns IIABHEIX MEPEMEHHBIX
peibepeM Kakofi-uabyop He paBHBIA HYITI0 MMHOD BTOPOLO TIOPAAKA

0 1
bl — 1-# 1 2-#f cronfust MaTpunsl A — COOTBETCTBYeT NEpeMeH-
HEIM ) H &2 — 3TO OYOYT 24a6Mbie nepeMentne, a £z — ceofod-
HOR nepesmenyan. 3AMETHM, 4TO B KA4eCTBE IVIABHbLIX MePeMEHHBIX
B JAHHOM NPHMEPE HEMb3A BHIOpATL Mapy Xz H X3, TAK KAK COOT-
-1 1 -0

1 -1
3amuuieM cHCTeMY, COOTBETCTBYIOMIYIO IOy YeHHOH MaTpuue:

nosrydeHHofi MaTprub!l A, HANpHMED, MHHOD

|. Ero cront-

BETCTBYIOIAN UM MUHOD PABEH HYJIIO!

T, — %z + 23 =0,
o — X3 = 0.
Hs BTOpOrQ ypaBHeRNA, BhIpAXKAA Ty M€pe3s Iy, MONMYUYNM Ia = I3,
NOACTABJIAA 3TO BBIPAXKEHRe B IePBOe yPABHEHNe, omydnum £ = 0.
9



2.3.3.

80

QObozrayne cpobOIRYI0 TIEpEMERHYI0 Yepes b, oNyuYuM obwee pe-
wenue cucmenss: (0588 = ¢-(0;1;1). Pyndamenmanvryro cucme-
My pewenuti obpasyer, HanpuMep, pemenne {(0;1;1)}.

Omeem. obmee pemense cuctemsl (0;t;1); dbyuaaMenTANbLHAS CH-
crema pemenudt (0;1;1). ®
Halitn ofmee pemenne B GpyHIaMeHTANIBHYIO CUCTeMY pereHHl
OZHOPOOHEOH CHCTeMBl NUHEHHBIX ypabHeHul: (cM. 3amauy 2.1.3)

) + 220 + 223 + 324 = 0,
6x1 — 323 — 313 —~ 24 =0,
—Tz1+ T2+ T3 — 224 =0,
—3z; + 9z9 + 9z + 1024 = 0.

(J Tpusemem MATPHIY CHCTEMBI K CTYNEHYATOMY BHIY:

1 2 2 3 1 27 2 3
6 -3 -3 -1 ~ 0 15t 15 19
-7 1 1 2| (em.21.3) 0 0 0o 0
-3 9 g9 10 0o 0 0o 0
Tak kak

r(A)=r(A|B)=2<4=mn,

TO CHCTEMa HeolnpeneseHHa. B KadecTBe IMABHBIX TIEpPEeMEHHBIX
MOKHO BHIODATH ) B T3, COOTBETCTBYIOLINE CTOIOLAM HEHYIEBOIO

2
MHHOPa BTOPOTO NOpPAIKA: 5| B KawecTee cpofonHpIx nepe-

01
MEHHBIX — T3 H Tj.

3anumenm cUCTEMY, COOTBETCTBYIOINLY IO NOMy4YeRHOH MaTpRUe:

€1+ 2x0 + 223 + 34 =0,
1522 + 1523 + 1924 = 0.

W3 BTOpOro ypaBHeHWA, BLIpaXKaaA I HEPe3 T3 W T4, DOIYIUM

T2 = —x3 — %—5:.54. MoncTasnsa 310 BEIPAKEHUE B NIEPBOE yPaB-
- —Ly, O o6 -
Hemme, MOMyWAM T) = —{g¥1. OfosHavam coGommble mepemen

Hele — I3 Yepes By, T4 Yepe3 158, 3anuneM ofujee Pewenue cucme-

Mbi: (—Tto; —#) —1920; 81;1582) = 1(0; —1; 1; 0) + £2(—7; —19; 0; 15).

Dyndamenmasvhyo cucmemy peuteHudi odpasyer, HanpuMep, napa

pemenndi (0;—1;1;0) u (—7;—19;0;15).

Omeem. Obee pemeHne cucTeMel {—Tla; —1) — 199 ¢); 15t2); dyn-

naMeRTaynbHaa cucrema pewensnit {(0; —1;1;0), (-7;-19;0;15)}.
[



Huottmu obuee pewenue u pyndasmenmasouyo cucmemy pewenufl das odno-
podnotl cucmemst AunetinwT aazefpaunecsuT ypasHenul:

= 0’ = 0
2.3.4. {2’1 + o 2.3.5. { oLt o
$1—$2=0. —:.,"1—:1:2_

2 -3y =10,
4r -6y =0

- V333 =0,
{ 3:!:1— Jzo =0,

Ttz —23 =0,
T — 23 +x3=0.

2z — Ty = 0
-8z + ‘V/Q:I.'Q =
4271 2332 'U

2.3.9,
21‘1 + \/6.’52 =10,

2r; - V1225 = 0.

R {I1+2$2+3I3—0

2.3.10. + 0 2.3.11. 421 + 53, + 6223 =10
- — Ty + T3 =
pomTes a1 + 822 + 923 = 0
(1) — 23 =0,
Ty — x4 =10, T — 22+ 323 =0,
2.3.12. 4 —x) +xy — x5 =0, 2.3.13. —x; + 2z9 — 323 =0,

_I2+m4-—-$‘6:01 211:1-4?24‘62’:3—0

—x3+ x5 =0, —-3x, + 629 — 925 =

| —%4 + 2§ = 0.

21— 2+ =3 =0,
2.3.14. 4y — 2295 + 223 =10, 2.3.15.
6r; — 3z2 + 333 =0.

T+ 2x2 + 33 = Q,
dry + bxa + Bx3 = 'U
7r, + 82y + 1023 = 0.

[z, + 212 + 4dz3— 324 =0,
Jr, + 520+ Gz~ 4dzy =0,
41+ 519 — 223+ 3x4 =0
L3x1 + 82 + 2413 — 1924 = 0

2.3.16.

( 1y — 29— 2x3+ 3ry =0,
T + 222 - 4z, =0,
20, + T2+ 2x3— x4 =0,
L T —4x: + T3+ 10z, = 0.

2.3.17.

'3271 + dxs + z3+ 224 + 325 =0,
521+ Tao+ @3+ 3xg +425 =0,
4r1 + Sxo+2x3+ T4+ 525=0,
L 721 + 1022 + z3 + 624 + 525 =0,

2.3.18,

81
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Hatimu obuee pewenue u hyndamenmanvnno cucmemy pewenuil odnopoduodi
cucmeMnt AUHETHNT ypaeHeHull 6 3a8UCUMOCTIY OM NapeMempa A:

Ty + 39 — 313 =10, 8z, + 7o+ 43 =0,
2.3.19. r — 229 — 23 =0, 2.3.20. Ary — zo + 33 =0,
221 + 11z — 2X23 = 0. /\22’1 + 329 + 223 =0.

B sadavaz 2.3.21-2.3.25 gexmopom § Oydem ne3weamv ynopadouennutl xo-
newnoill Habop wucea P = (P1;Pa;...;Pn); 8 IMOM CAYRAL YUCAT P1,D2, ., Pn
fyfem Haaneams Komnonenmamu eexmopa p (nodpotinee — eam. Daasy 3).
Lanw:

1) neodnopodnan cucmema ypasuenud;

2) nafiop ua mpex eexmopoe a1, az, 43;

3) neexoavro cucmem sexmopoe — B;.

Tpetyemen:

a) IIposepums, xaxue u3 MpeT sexMopog — 4;, &y, Gz — KGAAWMCR Peuie-
nusmy dannoli HeodHopodnoli cucmems ypasHenud.

6} Bufpams me cucmemm sexmopos B;, xomopwe ofpasyrom dyndamen-
MaAbHyio cucmemy pewenutt coomeememeyouelt odnopoduotl cucmemse
ypaererud,

a) Hcnoavays omsemos x nynxmonm o) u 6), 3enucame obujue pewenus Gun-
notl HeoGHopodnotl cucemet u coomeemcmeyouetl eff odnopodnoll cucmems
ypagHenuidl.

ry— ¥zt 3= 2,
2x1 — 222 + 223 = 4.
= (1 2; 3), @y = (1;0; 1), @ = (5;2; _1);
)
= (1; -2;3), nony4nm JBa HEBEPHBIX PABEHCTBA:

2.3.21.

a1
By = {(-

Q Ho,uc*raanaa B CHCTEMy ypaBHeHHﬁ KOMIIOHEHTHI BEKTODA
a1

1+24+3=2,
2-1+2-242-3=4.

3uauut, nabop snadenntt {1; —2; 3) He apsiAeTca pemweHneM ganHol
CHCTEMBI,

Tenepr ybeoumcs, 4TO KOMIOHEHTH! BeKTopa &2 = (1;0; 1) na-
10T pelleHHe CUCTEMBI:

1+404+1=2,
2-1+2-0+2-1=4.

AHaJIOTMYHO, KOMNOHEHTH BEKTOpa a3z = [5;2;—1) Takke
npencTapaArT coboll pelleAne JaHHON HEOTHOPOOHOW CHCTEMbI
ypaBHeHHH (IPOBEPETE CAMOCTOATENBHO!).
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© 6) Cravana BBHIACHUM, U3 CKOJTBKUX peweHn# coctont dyuna-
MEHTANBHAA CHCTEeMA pelleHHi OAHOpPONHOM CUCTeMbl yYpaBHeHHH,
COOTBeTCTBYIOUIE! 3amaHHoi HeonHOpOaHON CHCTeMe:

x — 29+ 23 =0,
2z, — 229 + 223 = 0.

Halinem panr MATpHUBl A 3TOH CHCTEMBI, I/ YEM0 NMPUBENEM ee K
CTYTICHYATOMY BHAY:

1 -1 1 1 -1 1
2 -2 2J1uU-2-1"\0 0 o0}

3uaunt, r(4) = 1, u n —r(A) -3 - 1 = 2, otkyna cneayer, 4TO
nobana GyHIaMeHTaNbHAA CHCTEMA COCTOMT H3 IBYX pelneHuff.

HerpynHo yBHOETH, 4TO PEIWCHUAMM YKAIAHHON OmHOPOIHOR
CHUCTEMBI ypaBHeHU ! ABAAWTCA BCE YETRIPE BEXTOPA M3 CUCTEM By
4 By {nposeprTe camocToaTenbuo!).

Jpa peweHna yKasaHHOR ONHOPOOHON cucTembl GyayT obpazo-
BBIBATE e¢ (hYHAAMEHTANBHYIO CHCTEMY DEeHnil Torga 1 TONBKO
TOTAA, KOrAa OHH JIMHeHHO He3aBUCMMBI, T.€. MATPHIA, COCTABEH-
HAA M3 UX KOMIIOHEHT, MMEET paHT 2.

CocTaBuM MATPHIY W3 KOMIIOHEHT BEKTOPOB CHCTEMH B, m
NPHUBENEM ee K CTYNIEHYATOMY BHOY!

-4 -2 2 (1 -2 2
2 1 -1}2-1I+1 o 0 o
Paur aTofi maTpunsl pased 1, sHauuT cucteMa By He ABAdAerca

dyHIaMeHTaNLHOH cucTeMol pemiennii onHOpPOAHO| CHCTEMEI YpaB-
HeHnil.

Hccnenyem cucremy sextopos By, CocTaBuM MATpHLY M3 KOM-
MOHEHTOB BEKTOPOB M3 Bz 1 npHBeneM ee K CTYNEHYATOMY BHIY:

2 1 -1 2 1 -1
11 o0/2-0-1"%0 1 1/

Panr aToil MaTprup! paBeH 2, 3HAYNT BeKTOPH 03 Bs nuuelino ne-
3ABHCHMEI ¥ 00pasyT GYHIAMEHTANBHYK CHCTeMY peiteHnit on-
HOPOOHOW CHCTeMbl ypaBHeHUHN,

B) O6uiee peineHue ONHOPONHOH CUCTEMBL MO:KET OLITEH 3alm-
caHO B BHAe JHHelnO# KoMOuHaumH BexTOpOB b = (2;1;-1) u
by = (1;1;0), Te. cyMMsI BHOA

tyob+ty-by=t1- (2,1, =D+t (1;1;0) =
= (2813t —t1) + (82, 82;0) = (28 + t25 81 + b2 —1),

rae ¢ Hu iy — NpOH3BOJILHEIC JeHCTBUTEIIBHEBIE THCIIA.
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2.3.22.

2.3.23.

2.3.24,

2.3.25.

&4

Ofmee pemenne HeOJHOPOMHOH CHCTEMBI YPABHEHHMH MOXKeT
OLITh 3AMUCAHO B BMAE CYMMbI ONHOTO (YACTHOrO) pelleHHA 3TOH
CHCTeMbl B OBIIETO pellleHra COOTBETCTBYI0MEN onHoponHoi cucTe-
Mut ypasHenufl. Tak Kak H BeKTOp &2 U BEKTOP d3 ABJIAIOTCA pemie-
HHUAMH HEOMHOPOMHOH CUCTEMEl, TO ee oDIIee PelleHHe Mbl MOKEM
3aMUCcaTh ORYMA COcoDAMM:

as + t]bl + tgbg (1;0; 1) (2t1 + ta5 8 + ta; —tl) =
= (1 + 2t + g5ty +1g;1 — tl)

HJTH

Gs + t1by + taby = (5;2: —1) + (2t +tos by + to;—41) =
= (5+2t1 + ;244 + ;-1 —tl).

Omeem. a) @ ¥ d3; 6} By; B) ofmee pewenne oqHOponHol cucre-
Ml (2t +ta; 81 + t2; —t1); obmee pelenne HEONHOPOOHOK CHCTEMBI
(1428 o5ty Hta31—2)) nomu (5428 +2; 2+ +i;—1— 1), @

T + 220 =4,
2% — 4xy = —8.
a1 =(0;2), a3 = (-23), & = (2; -1);
By ={(2;1),(-1)}, B2 = {(;-1)}, Bs = {{( 1)}

221 + 29 —dx3 =0,

3, + 520 — Tx3 =8,

4x1 — 5z5 —bz3 = 1.

(—3;2; -1}, @ = (0;0;0), @ = (1;2;1);
{{0;0;0)}, B, = {{}; 1)}, By = {(13 37}

—% — %2 + 33 = —1,

Ty +ZTs—x3 =1,

2I1 + 220 — 213 = 2.

(1;,1:1), @& = (0,05 1), & = (0;1;0);
{(1;1;2),(0;1;1),(2; -1;0)}, B2 = {{1;0;1),(0; 1, 1}},
(2 -11), (-1 1),

4z, —x3 — 3T3 + 224 = 1,
8xy — 53y — 63 + 3zy = 2,
12z — 725 — 923 + 524 = 3.

walf-—""_\ oo B —— &

—( 1,-2;1;2), @ = (2;-2;5;2), a3 = (—4; —2; =3; 2);
{(3 0;4,0),(1;-2;4;-3)}, B2 = { -1;-1;-1;3)},
= {(3;0;4;0)}.



fAononHuTensHbie 3agaqu

Haitmu obfwee pertenue u Pynoamenmarvnipo cucmemy peutenut! odnopodnot
CUCTREMD AUHEURNT ypasnenudl:

2.3.26. 20 = @2 =0, 2.3.27. z-V3y=10,
—dxy + 2z2 = 0. V3z— 3y=0.
z + 229 =10,
3 dy =0
2.3.28. (0T HW=D 2.3.29. { -3z — ViZz; =0,
4z -3y =0.
22 + dry = ).
2.3.30. {22~ ¥~ 2=0 2.3.31. {2~ ¥~ =0
4r—2y—-22=0. r+2y+32=0
3z + 2z + z3 =0, T — 229 — 323 =10,
2.3.32. 211 + 529 + 323 =0, 2.3.33. 2y + 32+ 23=0,
3z1 +4dxg + 223 = 0. Sry — 3z — 8r3 =0.
2 — =
z) — 239 + 323 =0, x1+2x2+ -’Bs_g,
2.3.34. {—z,+20,—323=0, 2.3.35. LT T3=
22y — 4z + 623 =0 #1+dm - 2mg =0,
! 2 BT x; + 8r2 — 53 = 0.

':cl—x3+a:5=0,
To — x4+ x5 =0,
2336, () —x3+25— 15 =0,
T2 — x3 + xg = 0,
[Z1 — 24 + x5 = 0.

[ Ty 4+ 22— Ta+224=0,
T + 322 — 323 + 424 =0,
3r1 + 222+ T3 =0,

L 1+ 32 —bxy =10.

2.3.37.

21y —dxo + Sr3+ 3ry =0,
2.3.38. 31, - 6z2+ dry+ 214 =0,
dry — 8xs + 1723 + 1124 = 0.

8z + 6xg — 2x3 + Tx4 + 425 =0,
21, + 323 — xz+4dxy+ 225 =0,
By +9ry — 3xz + x4+ 625 =0,
Tz + 973 — 3x3 + 34 + 635 = 0.

2.3.39.
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Hatimu obujee pewenue u pyndamenmaesvryro cucmemy pewenutl odnopodnotl
cucmnems Auneltnuwr ypasnenudl 6 aesucuMocmu om nepoMempa:

2.3.40.

Ty — 3z + T3 —224=0,
21 + 9+ 3x3 =0, ! 2 3 4

3 2xo =0

fo1~ @2 +Tos=0, 2341, o0t 43m=0,
T +acs +2x3 =0 5$1+6$2—4$3— 3:,;:0}
1 : T 3z + 5Ty — ATy =0.

KonrponbHbie ponpockl u Bonee cnoxHwe aapaun

Omeemut x 30d0uam 2.3.42-2.3.56 npoussocmpupytime npumepami.

2.3.42.

2.3.43.

2.3.44.

2.3.45.

2.3.46,

2.3.47.

2.3.48.

2.3.49.

2.3.50.

2.3.561.

36

MaxeTr in KoNu4ecTBo pewennit, cOCTapNAOmEX $YyHIaMEeHTAEb-
HYIO CHCTeMY peiueHHi, ObITh OoJIbIue YNCa HEeM3BeCTHRIX? MeHb-
we? papHo?

Moxer snn yacTHOE pemenue onaHopoaHoH (HeonHOpoRHOH) cHcTe-
MBI JIHHeHHBIX ypaeReHnd O5ITh ee oOWEM perueHueM?

MoxeT N ONHOPOOHAA CHCTEMA JIMHEHHEIX yPaBHeHni UMeTh poB-
HO ONHO pelnenre? posHo Apa? poeuo 177

DyHnaMeHTANBHBIE CHCTEMB] PELICHHH ABYX ONHOPOOHBIX CHCTEM
nurelidpix ypapHeHnit coBnagaioT. PaBHBl JIH MATPHUBI OOHOPOD-
HelX cHcreM? PapHel s paHrs aTHX MarpHu?

Y OBYX HEOOHOPOHOHBIX CHCTEM JIMHEHHBIX ypaeReHHH ecTh obimee
HACTHOE PEIIEHHE W ¥ COOTBETCTBYIOMMX UM OOHOPOJHLIX CHCTEM
COBNANAT byHaaMeHTANBHBIC CHCTEMEl peilleHni. PaBHe! i pac-
IIMPEHHBIE MATPUIEL HEOAHOPOOHEIX cncteM? COBIAMMIOT JIM MX
obmme pemenua?

CneayeT Jin, 94T0 CUCTEMA JIMHEHHBIX YDABHEHHH ABNSETCA OIHO-
POOHOI, U3 TOTQ, YTO CYMMa JIIOOLIX NBYX pelleHni CUCTEME] TAKXe
SIBJIACTCH €€ PeIneHneM?

Bepuo nu, 4T0o cyMMa (pa3sHOCTb) NBYX JIHODBIX peleHsll cHeTeMbl
NuHeHHBIX YpaBHEHHH TAKKe ARIACTCA €€ PelIeHNeM, ec/Td CHCTe-
Ma:

a) omHOpOIHA;

0) seonHoponua?

MoxeT nu y HEOOHOPOOHOU CHCTeMBI NMHEHHBIX ypaBHeHuH OBITh
dyunameHTanBHAA CHCTEMA Demenui?

MoxeT in y 0DHOpPOAHOR cHCTeMBl JHHEAHEIX ypaBHeunit ne 6bITH
hyHAAMEHTANBHON CHCTEMEI pelnenuii?

Bepuo nu, 4T0o npou3BencHue pellleHHd CUCTEMBI JUHEHRIX ypab-
HeHu# Ha M000e YHCAO TAKKE ABNASTCH €€ pEIleHUEM, eCiu CH-
crema:

a) OOHOPOHIHA;

6) weomuoponaa?



2.3.52.

2.3.53.

2.3.54.

2.3.55.

2.3.96.

2.3.57.

MoryT M COBUaNaATE MHOXKECTBA PeleHHH ¥ IBYX Pa3/THYHBIX CH-
CTeM JIHHeHHBIX ypaBHeHHH — ONHOPOOHON H HeOmHOPOOHOIH?
Cucrema nuHelinpix ypaeHennht (I) ooHopoana, cuctema (I1) neon-
Hoponxa. O0mee pewenne cuctems! (1) Moker ObITE TPEOCTABNEHO
B BHIE CYMMB YaCTHOTO petieus cucrems! (1) u obmero pemenns
cucremsl! (1). Copnagatot s MaTpunkl cucreM {I) u (II)? Cosnana-
IOT JIH PAHTH STHX MaTpHL?

YTo MOKHO CKa3aTh O MHOKECTBE PeweHnd OnHOpOIHOH CHCTEMEI
JUHEHHBIX ypaBHeHUH, ecsiu OHO HE MIMEHHACTCA NPH BLIYCPKHBA-
HAH OOHOro Ji060ro w3 ypaBHeHHN CHCTEMBbI?

IlycTe DaHBT OBe OOHOPOOHBIE CUCTEMEL THHeHHEIX ypaBHennit. Uto
MOXKHO CKa3aTh O MHOXKECTBAX MX peluenmit, ecn upn nobaBIeHHH
X0 BTOPOH cucTemMe onuoro awodoro us ypasHeHnlt nepeolf cHeTeMEI
MHOMXECTBO pellleHHH BTOPO# CHCTEMEI HE U3MEHASTCH!

ITpu kakMX yCHOBHAX HA 4UCTA &y, (a,. .., &, A08 TOBEX pelle-
Huil X1, X7,..., X, HeonHOoponHON cCHCTEMBI THHENRHEIX ypaBHeHuH
cymMa ay X + asXo + ... + @y X, Takke 6yneT peineHueM 1ol
CHCTEMBI?

Ipu KakHX yCAOBHAX B 00ILEM pEIIEHHN OJHOPOMHOH CHCTEME

Ty +az3 + bzy =10,

—; + ¢y +dzg =0,
azry + cxg —ery =0,
bx, +drs + ex3 =0

B KayecTse CBOOOMHBIX NEPEMEHHBIX MOKHO BIATH T3 H Ty7

KOHTPONbLHARA PABOTA
Bapuant 1

1. HcenenosaTs cucteMy ypaBHeHMH HE COBMECTHOCTb M ONPENESIEHHOCTD,
He pemraA ee. Yka3aTh rnasHbie (6a3ncHbe) n CBOBONHBIE NEPEMEHHDIE.

3z, — 2o+223+ 4= -9
—2x1+ ;o — 3+ dxy= -2
-+ Zs + 94y = —13;
—Or; + 42y — bxz+1lzy = 3

—-156x7 + 622 — 923+ 924 = 21.

2. Pemnte cucremy ypaeneHul merogom INaycca. Yxaszars ofiiee n ooHO
YACTHOE DelleHHA.

Ty — 229 — x3+ 324 5;
4ry + zo+ x3'4+ 234 =13;
Txy + 429 + 33+ x4 =21,
2r1 + 5w + 3y — 42y 3.
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3. PemnTh CHCTEMY € TIOMOMIBIO 0OpaTHOH MaTpunbl U o dopmynaM Kpa-

Mepa.
=35, +4z:+ 23 =17
251+ 20— 23 = O
-2 + 3z + 513 = 8

4. Pemnre onHOponayo cucTeMy ypaBHeHu#. Yka3zaTe obumiee pelleHne u
(hyHOaMeHTANBHYK) CHCTEMY peweHud,

T, + 522 — 3x3 — 224 =0
—2x + z3+4dzy, =0
Ty — 3zo + 53 + 234 =0
91y — Ty + 613 — 23y =10

Bapuanr 2

1. Uccnenosath cHcTeMy ypaBHeHHHE HA COBMECTHOCTB M OTIPEENEHHOCTD,
He peiasd ee. YKa3aTk MIapHee (0asHcHbIE) ¥ ¢BOGOIHBIE TEPEMEHHBIE.

20— Tz 4+ 3zz3+ Sy = -3
=2z + 3z, - z;= 8
Tr1 — 329+ 223+ dxy4 = 0;

—3 — 229+ dxg+ Try = -14;
2% — 273 + 1123 + 18724 = —-23.

2. Pewnte cucremy ypaprenull Meronom Daycca. Ykasars ofllee H OIHO
YaCTHOE PELIeHHA.

3y + 220 — x3+2r4 = -3
—x1 — 3z¢ +2ry = -3;
T —dxz+ x4= 0O
r — T2+ 3x3+3z4= 6.

3. Pewnts cucremy ¢ noMombsno 0BpaTHO MaTpuusl 1 o ¢dopmynam Kpa-

Mepa.
T+ 282 — 323 = -3

—2x; + 6y + 923 = —11;
—4x; — 32 + 8x3 = -2

f

4. Pemunte 0mHOpOOHYIO cHCTEMY ypaBHeHKH. YxasaTh ofliee pemenue H
bysIaMeHTANBHY IO CHCTEMY pelIeHnH.

2+ 6z — 2253 —4z4=10;
—5r; — 2T — I3+ 5z, =0,
—4dry + 1dxe — 8x3 — 224, = 0
—21 + 10x0 — 523 — 324 = 0.
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Bapwanr 3

1. Hccnenosath CHCTEMY YpaBHEHHH Ha COBMECTHOCTD H ONPEOe/IEHHOCTh,
He pellas ee. YKasaTk rapHble {6asucHBE) H cBODOOHBIE MepeMeHHBIE,

Ty + 25— 313 — 224 = 5
-2z + z3+drs= 0
=311 + 225 + 423 + 324 = 11,

Jry — o+ 2x3+ Ta= T
131‘1 - 7273 - 9274 = 35.

2. Pewntes cncteMmy ypabHeHHH metonoM Daycca. ¥xasars ofiee u onHo
YaCTHOE pelIeHns.

—3r1 4+ 22+ Bx3—224= -1,
—-4r, + 13z3+ x4 =-10;
—2x + 339 — Bxz—4dry = 6

2r; — 4o+ 3xz + 5z = -8

3. Pemnts cuctemy ¢ nomompo obpaTnoll MaTpuuel 1 o ¢popmyaMm Kpa-

Mepa.
Jri+ x2— 3= 1}

—3x1 + 329 + 223 = 8;
5y + 222 + B2y = —1.

4. Pemnts onHopooHyio cuctemy ypaBHeHHR. YEKasate obiee peliieHne u
¢byHIAMEHTANBHYIO CHCTeMY pemensit.

3y + 222+ 213+ z4=0;
314+ 3y — 3z +dry = 0;
9xy + 3x3 + 5xg — 224 =0;
-9, —dxs + Txy = 0.

Bapuant 4

1. Hecneposats cucTeMy ypaBHEHHH HA COBMECTHOCTh H OTIPENeAeHHOCT,
He pelllast ee. YXa3arh IaBHble (Da3McHBE) U CBOBOAHBIE EPEMEHHLIE.

21+ #2— I3+3mi= 3
2y + 2zo+ drz+ 3y 5;
T — 229 — dxz+ 334 = —-12;
—9r1 — 9519 — 1023 + 414 = 19,
=521 +10x2 + Sz — 2x4 = 47.
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2. Pemmte cuctemy ypapHeHH#t metonom Iaycca. YxaszaTh obmee u omHO
YACTHOE PElIeHHS.

Ty — 220 + 203 — dxy = —2;
=5z + Bry — 4y + 1214 = —4;
4y — Ty + 513 — 1254 = —1;
—22y + 33 — 23+ 4dxe=-3.

3. Pewnth cuctemy ¢ noMowso obparaoll marpuus: 1 no dopmyaam Kpa-
Mepa.

3y + 20—~ 33 = 10
=3z, + 3z2 + 215 8,
521 + 232 + 8x3 = —1.

4. Pemmte 0nHOPOIHYIO CUCTEMY YPaBHeHUH. YKka3aThk oOllee pelleHue H
¢byHaaMeHTATIEHYIO CHCTEMY pemenui.

-1+ 3o+ 3xz— 14=10;
221 — 2294 x3+ 314 =0
—5x1 + 1lzg + Brg — 64 = 0
3x1— 22+ 5x3+ 52, =0.
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rasa 3. BEKTOPHARA AJIFrEBPA

[J

1. BEKTOPbL. SINHEAHLIE ONEPALUUA HAL HUMW.
PA3NOXXEHWE BEKTOPOB

= Bexmopom HasbiBaeTca HanpabieHHsifi oTpesok. BekTop ¢ Hava-
A0M B TOuKe A M KOHHOM B Touke B ofosHauaercs cumpoaoM AB
(unm ommo#i Gykmoi, @, b, ...). Ilnuna orpeska AB HaswBaeTca
daunoti, unu modyaem pexTopa AB 1 obosnauaerca |AB|, |a|. Bex-
TOp, OJHHA KOTOPOLG PABHA HYJM, HASLIBAETCA HYyALCobiM GEXTMO-
por B obosnadaerca 0 wm npocto 0. ITo onpenesennio Hysnesoi
BEKTOP He HMeeT HANPABJEHHA H KOJTIHHEApeH MoOOMY BEKTODY.
BexTop, 0NMHA KOTOPOrO PABHA SOMHALE, HAZBIBAETCHA eQuHUYHBIM
gexmopom % 0003IHAYAETCA Yepes €.

EnvuuuHeiii BeKTOD, HATIPAB/EHHE KOTOPOTO COBMNAAAET C HAIIPABJICHHEM
BEKTOpa @, HA3LIBAETCA opmoMm BekTopa 4 u obosmavaerca a’. [pa Hemy-
NEeBLIX BEKTOPA HAIBIBAIOTCA NPOMUBONOATNCHIMY, CCITH OHH UMEIOT OIUHA-
KOBYIO JUTHHY ¥ MPOTHBOIOJIOXKHBIE HATDABJIEHAA. BeKTOp, NpOTHBONOMOX-
ubllt BEKTOPY @, 0bO3HAYAeTCS —&; BeKTOp AB NpoTHBOMOJIONKEH BekTopy BA

(BA = -AB).

= BekTopb! @ u b HABRIBAKTCH KOAAUNCAPHDIMY, ECTIH OHM JICXKAT HA,
onHol NpAMOil 1Tk HA NAPAJLIENBHBIX IPAMBIX; 3ANHCHIBAIOT & || b.
Tpu (u Gosee) BEKTOPA HAIBIBAIOTCH KOMRAAHAPHBIMUY, SCIIH OHN
NEKAT B OAHOH MAGCKOCTH WM B NApayNebHBIX MIOCKOCTAX.

=S Jlpa KONJINHEADHBIX BEKTOpa G N b HAIBIBAIOTCA pasnvmy (G = b),
€CJI¥% OHH COHAIPABJICHBL M HMEIOT PABHBIE [JIHHBI.

COBMECTHM MapaLNeNbHbBIM NEPEHOCOM HAYANA HEKOJLTHHEADHBIX BEKTO-
PoB a u 4. Havyano ¥ xoHup! BekTOpOB 0OPA3YIOT BEPIIHMHBI TPEYTOJILHHKA.
Yaa0m Mexny BeKTOpPaMM @ U b HA3BIBAETCA YIOJ TPH BEPIIMHE 3TOTO Tpe-
¥TOJIBHUKA, COOTBETCTBYIOIHE Havaay BEKTOPOB. Eciu BeKTODH COHAIpA-
BJIEHBI, TO YTOJ MEXIY HHMM PABeH HYJIO; €GN IPOTHBOTIOIOKHO HATTPaB/e-
HBbl — YroJ1 MEXIY HMMH paBeH 180°.

= Cymatoli IByX BEKTOPOE @ W b naswiBaeTca BEKTOP €, COenMHARmuH
HAYaN0 PEKTOPA @ € KOHIOM BEKTODPA D, OTJIOKEHHOTO OT KOHIA
BEKTOPA &.
Obossauenne: &= a + b.
J7is reoMerpuueckoro MpencTaBleHUs CYMMBI BEKTOPOB HCOOJBL3YIOT
Npapuna «IPeyroNbHHKAS H «NapasleqorpaMMa®», TpOUIIIOCTPIPOBAHHbIE
Ha puc. 1 u 2 COOTBETCTBEHHO.
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Ion passocmsio BEKTOPOB & U b MOHUMaETCs PEKTOp € Takofi, 4To b+ & =
= @. O6osnauenue: ¢ = @ — b. Cnpasenmupo papeHcTBo & — b = & + (—b).

Puc. 2

= ITpoussedenuem sexmopa @ £ 0 Ha wucao A # 0 Ha3BIBAETCA PEK-
TOp, KOTOpBIfi uMeeT anuny |A| - |@|, ero nanpasnenue ecnu X > 0
H [IPOTRBONOJIOKHOE HAIPaBJIeHue, ecad A < 0.

ObosHavenue; A - @

OtmeTumM, 40 @ = |G| - @°, T. €. KAXIpl#t BEKTOP PABEH NPOMIBENEHUIO €TI0
MOIY.JA Ha OpT.

IlBa HeHyeBbIX BeKTOPA & U b KoM MHeaPHBI TOFNA U TOJBKO TOTAA, KOLAA
OIHH M3 HEX €CTb NPOVMIBEICHHE NPYIOTo Ha HEKOTOPOE YUCIIO, T.€. b= A - &,
A — 4RCJIO (BPUIHAK KOASUHEGPHOCTIU BEXTROPOS).

Tpu HeHyJIEBBIX BEKTOPA @, b, ¢ KOMILIAHAPHBI TOTOA H TOJBLKO TOTIA,
KOTJa OGHH W3 HUX ABNAETCH JuHeHHOH KOMOuHammed Apyrux, Hampumep,
= A 8+ A& (A1, Ao — uMCIa He PABHBIE HYJTIO ONHOBPEMEHHO) (npusnax
KOMRAGHAPROCTIY BEXINOPOE).

3.1.1. B rpeyronsuuke ABC pgano: AB =
= i, AC = b, Toura M — cepenn-
Ha CTOPOHMI BC. Berpasure BekTop
AM 4epes pexTOpBI & H b.

(Q Yepes Touky M nposemem mps-
MEBIE, NapaJleNbHEe cTopoHaM AD
u AC. IlonyyuMm napasinenorpamm
AB; My (puc. 3), B xoTopom AM
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3.1.2.

3.1.3.

3.1.4,
3.1.5.
3.1.6.
3.1.7.

3.1.8.
3.1.9.

3.1.10.

3.1.11.

3.1.12.

ABaserca auaronansio. Cnemopatensno, AM = AB, + AC,. Ho
AB; = %-6, AC, = %-5 (B1M w C1 M — cpentve nuHmyM, 103TOMY
ABy = BB, AC, = C.C). Tlonyuaem AM = %— &+ -%—
A =1 @+ ®
Kakomy ycnoBuio go/bBKHEL ya0-
BJIETBOPATH HEHYIEBBIE BEKTOPbI
@ u b, 4ToGBI BMEIO MECTO COOT-
Howexue |@ + b = @ — b|?

(Q TMocrpoum Ha BekTOpax @ B
b, ornoxennbix ot Touku O, na
pannenorpamm OADB (puc. 4). g 1 B
TornaOD =a+b, BA=a—b.
Pasenctso |@ + b = |&@ — | o3na-
YaeT, 4TO JAJIMHEL ZHAroHaneit
napasinenorpamma pashel, T.e. |AB| = |OD|. Orciona caenyer,
YTO NAHHBIH MApaseNorpaMM eCThb NpAMOYroasHUK. Chenopa-
TEJIbHO, BEKTOPHI & U b MePIeHIRKYIAPHbL. o
ITo OJaHEBIM BEKTODAM & M b OCTPOMTDL BEKTOPAI:

1) Ja-252)4a+5;
3)2-(a-b)

4) d@+2h)-t@a-2)-a-s.

- b, T.e

B

Puc. 4

JlaHb! BEKTOPEI & U b. KonyMHeapHs! /1M BEKTOPBI & - 2v/3.b
wud=—V/3-a+6-8?

Ilpn Kakux 3HaMenusax A BexTopbl 2A-@ u (A3 —1)-a, (@ £ 0)
HMEIOT OMHAKOBOe HAmpaBJeHue?
Ilpu Kakux 3HAYEHHAX L BEKTOPHI X
OPOTHBONONOKHG HATPABJICHEL?
Haso: |a) = 13, |b] = 19, |a + 5| = 24. Hafitu |@ — b|.

Hawo: @ 1 b, |a] =5, |b| = 12. Haitrn |G+ b| w |G — b)-

B tpeyroseuuke ABC: M — Touka nmepeceueHus MenHaH Tpe-
yronsunka, AM = &, AC = b. Pasnoxurs AB u BC no pextopam
aub.

B napannenorpamme ABC'D: K v M — cepenunbl ctopon BC
u CD, AK = &, AM = b. Buipasuts pektopst BD u AD uepes
gub.

Touka O ABAAETCA UEHTPOM TKECTH (TOHKA [EPECEYCHUST METH-
an) Tpeyronbaura ABC. Iokazats, yto OA + OB + OC = 0.

B uerpipexyroneiuke ABC'D anaronanu, nepecexasch, OeATCA
nonosaM. JIOKasaTh, YTO STOT YETHIPEXYTOJILHHK — Oapasiiiesno-
TPaMM.

S.au(z?-2-2)-a,a8#0
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> Hpoexyuett aexmopa AB wa ocv | nasplBaeTes UUCA0, paBHOE M-
He BekTopa A1 B, (puc. 5), B3ATOM CO 3HAKOM <ILIIOCH, €CIH HA-
npabniesue BeKTOpa A; B, COBIAJAET ¢ HANPABJICHHEM .OCH H CO
JHAKOM «MMHYC» B NpoTueHoM cayuae. Toukn 4y, By — 710 TOU-
KM MepeceueHus ocu | ¢ NepneHAMKYIAPHBIME eli II0CKOCTAM,
MPOXONANIUMY Yepes Touku A, B.

Al B,

/

Puc. 5

O6oanayenne op; AB.

OcHoBHBIE CBOHCTBA MPOEKIUNH:

1. np,(@ + b) = np; & + np, &;

2. op(X-8) = A-op;a

Ecnu 1, j, K — OpThl KOOPAMHATHBIX 0Celi MPAMOYTOJIBHOM CHCTEMBI KO-
opaunar Qxyz, To Mobol BEKTOP & eOMHCTBEHHBIM 00PAIOM MOXKHO HPENCTA-
BUTH B BUIE X cymMbl (smueitroli koMbrnanmy) ¢ kosdduunenTaMy az, Gy 1
a;:a8=ay- %+ay -J+a,-k. Koadbduouentsi a., Gy A 0, JTuHeHHOR KOMOMHALHH
HAa3BIBAIOT Koopdunamaemu eexmopa G B Hasuce i, j n k. Koopausars! a;, a,
a; BEKTOPa & — 9TO €r0 MPOeKLHH HA COOTBETCTBYIONINE KOOPAMHATHbIE OCH.
BexTop @ ¢ KOOpIMHATAMHU 4r, Gy, G 3AMMCHLIBAIOT B BUOE & = (Gg;ay;a;).
nuna sexTopa @ onpenenserca no dopmyne

|@] = /a2 + af + aZ. (1.1)
BexTop @ obpasyer ¢ xoopaunatHeiMp ocamu Oz, Oy u Oz yonbl o, F u 7y

cooTBercTBenno. HanpabsneHue BekTopa @ ONpPEnenseTca C TIOMOIHbIO Hanpa-

SAAVUUTL KOCUHYCOE: COSx, COS 3, COSY ANA KOTOPBIX CIIPABEIJIMBbl PaBeH-
cTBa

Hanpasnsomme KOCHHYCHI CBA3AHBI COOTHOMEHHEM c0s® a+c032 f+cos? y=1.
Hycmy dans dea_ sexmopa @ = (az;ay;6;) 4 b= (bg;by;b,). Toeda:
1) sexmopw & u b paewn moada u moavko mozda, xeeda puers uL coom-
GeMCMBIOULNE KOOPIUKAMB, M. €.

cosa*—” cos ,6—— cos'y=%. (1.2)

@z = by,
b gy = by,
z = bz
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2) sexmopw @ u b xoaauneaprn moeda u Moavko mozda, xozde UT coom-

GEMCMEYIOUWUE KOOPIUHGTID BPONOPYUOHALOHE, . €.
Gz Gy O

alb = b b, b (1.3)

[Tpu caomcenuu eexmopos U ofHOUMERHDIE KOOPIUHAMBL CRACTHBAOMER,
npl GHMUMAEHUU — EHNUTRAIMCR, NPU YMHONCERUY 6EKTROPA KE YUCAO —
YMHOHCBIOMER HAE IO NUCAO!

atb=(a; briay, T by a; £5:),
A-@d={A-az A ay A a;).

BekTop F = OM, coequusomult HAYAIIO KOOPIMHAT C MIPOU3BOJLHON TOY-
xolt M {x; y; 2) npocTpancTBa HaseBACTCA paduyc-eexmopom touku M. Ko-
OPAMHATB! TOYKM — 3TO KOOPHMHATHL € PaIRyC-BekTOpa I = (&;y;2) wam
F=xz-i+y-j+z-k Ecam sexrop @ = AB 3aman roukamu 4 (21; y1; 21)
n B (Z2; y2; 22), TO €r0 KOODORHATHI Gz, Gy, G BLMUCAROTCA N0 HOpMyam
Gy = Tp — I, 8y = Yo — Y1, Gz = 22 — 2110

G=AB = (22 —11;y2 ~ ;22 — 21). (1.4)

3.1.13. [Hanw gpe Touku A,(3; —4;1) u Ax(4;6; -3). Halttu koopnuuarni
BEKTOpa a = A1_A2.

Q Koopausare a,, a,,, a, BexTopa HaxomaTcs no dopmyne (1.4).

B pausom cayuae umeem: £y = 3,41 = -4, 71 = luxs =4,y = 6,

29 = -3, T.e. &= A1 Ay, = (1;10; —4). @

3.1.14. [Janel TpHM NOCNEOOBATENbHBIE BEPHIMHBLI MAPAJLIEIOTDAMMA:

A(1;-2:3), B(3;2;1}, C(6;4;4). Halttu ero uersepryw> Bepuiu-

my D.
(9 O6osnaunM KoOpHMHATH BepwuHbl D uepes x, y, z, T. e.
D(z;y;2). Tak kak ABCD — unapannenorpaMm, TO HMeeM:

BC = AD. Haxomnm xoopmwnarsi sektopor BC w AD: BC =
=(6-34-2;4-1),1.e. BC = = (3;2;3); AD = (z—-1;y+2;2-3).
W3 pasencrsa nextopor BC u AD cnenyer, yroz—1=3,y+2 = 2,
z —3 = 3. Orciona vaxonum: =z =4, y = (4, 2 = 6. Urak, D(4;0;6).
®
3.1.15. Ha#Tr KOOpAMHATEI BEKTOPA I, €CJIH M3BECTHO, YTO OH HATIPABJICH
P NIPOTHBOMOJIOACHYIO CTOPOHY K BeKTOPY b=5-1—4-7 + 2v/2 -k,
H €70 MOLYJIb PaBeH 3.
(Q MoxHo 3ammcars, uyto @ = 5 - @°. Tax kak BEKTOp a Hanpa-

BJIEH B npomnononoxmym CTOPOHY K Bexropy b, To @ = -5,
Hatinem opt 8. Ua paBencrsa b = |b| - 5 HAXOIIM P =2 Ho

3
CnenosaTennHo, @° = —%-f+%-5—2%‘,@-5n‘

—e.{_9;,45_
=5 ( 71+7;,t o



3.1.16.

3.1.17.

3.1.18.

3.1.19.
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BexTop Z cocTapaser ¢ ocamu Oz u Oy yrasl a = 60° n 4 = 120°.
Haifitu ero xoopounatsl, ecnu |3] = 2.

Q@ Mycts 2, y, 2 — KoOpUMHATHI BEKTOpa @, T.€. & = (Z;y;2).
Koopnunare! BekTopa @ HafiieM U3 COOTHOIUGHHH COSqx = ]%[,
cos 3 = ]'(y_;l, o8y = ]%{. Mpenpapurensuo nHadinem cosy. Tax xak
cos? a+cos® B+cos? y = 1, 10 cos? ¥ = 1 —cos? 60° —cos? 120°, T.e.
cos?y = % Orcrona HAXOIUM, 9T0 €08y = 32£ WK COS7Y = —39.

Yenobrio sagaun YOOBJICTBOPAIOT OBa BEKTOpA @3 H 43 41 ¢ HA-

DPABAIIAMA KOCHHYCAMH COS (F = %, cosf = —%, cosy = 32£
W Gy C HANPABJAIOIIMMU KOCHHYCAMH COSqx = %, cosf = ——%,

= _V2 lom _l_y V2_zm 1l 2
Cosy = 2.]I*Imeelvl.z—g, 5 95 = § B} 3

—% = 3"22, _32@ = 522 Orcoma naxomum: x, = 1, y = -1,
a=V2uaz =1y =-1,n=-vZrea = (-1v2)
ud = (1;-1;,—v2). @
Mpn kakux ssauesusx a u 3 BexToper & = —21 + 3j + ak un
b = Bt — 67 + 2k Konnuneapnni?

Q Takkaxal| b, 1o —% = _iﬁ = % {(cm. yenoue (1.3)). Orciona
HaxXom|M, 94T0 o = —1, # = 4. ®

Paznoxutb BekTOp & = (9; 4) no BekTopaM & = (1;2) n b = (2; -3).
(Q Tpebyercs npedcTaBUTh BEKTOp & B BUOE & = A& + A2b, Tne
AL 8 Az — 4qncna. Hafinem ux, ncnonbsys onpeneneHue paBeHCTBa
pexTopoB. Mmeenm: &= 9 + 47, & = i + 27, b = 2{ — 37 u pasencrpo
95 +47 = M2+ 27) + A2(21 — 37), 7e. 9 + 45 = (A + 2h)i+
+(2A1 — 3X2)7. Orcioma cnenyer

9= + 2),,
4 =2\ — 3z,
T.€. A\ =5, Ay = 2. CnenoBarensno, & = 5@ + 2b. ®

Hana cuna F = (4;4; —4+/2). Haliti Bennuuny ¥ Hanpapb/eHHe
canbr F.

Q Besmuuny cunpl F HAXODNM, HCTIOIb3Y S DOPMYJTY MOLYJIA BEK-
topa (1.1}. meenm

|F| = /42 + 42 4 (—4v/2)2 = 8.

Hanpassiaswomue KocuHychl BexTopa F onpenensem no dhopmy-

. —4_1 _1 - =2 _ V2
aam (1.2): cosa = 3= 2,(:05,8— g, CO8Y = —gt= = — 5%



3.1.20.

3.1.21.
3.1.22,
3.1.23.

3.1.24,

3.1.25,
3.1.28.
3.1.27,

3.1.28,

7 - 2364

Hrak, cuna F = 8 geltcTeyeT B HanpapJjeHHM BeKTopa, obpa-
3YIOIHEro ¢ KOOPAMHATHRIMEK OCAMH ymabl & = 60°, 8 = 60° n
¥ = 135°. ®
Hoxazars, 4T0 B JI0G0M TPEYTONBHHKE OJIHHBI €10 CTOPOH NPOTop-
LHOHATILHEI CHHYCAM MPOTMBOMIEXKAIIMX YIJIOB (Teopema cuHycoB).
Q Paccmorpum Tpeyroabuuk ABC. Ilycts BA = ¢, BC = g,
AC = b. B nnockocru tpeyronsanka ABC Bo3bMeM BCIOMOTATeNb-
HYI0 OCb !, NePNERINKYIAPHYIO, HAIPUMEP, BEKTOPY b u copoek-
THPYEM Ha 3TY OCb BEKTOpHI &, b n & (puc. 6). Tax xak b =& — ¢,
T0 np; b = up(@ — &), T.e. np;(@— &) =0, (np,b—O K. b L 1)
TNostomy np, @ —np; =0, T.e. np; @ = op; €

Ho mp;a = |a&] - cos(90° - C) = g - sinC, aop ¢ = |gx
x cos(90° — A) = |¢] - sin A. [Toaromy |@| -sin € = |&] - sin A unu

jal__ I h
sind  sinC’ '/*HHB
BriGpap ock nepneHIMKyAApHYIO, ¢ a
HaNpPHMEP, BEKTOPY &, aHAJIOCMYHO
TOJTY4RM! A b C
al__ _l&l .
sind  sinB’
Puc. 6
W3 peyx mocnengHux paBeHCTB CJie-
OYeT, 4TO _ _ _
al _ 1o _ g

sinAd ~ sinB  sinC’ .
Hafiru xoopawHaTel BeKTOpaA &, eciu |3 = 3 H YIJIBI MEXIY Bek-
TOPOM H KOOPAMHATHEIMH OCAMM PABHHL: a = 3 = v,
JIy4 obpaayeT ¢ OpyMA ocAMH KoopauHaT yriasl B 60°. [lon xakum
YIJIGCM HAKJIOHEH OH K Tperbeit ocu?
Haus Bexroper & = (2;3), b(1; —3), &(—1;3). IIpu kakoM 2HaveHHn
koabGULMEnTA & BeKTOPB § = @ + ab u § = @ + 2¢ kosHeapssr?
Haum Toukn A{-1;5;—10}, B(5;—7;8), C(2;2;—-7), D(5;-4;2).
Ilposeputsb, 410 BeKTOpbl AB u D KoNIuAEapHbI; YCTAHOBUTS,
Kaxolt ¥3 HIX IUIHHHEE U BO CKOJIBKO Pa3; HAIlPABJIEHE! OHH B GOHY
CTOPOHY WK B pasnwvie?
IpencTaButs BekTOp d = (4;12; —3) rak nuHeHHYIO KOMOUHALMIO
peKTOpOB @ = (2;3;1), b= (5;7;0) u & = (3; —2;4).
Ha ocu Oy naiitu Touky M, papnoyaanennyio ot todek A(l; —4;7)
n B(5;6;-5).
Ha ocu Oz uafitu touky M, paccToAHHe KOTOPOH OT TOMKM
A(3; —3) pasHo 5.
Janw Bepuuns Tpeyronsiura A(3; —1;5), B{4; 2; —8), C(—4;0; 3}.
HaitTu nnuuy mMenyadbl, MpoBeqeHHO# U3 BepUIHHLL A.
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JononyutensHbie 3apadqm

3.1.29.

3.1.30.

3.1.31.

3.1.32.

3.1.33.

3.1.34.

3.1.35.

3.1.36.

3.1.37.

3.1.38.

3.1.39.

3.1.40.

3.1.41.

3.1.42.
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Jano passioxeHHe BeKTOpa & no Basucy 1, 7, k: & = 167 — 157 + 12k.
Hafit pasmoxenwe 1o 3ToMy xKe GasnCy BEKTOPa d, Napasliesib-
HOTO BEKTOPY € ¥ TNPOTHBONOJIOKHOLO € HUM HAIPABJICHHA, NDH
ycoBry, 410 |d| = 75.

IlycTb BEKTOPHI @ M b HEKOJIIMHEAPHB! & AB‘ja, BC=4(8a-b),

CD = —48b, DA=a+ _a_b. Hadite a u 8 u pokasaTs KoJLIMHEAD-
HOCTh BexTopos BC u DA.

Hanbr vetnipe Touku 4, B, C, D. Toukn M u N — cepenusbl
orpeakos AC u BD. Iokasars, uto MN = %(A_ﬁ+ CB).
ABCDEF — npasusibHbI WeCTHYTOJIBHEK, @—_ﬁ, BC =
Beipasute uepes b u § sextope CD, DE, EF, FA, AC, AD, AE
HoxasaTk, 94TO CpenHsAs JIHHHA TPEYTOJBHMKA NAPAJIIeSbHE €ro
OCHOBAHMIO ¥ IJIAHA €€ PABHA MOJIOBHHE IJIMHEI OCHOBAHWS.
BekTopn! @ u b obpasytor yron ¢ = 60°, npu 3tom |al = 3, 5| =
Haltru |G+ b n |@a — b

B pasnobeapennoti rpaneruu O ACB senuduna yroa BOA = 60°,
|OB| = |BC| =|CA| =2, Touxkn M u N — cepemuHbl cTopon BC
w AC. Bripasnts ektoput AC, OM, ON, MN vepes M w 71 —
equMHMYHBIE BeKTOph! Hanpasnenudt OA u OB.

Hano: AB = @ + 2b, BC = —4a — b, CD = —5a — 3b. Hokasars,
yro ABC'D — rtpanenus.

HaitTu cyMMy BEKTODOB, COEMUHIONUINX UEHTD NMPaBUJILHOIOG Tpe-
YrOJIbHUKA C €10 BEPUIMHAMHY.

Ha nsockoetn Oxy noctponts sektopel 04 = 3 =21, 0B = b =
=3i+ 3§, OC = & = 2i + 6j. Pa3znoxuTh BEKTOP & [0 BEKTOPAM &
ub.

Han pextop & = 44477 — 4k. Hatttu pexTop d, napannennubiii bek-
TOpY & H MPOTUBONOJIONKHOTO ¢ HUM HANDABJEHHs, ecqm |d| = 27.
Haitrn sextop 7, ko/mseapblil BekTopy & = 1 — 2j — 2k, 06pasy-
0WHER ¢ OPTOM j OCTPHIK Yron u umeromuil anuny |Z| = 15.
3ananbl peKTOpH @ = 2i 4+ 3j, b= =37 — 2k, ¢ = i + j — k. HatiTu:
1) KOOpAMHATEI OpTa &°

2) KOOPOMHATHI BEKTOpa & — %5 + &

3) pasnoxenne BeKTOpa @ + b — 2¢ no Gasucy 1, J, k;
4) np;(a - b).
3Han paOuyc-BEKTOPH T, Fo, T3 TPEX HOCJEOOBATEBHEIX BEPLUMH

napannenorpavMma, HafiTd paayyc-BeKTOp ero HersepTolf epliu-
HBI.



3.1.43.

3.1.44.

3.1.45.

3.1.46.

3.1.47.

3.1.48.

JlaHb! pagHyc-BEKTOPbI BEPIIMH Tpeyrosbhuka ABC: Fq = i+2j+
+3%, g = 3i+ 2+ k,Fo=1+ 4}+ k. Tlokasars, 9410 TPEYTOJIBHUK
AB(' paeHocTOpOHHR.

Panuyc-sextop Touku M cocrasnser ¢ oceio Oy yron 60°, a c
oceto Oz yron 45°; ero nymua |F| = 8. Halttu KOOpAMHATHI TOYKH
M, ecan ee aBcuMcca OTPUNIATETLHA.

Tpu BekTOpa @, b H & NOTIAPHO NEPNEHANKY/IAPHBL, 3 AJNHbL HX
COOTBETCTBEHHO pagHel 2, 3 u 6. Haltte nauny cymmer § aTux sex-
TOPOB H HANMPABJIAIOIIME KOCHHYCHI BEKTOpa. S,

Tpu cunst Fy, Fy, F3 npunoxens! K onHoH TOHKE, BMEIOT B3AUMHO
nepneHnKyAApHeie Hanpasaennd. Halitu sesmunny nx pastonel-
creytomeht F, ecoin uapecTsb: semmunnn cun: |Fq| = 2, |Fy] = 10,
|F3] = 11.

Hality passonefictayromyto cumny R can Fy v Fy, a taxxke yrml
a u f, cocrabnsembie cunolt R ¢ cunamu Fy u Fy, econ |F| = 15,
|F2| = 10; yron mexny cunamu Fp u Fy pasen 45°,

Hafitu HanpasieHne H CKOPOCTH BETPA, SABIAIILETOCA Pe3ysbTa-
TOM B3aBMHOTG feficTBBA Mopckoro Gpusa, AYIOWETG CO CKOpO-
¢re10 14 m/c Ha Geper u BeTpa, aywmerc ¢ fepera Ha Mope €O
cxopoctsio 9 M/c 1 non yrnom B 60° k Geperoeolt muHuE.

KonTponeHsie sonpocsl U Gonee cnoxHblie 3afaqu

3.1.49,

3.1.50.

3.1.51.

3.1.52,

K nBym Tpocam mompeumien rpy3 macco#t 30 T Tak, KaK 3TO noka-
34HO Ha puC. 7. OnpenesmTs CHMBI, BOSHHKAIONE B TPOCAX, €CJIH

ZACEB = 120°,

ez

Prc. 7

Touka M, mexamas Ha orpeake AB, Jenur ero B OTHOLIEHRH
m:n, e AM: MB=m: n; C () — mpoM3IBONBEHAA TOMYKA MPO-
cTpancTba. Beipasuth Bexktop OM uepes pektopel OA u OB.
M — 7T04Ka nepecevenus MemwaH TpeyrouabHuka ABC, O —
OpOM3IBONBHAA TOYKA OpOCTpaHcTBa. JlokasaTs paBeHCTBO
OM =1.(0A+0B+00C).
IoxasaTh, 4To A5 MOOLIX 3ATAHHBIX BEKTOPOB &, b, & BEKTODHI
a+ 5, b+ G, ¢ — @ KOMILTAHADHEL.
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3.1.53.

3.1.54.

3.1.55.

3.1.56.

3.1.57.

3.1.58,

3.1.59,

3.1.60.

3.1.81.
3.1.62,
3.1.63.
3.1.64,
3.1.65.
3.1.66.

3.1.67.

3.1.68.
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HaHp! Tpu HeKOMILTAHAPHKIX BEKTOpa &, buée ITpn xaxom 3nave-
HUM )\ BEKTOPHI AG@ + b+ &, @ + Ab + ¢, @ + b + AZ xoMniianapHb1?
Paznoxuts sextop S=a+b+ino TPEM HEKOMILIAHADHBIM BEK-
TopaM M =G+ b— 25, A=a—b, p=2b+3a

B tpeyronsnuke ABC npamas AM senserca BucCekTpHCOH yroa
BAC, npuuem Touka M sexur va cropone BC. Hafitn AM, ecrm
AB=b AC =¢ b =2, (g =1.

HaiiTu perTOp ¥, HanpabJieHHEIH M0 GUCCEKTPHUCE YINIA MEXIY BEK-
TOpaMN @ = Ti — 4] — 4k m b = —2i — j + 2k, ecan |Z| = 5V6.
Vrasanue. T = - (5 + ).

KaxkoMy yC/IOBMIO yIOBJIETBOPAIOT BEKTOPBI & b, eciu:

1) |z +b| > |z - b;

2) B+ <[E~-b;

3) (@ +3| = a| + |3);

4) [a+5i = |al - |57

N3MeHATCA T CYMMa KOMINIAaHAPHBIX BEKTOPOB, €C1 BCE CJ1arae-
MbI& BEKTOPHL OyAyT GOBEPHYTH B GUHOM M TOM M€ HANPABJICHHU
Ha, OOMH U TOT Y€ yromn?

JaTh TeOMETPHYECKOR NOCTPOCHAE PAIJIGKEHHS BeKTOPa @ Ha Opa
KOMIIJIAHAPHBIX ¢ HAM CJIATA€MBIX, €CJIM U3IBECTHBI: a) JIMHA U Ha-
IPABJICHNWE OAHOrO C/1araemoro; 0) HanpasaeHHe 0B0UX ClTaraeMblX;
B) HanpasieHHe OJHOTO M AJHHA npyroro ciaraemoro. (Hccre-
MOBATh, KOMOA PAa3NOXKEHRE BO3MOMKHO, CKOJILKO HMEeT pelueHHH,
eCcJIM HH OIHO M3 CJATaeMbIX He NapasiienbHo &.)

B pasnoxeHnn BEKTOPA & = A; -&+ Az b 10 1BYM HEKOLMMHEADHEIM
BeKTOpaM @ u b moryT s oGa koaddunuenta A; 1 Ay WM OIOMH 13
HHX PAPHATbLCA HYJO?!

MoryT s BekTophl @ = (—2;1; -2}, b= (=2; —4;4), & = (4;3; -2)
BBITE CTOPOHAMMY, Tpeymnbuuxa?

Konnuteapte: 1u BEKTOPH! & U b, ecnu KONMHEADHBI BEKTOPbI Z+b
ud-—b?

MoxeT i BeKTOp COCTAB/IATE C KOOPAHHATHLIMU OCAMH yIJbL 30°,
120°, 60°?

Crenyer ;i w3 papencrpa AB = DC pasencrso AD = BC?
MoxeT au yron Mexay BeKTopaMu pasHaTecs: 0°; 45°; 180°; 270°7
Kax ciieyeT HANDABHTL BEKTOPHI @ % D, YTOOB IJIHHA BEKTODA
@ + b 6b11a HauGonbMeH? HanMeHbIIeH?

KaxoBo B3anmHoe pacnosioxenve Touek A, B, €, ecm:

1) BekTOpHI AC u AB KonnMHeapHbL

2) AC = CB

3) AC = ——CA'?

KakoMy YCJIOBHIO NOJDKHB YOOBJIETBOPATH BEKTOPH &, b u & mpo-
CTPAHCTBa, YTOOHI U3 HUX MOKHO DbLNO 00PAB0BATE TPEYTOJNBHAK?



§2. CKAJIAPHOE NPOW3BEAEHUE BEKTOPOB

2 Creanprnsm npoussedenues NBYX HEHYNEBbIX BEKTOPOB & U b Ha-
3LIBAETCA YACJO, PABHOE MPOMIBEOEHHIO JJHH 9THX BEKTODOB HAa
KOCHHYC YIJIa (@ Mex Iy HEMH {cM. puc. 8). OBosnaxenue: & - b.
Taxum obpasom,

a-b=\a b cose. (2.1)
Ilo onpenenenmo @-0=0-2=0
b b
P
——
a o a
Puc. 8

@opmyny (2.1) MOMKHO 3AIHCATE B BUIE

@-b=|a-np;b mmu &-b=1b n (2.2)

Q"I

Caolicmea cxGARPHO20 NPoUIGEdeHUR:

l.a-b=b-a (NepecTaHOBOYHOCTD);

2.a-(b+ g =a b + @ - ¢ (pacnpenennTeIBHOCTD);

3. (A@) - b = A(@- b) (coveTaTenbHOCTh MO OTHOMEHMID K CKAJTAPHOMY
MHOXHTENIO);

4. @ = |a)® (cxanspuslli KBaApaT BEKTOPA @ PABEH KBAIPATY €ro Moay-
aa);

~ S ﬁ_bz_ &< g L b(wma=0 wmbd=0) B wacraocTu:
t-g=3-k=k-i=0.
= BekTOpbI @ H b, CKaJIApHOe NPOM3BEJEHHE KOTOPBIX PABHO HYJIIO,
HA3LIBAIOTCA OPTOZONGATHBIMU.
Ecym BexTOpH @ W b 33aHBl CBOMMHE KOOPAMHATAMH & = (ag;ay;a;),
(bx:bysb ), TO _ =
3.2.1. BekTopel @ u b 0BpasyoT yron ¢ = 3?I'. 3nasn, 4ro @ = 10 n

5| = 2, peruncanTs (@ + 2b) - (3@ — b).
(Q CornacHo cBoficTBaM CKAJIAPHOTO NPOUIBEIEHNA

(@ +2B)- (3@ — b) = 3a° +58b- 26 =
= 3Jaf® + 5(a| - |5 cos(@, b) — 28" =

2
=3-100+5‘10‘2003§?I'—2'4=3DU—5U—8=242. ®
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3.2.2.

3.2.3.

3.2.4.

3.2.5.
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Hano: |al = 2, 1B = 1, ¢ = (&,b) = % Hafitn monysin BekTOpA'
¢ =2a — 3b.

Hano: |G = 3, 16| =4, ¢ = (@ b) = 120°. HafiTu Monyne BeKTOPa
g=3a+2b

BrIpasuTh IAMHBI MEOUAH TNPOUIBOJBHOTO TPEYTOJBHHKA u€pes
IOJIHHH €70 CTOPOH.

(Q PaccMOTpMM  TPEYTOJIBHEK
ABC. Ilycte AD — onHa us me-
OuaH TpeyrosibRuka (puc. 9). Bee-
M B PACcCMOTPEHHE BEKTOPHI
AB =¢ AC = bu AD = i
Torna M = —1—(5 + ©). Boasenem

2 -
offe YacTH pABEHCTEA B KBAOPAT: A b C
m? = i(52+25‘é+62),‘r. e. |2 = Puc. 9

= i(lﬁq2 +1¢2+2b-2). Atakkak @a= BC =b—¢, o |a]° = |B|2-
—2b- &+ |g|°. 3naunr 266 = |B* + |32 — 1:::|2 B uTore nonyuaem
72 = L0812 + fef + B> + jal® — [al*) = S (206 + 21 — [af*) u

monee |m = §/2[B[2 + 2Jef? ~ |a?. °

[IpoBEpHTE, MOTYT J BeKTOPH @ = Ti + 67 — 6k, b = 61 + 27 + 9k
GuiTb pebpamu kyba. Hafiti TpeThbe pebpo kyGa.
(Q Bekrophi @ B b MOXHO NPUHATH 3a pebpa Kyba, ecM OHM Op-
TOrOHAJIBHE! M HMEIOT paBHbie Aaunbl. [popepum a10: -5 =7-6 +
+6:2-6-9=42+12—-54 =0, 3naunr a L b; |a] = V49 + 36 + 36 =
=11, |5| = /36 + 4 + 81 = 11, suaunr |a] = |b|.

Hatinem Tperbe pebpo & = (r;y;2) xyba. Tak kak @ L ¢, 10
@-c=0Te Tz +6y—6z=0;Takkak b L & T0b-2=0, Te
61 + 2y + 9z = 0; u3 papencts |& = |G| = |4 = 11 ebiTeKaeT,

910 /T2 + ¥ + 2% = 11. 107 HAXOKOEENA KOOPIMHAT BEKTOPA, &
PelINM CHCTEMY YpaBHReHuH

Tz +6y—6z=0,
6x+2y+92=0,
2 +y?+ 22 =121,

W3 nepsrix OByX ypaBHEHHH BhIDaXKAEM T H Y Yepes 2 (:c = -3z,

¥ = %Z) M [OIOCTABJIASM HX 3HAYEHHA B TPETbe YpPaBHEHHE CH-

cremer: 922 + 541_22 + 22 = 121. Orcrona HaxomuM, 4TO 2, = —2,

29 = 2, '_I‘om,g, zt = 6,22 = —-6nyr = -9,y = 9. Takum obpazowm,
£= {6t — 95 — 2k). ®



3.2.6.
3.2.7.

3.2.8.

3.2.9,

3.2.10.

3.2.11.

3.2,12,

HafiTi yros mexioy OMADCHANAMHE NAPAILIENIOTPAMMA, MOCTPOEH-
HOTO HA BEKTOpax G = 2i +jn b = —j + 2k.

Haiitn pexTop 7, 3nas, uto T 1 @, a=(1;0;1), £ L b, b=(0;2; -1),
npoeKuua BeKTOpa T Ha BekTop ¢ = (1;2;2) pasna 1.

Janul Bepumab TpeyronpHuka A(2;3; —1), B(4;1; -2) u C(1;0; 2).
Hatitu:

a) sHyTpenHuii yros npu sepruute

6) npz3 CB.

(Q a) Yron o npu pepnmmne C ecTh yroa mMexny sextopamn CB
1 CA. Onpene/ MM KOOPAMHATh! THX BeKTODOB:

CB={4-1;1-0;-2-2)=(3;1;,—4),
CA=(2-1,3-0;,-1-2)=(1;3;-3).
Hafinem mx momymm:
iICBl=v9+1+16=v26, {CA|=v/1+9+9=
Cornacro dbopmyne (2.1)
CB-CA 3-1+1-3+(-4)-(-3) 18

COs == = N
¥=\CB|-|Ca] V26 - /19 V494
18
= arccos .

4 v494
6) Cornacuo dopmyJe (2.2)

~_ CB-CA _ 18

npgz CB = —— = . [
Pz [CA| +/19

Danbt BexTope @ = (3;-6;-1), b = (1:4;-5), & = (3;—4;12).
Ha#itu np,(@ + b).

Hanbl HEKOMIIAHAPHBIE BEKTOPBI , b u ¢, npauem |a] = 5] = 1
|8 =4, a L5, (E‘::E) = (&,b) = 60°. Hatitn

a) {a—2b) - (- a);

6) (@+5+3) .

Janb BEKTOpb! a=(1;-3;4), b= (3;-4;2), ¢ = {(—~1;1;4). Haliru
Npg. ¢ &.

B tpeyronsunke ABC: AB = b,
AC = & Bripasutb sektop h, Hanpa-
BJIeHHbIH 10 BoicoTe AH, 4epes pek-
TOpSI & 1 €.

Q Hwmeen {(puc. 10): h = b+ BH.
Ho BH || i BC, rne BC = ¢ - b. Ilo-
stomy BH= ,\( -b) u h=b+M{(E-b). _
MuoxuTens A nailnem na yciosua B H C
AH | BC. 3uauur AH - BC =0,




3.2.13.

3.2.14.

3.2.15.

Te. (B+A(E-5)) (5-5) = 0. Monyuaew b (¢—5) + A (6 - b)° =0,
OTKYIa HAXOIMM A = _b_icﬁ—_;gl Hatinennoe anagenne A noacra-

o3
BJISIEM B BHIPAXEHHE i BEKTOPA A
F=b+ =8 c_p) ®
o~ 5

Enunuulele BeKTODB! &, &z, €3 YJOBJIETBODAIOT YCIOBHIO
§1+§2+§3=ﬁ.HaﬁTH§1'§2+f3'§3+§3 &1.
Hano: |a| =3, |b] = 2, 8] =5, (&,b) = (b,8) = ,BEI(TOpr @ bu

& — xommnnaHapHbl. HaliTh Monysn Bektopa d = & + b — €.

Hatiti BexTOp F, 3HaA, UTO OH HEpPMeHIHKYJsApeH K ocH Oz M yao-
BIIETBOPAET YCIOBMAM T -8 = 9, T - b = —4, tme & = (3; -1;5),
b=(1;2;-3).

AononHuTtencHbie 3apa4M

3.2.16.

3.2.17.

3.2.18.

3.2.19.

3.2.20.

3.2.21.

3.2.22.

3.2.23.

3.2.24,
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IlokazaTh, 4YTO HETHIPEXYTOJIBHMK ¢ BepmuHamn  A(—5; 3;4),
B(-1;-7,5), C(6; —5; —3) u D(2;5; ~4) ectb kxpanpar.
,Jlo:caaaTb uTo BekTop d = &- (- @) — & (b - 7) mepnenanKynApeH
BEKTOpY b.

Halitu BexkTOp b, KOJTMREAPHEI BekTOPY @ = % + 2] — 3k u yno-
BileTBOpsOImMH ycioBu0 b- & = 28.

Hawo: @ = 4i — j — 2k, b = (2;1;2). Hattru:

a)a-b

6) (@,b);

B) 1p; b;

r) np; a. N

Kaxkyrw pafory nponasonnt cusna F = (2; —1; —4), korga Tovxa ee
NPUJICKEHHs, ABUTAACh OPAMOJUHEHHO, TEPEMEIIASTCH N3 TOYKH
A{l; -2; 3} » Touky B(5;-6;1). B

Haiitr pabory papHonefictywomelt cun Fy =i—j+k u Fy=
= 2{ + j + 3k NpH nepemMelienHH €€ TOUKH MPHIIOKEHNA U3 HAYATA
KOOpIMHAT B TOuky M (2;—1;-1).

T[Tpy KAKOM 3HAYEHHH A BeKTOpht b= M — 57 +3kuc=1+27 - Ak
B3aMMHQ NMEPNeHIHKYIAPHbI?

B tpeyronsuuke ABC pepumHel nMeior koopouHaTh A(1;1; —1),
B(2;3;1), C(3;2;1). HatiTu:

a) OJTUHBL CTOPOH;

©) BHYTpPeHHHE YIJIBI;

B) ocTpritt yron Mexay menuaHoit BID u croposoit AC.

HafiTi youiel Mex 1y OCAMA KOOPIHHAT W PALNYC-BEKTOPOM TOHKH
M{-2;3;1).



3.2.26.

3.2.26.

3.2.27.

3.2.28.

3.2.29.

3.2.30.

3.2.31.

3.2.32.

3.2.33.

3.2.34.

3.2.35.

Jloka3aTh, 4TO [/IMHEL BEKTOPOB & H b paBHbI, €CJTH BEKTOPH & + b
M @ — b nepIeHMKyIAPHAL.

Halitn npoekuuo bektopa & = (v2; —3; —5) Ha 0Cb, COCTABJIAI-
WY ¢ KOopAnHATHEIME ocsamn Oz u Oz yooel a = 45° u 4 = 60°,
a ¢ oceio Oy — octpeift yron 5.

Hanwbt Toukn A{3;4; —2) u B(2;5; —2). HafiTe npoekumo pextopa
AB Ha ock, coctapnaomyio ¢ ocsma Oz u Oy yrasl a = 60° u
8 =120° a c oceio Oz — Tynoli yroua .

Bextoput 4B = 25 — 6b, BC = @+ 7b, CA = —3a — b obpasyror
tpeyrosbaux ABC; BeKTOpPHI & H b — BIAUMHO NEpNEHINK Y IAPHBIE
optel. Haditu yrasr Tpeyronsuuxka ABC.

Buam, yro G+ b+é=0,1a = 3, |3 = 1, |&] = 4, ebruncauTs
a-b+b-é+e-a

Halfita yron mexny Guccextpucamu yoios Ozy u Oyz.

Kaxkofi yron o6pa3yioT eIMHMYHEIE BEKTODEI @ U b, eciin uIBecCTHO,
Y4TO BEKTOPHL T = @+ 2bn 1 = 53— 4b B3auMHO NepIeHIUKY NADHbL.
BexTops! &, b, ¢ MMEOT paBHBIE IUIMHBI M TIOTIAPHO OOPA3YIOT pPab-
ueie yrasl. Hafitw xoopmunarsl Bektopa &, ecnw @ = (1;1;0),
b=1(0;1;-1).

Joxasars, yro rouxku A{—3; —7; —5), B(0; —1; -2) u C(2;3;0) Je-
AT Ha onxodt npaMol, npuueM Touka B pacnoyiokena Mexay T04-
kamu A n C,

Janbl paniyc-BeKTOPbI TPEX MOCJEAOBATE/IbHBIX BEPUIHH MADPAJ-
nenorpamma ABCD: 7qa =2i+2j+k, Ffg=1i+37+5k, 7o =
= 7i + 95 + 11k. OnpenenuTh paguyc-BEKTOD HeTBEPTOH Bepum-
HEl D).

K pepunne xyba npr/IOXKeHH TPU CHALL, DABHLIE 110 BETAYHHE 1,
2, 3 ¥ HanpaBJIeHHBIE MO AOHATOHAIN rpaHell ky6a, MpOXOomANIHM
yepes 3Ty BepuraHy. HaliTH mennuwdy pabHomeficreyiomeit sTux
TpeX CHJL

KouTponsHwe ponpockl v Bonee cnoxueie 3agaqun

3.2.36.

3.2.37.

3.2.38,

3.2.39.

Hokasars, 4To ans gwoboix geTsipex To4ek A, B, ' n I npoctpas-
CTBa HMEEeT MeCTO PaBeHCTBO AB.CD+AC-DB+BC . AD =0.
OnpenennTs reoMeTPUYECKOE MECTO KOHUOB NEPEMEHHOID BEKTOPA,
T, €CJM €0 HAYAJIO HAXOOMTCA B TOYKE A M BEKTOp T yIOBJICTBO-
PHAET YCIOBUIO T - @ = ¢, °e @ — JauHnitt BEKTOp M & — OJaHHOE
HUCIIO.

HafiTn yron Mexny OUCCeKTPpHCAaMH IBYX INIOCKHX YIVIOB IPABHJIL-
HOTO TETPA3/pa, IPOBEOSHHBIME M3 OOHOH €TI0 BEPIIMHEL.

B tpeyronsnoli nupamune ABCS: AB L €S, AC' L BS. Hoka-
3aTh, 4TO pedpa AS n BC Takxe nepneHaMKynsapHEL
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3.2.40.

3.2.41.

3.2.42.

3.2.43.

3.2.44.

3.2.45.

3.2.48.

3.2.47.

3.2.48.

3.2.49.
3.2.50.
3.2.51.

Hcnonksys enMHAYHEIE BEKTOPHL €1, €2, €3, JOKA3ATH, YT0 A8 BCA-
KOTO Tpeyroneiuka ABC cnpaBenyMso HEpaBeHCTBO

cos 4 + cos B + cos(' € g

Crienyer nu w3 paBeHCTBa & € = b- €, rie € — eqMHMuHbIE BEKTOD,

PABEHCTBO BEKTOPOB & U b7

22 02
Kaxos reoMerpuueckuit cMbicn pabedctBa {@+b) +{Z—b) =

= 2(a% + §')?

Jokasars, uTo —ab € & - b < ab; B KaKHMX C/yYaax 3J€Ch MMEET
MeCTO 3HAaK pabeHcTBa?

Mycre @, b ¥ & — HeHynepble BeKTOPLL [IpH KAKOM MX B3AHMHOM
PACTIOJIOKEHUH CTIPABENTHBO papeHcTro: (G- b)-&=a-{(b-&)?
MOXHO /1M TOBOPHTE O CKANAPHOM NPOUSBENEHUH TPeX BEKTODOB?
O cxanapaom kybe BekTOpa’

Hamenutca s CKANAPHOE NPOH3BEIEHHE OBYX BEKTOPOB, €CHIH K
OZHOMY H3 HAX DOGABUTH BEKTOD, MEPUEeHAUKYJIAPHLIK K OpYTOMY
COMHQKHTEI?

Konmmueapub! 1 pekTopbl & = 2@+ 4b 1 & = 3b—a, nocTpoentsie
1o sexTopaM @ = (1; -2;3), & = (3;0; -1)?

PaBHOCHNLHBI JIH Cheoylolie JBa PABEHCTBA:

a) a=bunad=ab
6)a=bua-c=b-g

Bla=bua+é=h+2?

Kaxosa winna orpeska MN, ecmn MN- = 16?

Kakoit yros o6pasyer BeKTOp @ = (cosa;sin a) ¢ BeKTOpOM 17
Kak pacnonoxens: mpambme AB u AC, ecrm (AB + AC)? =
= (AB — AC)??

§3. BEKTOPHOE NPON3BEOQEHWE BEKTOPOB

=
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TpH HEKOMILTAHADHBIX BEKTOPA &, b U &, BIATHIE B YKAIAHHOM NO-
pAIKe, obpasyloT npasyre (ae6yw) mpotixy, eCIU C KOHIA BEKTOPA
¢ kparyalfimnii NOBOPOT OT NEPBOLO BEKTOPA & KO BTOPOMY BEKTO-
py b BHOEH COBEpIIAIOEMMCA MPOTHB YACOBOR CTPEJKH, {COOTB. IO
qacoBol cTpenke) (M. puc. 11).

npapas Tpoika, Jiesas Tpofika

Puc. 11



= Bexmophbim npoussedenuem HEKOLINHEADHBIX BEKTOPOB & H b Ha-
3LIBAETCA BEKTOR £, onpenenseMbil ycaoBUAMU:
1) BexTOp ¢ NepmeHIMKYNspeH BeKTopam & U b, T.e. ¢ L &,
gLlb
2) mymHa BexTOpa ¢ paBHA IMIOMAAM MapasuiesorpaMma, Ho-
CTPOSHHOTO HA BeKTOpaX d U b Kak Ha CTOpOHAX, T.€.

le| = fal - Bl -sing, ¢ = (a@,b); (3.1)
3) sexTOpH @, b u & 06pa3yOT NpaByio TPOHKY.

BexTopHoe npoussenenve obosnavaerca @ x b nin [d, B

ECIH BeKTOPEI & U b KOMTHHEAPHHI (B YaCTHOCTH, ONMH U3 3THX BEKTOPOB
Hy.1eBolt), TO Mo onpemenenuo @ x b = 0.

Ceoticea eexmoproeo npoussedenus:

1.a@x b= —(b x @ (AaHTHNEPECTAHOBOMHOCTD);

2.2 (@xb) = x@xb=ax Ab (coueraTesmHOCTs MO OTHOWEHHIO K
CKAJIAPHOMY MHOKHTEIO);

3.@x% (b+ 8 =a&x b+ a x & (pacnpenesHTENLHOCTS);

4. axb=0ecmua| b (mma=0nmb=0). BuacTHocTH: i X1 = jXJ =
=kxk=0.
_ Ecym sextopu & u b samanpl cBOMMK KoOpmMHATaMM & = {G:;y;as),
b= (by;by:b;), TO

S|t gk _
axb=|a, a, a,|, W axb= Gy Gz), |0 G : G 4. (3.2)
b, b by bbby
b: b, b,
1A BRIMUCTIEHES Na0uadU NAPAALEA0ZPAMME, TIOCTPOCHHOTO Ha BEKTOpax a
u b npumenseTca dbopMyaa -
S=l|axb. (3.3)
BexTopHoe nponspengnne Moxer BbITh Buipaxeno dbopMysol
@ixb=28-¢, (3.4)

LOe € — OpT HANpaBJeHHs @ X b.

3.3.1.  Jaunm apa BeTopa @ 1 b, Ana koTophix |@| = 2, [b] = 6, ¢ = {(a@,d) =

= §1r‘ Hatttu

6 -

a)axb B
6) |(2a + 3b) x (@ — 4B)!.
Q a) Mo dbopmyne (3.1) HAXOOMM MOLY/b BEKTOPHOIG MPOM3BE-
newus: |& x b| = |a) - 3] - sin(a, b) = 2- 6 - % = 6. [lo dopuyne (3.4)
[oJIy4aeM axh=6- €, [oe € — edHHMYHBIH BeKTOpP HaNpaBJeHUa
axb
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3.3.2.

3.3.3.

3.3.4.
3.3.5.

3.3.6.

3.3.7.

3.3.8.

3.3.9.
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6) CorytacHO CROHCTRAM BEKTOPHOTO MPOH3IBENEHUA AOYYAEM:

(2a+3b)x(G—4b) =2(@x @) —8(@xb)+3(bxa)—12(bxb) =
=-8(@xb) —3(@xb =-11(axb).
Cutenoparennho,
(28 +3b) x (@—4b)| = | —11(@xb)| =11-jax by =11-6 = 66. @

Haiitn KoopouHaThl BeKTOpa @ % (2@ + b), ecrm @ = (3; —1; —-2),
b=(1:2;-1).

Darpl pexTOophl @ =i+ 2] — 3k, b= —-2{+j+ % Halitm: ¢=
=(@-b) x (2b); |g. N

Hawo: {a|=1, [b|=2, (2, b)= 4. Hatirw: |axbj; |(a+25) x (~a-+35)|.
Hatitu momans Tpeyronsuuka ¢ sepmmdamu A(1;2;0), B(3;2;1),
C(-2;1;2).

Q Ilrowanmy S tpeyronbanka ABC paBHa MOJOBMHE MJIOMAAM
NApALTEJIOrPAMMA, TIOCTPORHHOTO Ha BekTopax AB m AC, T.e.
S= %|EXE| Umeem: AB = (2;0;1), AC = (-3;—1;2). Toraa

(cm. (3.2))
50

r.e. AB x AC = (1;-T; -2). Cnenonatensho, S = %\/1 +49 + 4,

sz%@. °

HaiiTi nnomafps TPeyroJbHHKA, DOCTPOSHHONO HA BEKTOpAX & =
=i—2j+5kub=>5j— Tk

Hafitn mnomans napasiienorpaMMa, MOCTPOEHHOIO Ha BEKTOPax
a= (84 nb=(2-2:1).

Bektopbr @ u b o6pasyior yron 45°. Hafitn nytomanp TpeyrosnsHu-
K2, MOCTPOEHHOTO HA BeKTopax & — 2b u 3@ + 25, ecomn |@| = |b] = 5.
Cuna F = (2; —4;5) npwroxena x touke O{0;2;1). Onpenenuthb
MOMEHT 5Todt CHIThI OTHOCHTEMBHO TOURH A{—1;2;3).

(Q Mowment cuner F oTHOCHTeNbHO Touku A ecTh BekTop M =
= OAx F, HaxomuM KoopauHaTs! BekTopa O A M NCKOMOTO BEKTOP3
M: 04 = (-1;,0;2),

2 1
-3 2

== {0 1 ‘
ABXAC—Q_I 2’,— ;

I I B
M=0AxF=|-1 0 2|=
2 -4 5
=i| % 3315 Y eE|T Sf-sieoiea
r.e. M = (8;9;4). ®



3.3.10.

3.3.11.

Hana cnia F = (3;4;—2) n Touka ee npanoxenna A(2;—1;3).
Haditu MoMenT cuin oTaocuTesHo Touku O(0;0;0) u nanpasne-
HUE MOMEHTA CHJIbL.

Tpu cunet Fy = (2;4;,6), F2 = (1,-2;3) u F3 = {1;1;,-7) npn-
noxensl K Touke A{3; —4;8). HaliT BeTMUMAY M HANDABJIAIOLIME
KOCHHYCHI MOMEHTa, paBHOAeHCTBYWOIEH 3TUX CHJI OTHOCHTENLHO
toukn B(4; —2;6).

QononuurensHbie 3afaqu

3.3.12,

3.3.13.
3.3.14.
3.3.15.
3.3.16.
3.3.17.
3.3.18.

3.3.19.

3.3.20.

3.3.21.

3.3.22.

3.3.23.

3.3.24,
3.3.25.

3.3.26.

YOpoCTHTE BHIPAXKEHHA:

a) 20(F x k) + 37(2 x k) + 4k(i x )

6) (@+b+) xc+(@+b+e) xb+(b—28) x&

B) (37 — 47 — 5k) x (2 + 67 — k).

[TokasaTh, 410 (@ — b) X (@ + b) = 2(G@ x b); BLIACHUTE reOMETPHYE-
CKMH CMBICT 5TOrQ PAaBEHCTBA.

TlokasaTs, uto (@h)2 + (@ x 5)% = |a?|B.

Hano: |@| = 3, |b] = 20, @b = 30. Haittu |@ x b|.

Hano: |@| = 3, |b] = 26, |&@ x b = 72. Hatitu &b.

Hality emmHmuHbIi BeKTOp €, NePNEHOMKYJIADHBIA KaXIOMy W3
BekTOpoR @ = (3;-1;2) m b = (—1;3; -1).

Hatitu enunuuHeil BeKTOp €, MEPNEHANMKYNADHbIH BEKTOPY & =
= (1;4;3) 1 ocu abenuce.

Halitu miomais Napa/utesOrpaMMa, HOCTPOSHHOTO HAa BEKTODAaX
G=3p+2%ub=25-qrmelp =4 |3 =3 (5 =3r.

Hafith nnomany TpeyrosiieHuka ¢ eepuuamu  A(1;—2;3),
B(0; -1;2), C(3;4;5).

Jannl pexTopnl @ = (—4;—8;8), b = (4;3;2). Halitn BeTOpHOC
NpOMSBEIeHHe, CHHYC YIJIAa MEXOY HHMMH, TJIOGWAAL [apaiyennc-
rpaMMa, NOCTPOEHHOIO HA 3THX BEKTOPAax.

Hanet BekTOpel G =31 +j+ 2k, b=2+7j+4kue=71+2j+ k.
Hatitu @ x (bx &) u {(@ax b) x &

HafiT KoOpOMHATEL BEKTOPA T, NEPUEHIMKYJTAPHOIC OCH ANNIHKAT
u BeKTOpY @ = {8; —15; 3). BexTop T 00pasyeT OCTpLIH ¥yTOJ € OCBIO
abcuuce; |Z] = 51.

Haittn anauser nuaronanet n iIOWAIL TapaiIeOrpaMMa, NOCTPO-
©HHOTO Ha BexTopaxd=k —j, b=i+j+k.

BLI9HCINTE CHHYC YTI14, 00Pa30BaHHOrO BEKTOPaMH @ = (2; —2; 1)
ub=(2;3,6).

Janu! pepwmae TpeyTosiuka A(1; —1;2), B(5; —6;2), C(1; 3; -1).
HaliT pauHy ero BICOTHI, onymeHHoll u3 sepuntbl B Ha cTopony
AC.
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3.3.27.

3.3.28,

3.3.29,
3.3.30.

Hatitu sexTOp T, nepresaury/IApHbi K BEKTOpaM @ = (2; =3 1 n
b= (1;-2;3) u ynornersopsomult yeopuo T - {1 + 27 — Tk) = 10.
Bextoph! &, El 1 & yIOBRIIETBOPAKT yenosmio a+b+& = 0. JokasaTs,
Yo A x b=bxE=Fx @

Hano: @ = (1;-4;0), b = (6;3; —2), & = (1; —2;2). Haitru npz{bx &).

Bexropr! @, _5, ¢ u d CBA3aHBI COOTHOWEHMAMM & X b = & x d,
@ x ¢ = b x d. Hoxasars, 4ro BexTopu (@ — d) u (b — &) xomnu-
HEAPHBIL.

KoHTponsHue Bonpocs M Gonee cNoXHbIE 3apa4n

3.3.31.

3.3.32.

3.3.33%,

3.3.34.

3.3.35.

3.3.36.

3.3.37.

3.3.38.

3.3.39.
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Hokasatk, yto Touku A, B v C nexar Ha onHolt nmpaMoit Torna u
TONILKO TOTHa, Koraa AB x AC = 0.

Hoxa3aTh, 4I0 BEKTOPHOE NPON3BEIEHHE HE H3MEHHTCH, €CJIH K Ol
HOMY M2 cOMHOxuTENell MpubaBHTE BEKTOP, KOJUTMHEAPHLIH 1py-
TOMY COMHOXHTEIH.

Hokazats TommecTso Jlarpanxa:

2 2 2
) b] i O b1 | _
as b as Ca2 by o
ad +b% + ¢t a182 +bibs + 102
oy + biby + 100 a3 + b3 + ¢}

Haitu nnowann tpeyrosnhnka ABC ¢ pepwHHAMHM B TOYKAX
Ay 21), Bz yo; 22), Clzs;ysi 23).

Ha pextopax @ = (2; —1;7) u b = (1;0; —4) nocrpoen mapanesno-
rpamMM. HaliTi BLICOTY, ONyIIEHHY!0 H3 KOHNA BEKTOPa b, M IJIO-
magb TPEYTOJNBHUKA, 00pa30BaHHOTO 3TOH BRICOTON M CTOPOHAMH
NapaIeorpaMMa.

Jokasats, 4To 1A J00BIX BEKTOPOD &, P, §, T BeKTOpLI @ X P, d X {,
@ X F KOMIJIAHADHBI,

Tpu HeHyJeBHIX BeKTOpa &, b, 1 € CBA3AHBI COOTHOUIEHHAMH
a=bx ¢, b=2¢x ac=ax b. Hatitu IJTHHB] 9THX BEKTODPOB H
YT/l MEXIY HHMH.

Ioxasats, uto dx (bx &) =b-(@- &) — - (@-b).

Yxa3anue. OpT § COHAPABHTB ¢ BEKTOPOM &, OPT j — B IJIOCKOCTH
BEKTOPOB b u ¢. Hajitu KOOpOMHATHL 00enx wacTelt U ybemuTnCH,
YTO OHM PABHBHI.

Buieectu dopmyny ansa sin{a — 5).

Yxaszanue. paccMOTperh B WIOCKOCT Oy NBA eIUHUIHBIX BEKTOPS
&) ¥ €5, COCTABJAOIIMX ¢ OCAMH YTJIbL @ ¥ 3 COOTBETCTBEHHO; HAHTH
€1 X €q.



3.3.40. Kakomy ycnoBHIO NOJDKHBI YIOBJIETBOPATL BEKTOPS & U b, uTobm!
BEKTOPHI 3@ + b n @ — 3b 6BLIA KOMNMHEApHE!?

3.3.41. TIpu xakux sHadeHHAX a U 3 BeKTOPHI G = ai+ 77 + 3k u b = i+
+57 + 2k xonnnneapHbt?

3.3.42. Hamo: & x &= b x & &# 0. MoxHO M OTCIONA 3AK/TIOMHTD, 9TO
a=»¥b

3.3.43. YeMy paBHO BEKTOPHOE MPOUIBETEHHE MPOTHBONOJOKHBIX BEKTO-
pos?

3.3.44. Yemy pasHO:
a) j x i
6) j x (j+ k)
B) 2t x (k —57)?

3.3.45. PaBHOCHJIbHLI i paseHcTBa G =bua xé=bx &7

3.3.46*%. Ianxu npa sextopa @ # 0, b # 0. Moxno s nonoBpars BEeKTOp T
TaK, 4Tobn & = b x F?

3.3.47. 'emy paBHO BEKTOpPHOE NMPOU3BENEHHE KOJIJIMHEAPHLIX BEKTOPOB?
BEKTOpPOB @ B (—a)7

3.3.48. Haiitu:
1) j <1
2) 2i x 57;
3ix(i+k).

3.3.49. Bepno 1 cooTHowenue |@ x b| < |a) - |b[?

3.3.50. CymecTByoT 1 Takue BekTOpsl & U b, wto & x b= b x @?

§4. CMELLWAHHOE NPOU3BEOEHWE BEKTOPOB

= CMewanubM npouseedenuem TPEX BEKTOPOB &, b M & HAIBIBALT-
CA YMCIO, PABHOE CKAMAPHOMY NMPONU3BEIEHHIO BEKTOpS & X b Ha
BEKTOp C.
O6o3nauenve: The.
Taxum opaslom: _ _
abe=(axb)-¢
Teomempunecxu cMemaHHOe NPOU3BENEHHE HHTOPIPETHPYETCA KAK M-
J10, paBHOe ofsemy Mapalinenenunena, NOCTPOSHHOTO Ha BeKTopax &, b M &
kak Ha peGpax. CMelaHHOe POU3BENEHAE BEKTOPOB &, b U ¢ MOIOKMTENBHO,
€CNIM AAHHEIE BEKTOPBI 00pa3yioT NpaByio TpoHKy, ¥ OTPHUIATENLHO — €CJIH
JEBYIO.
Ceoficmea cMEWARHO20 NPOUIGETEHUA:
1.(@xb)-¢=(hx&-a=(¢xa): b, e cMemannoe npouspenenue He
MEHAETCA NMPH UMKJIHYecKoH mepecTaHoBKE BeKTOPOB;
2. (@xb)-é=a-(bx&), T e cMemanHOe MIPON3BENEHAE HE MEHACTCH TMPH
NepecTaHOBKE 3HAKOB BEKTOPHOTO H CKANAPHOTO YMHOKEHH;
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3. @2 = —ath = —bat = chd T.e. CMEMAHHOE MPOH3BENEHHE MEHA-
eT 3HAK Ha NPOTHBONOJIMKHEIA HPH NEpeMEHe MecT J1I00bIX OBYX BEKTOPOB-
COMHOXKHTEIeIH;

4. @bt = 0, ecrm @, b W € XoMILIaHAPHB! (B YACTHOCTH, €CJIH MIOBbIE OBA
13 NEPeMHOKAEMBIX BEKTOPA KOJIJIMHEAPHEI ).
~ Ecnu sextops: &, b # ¢ 3a0aHBl CBOMMH KOOPIMHATAMU @ = (Gg; ay; @),
b= (bz;by; bz): c= (Cr; Cyi Cz) TO

a; 4y @
abc = b, b, b,|. {4.1)
e Cy €
Ecnu @bé > 0, To &, I_J, & — mpaBasa Tpoiika; @bé < 0 — nepas.

O6bem V) napasnienenunena, NocTPOSHHOTO Ha BeKTOpaX 4, b M &, H obbem

V2, nocTpoeHHOM HA HHX TPeYrofbHO# NHPAMUJIBI, HAXOAATCA NO ¢OpMysiaM

Vi = |abd, (4.2)
Vo = %|at‘;5|. (4.3)

3.4.1. Hokazare, uro uermpe Touku A;(3;5;1), 42(2;4;7), Ax(1;5;3),
A4(4;4; 5) nexar B OOHOH NAOCKOCTH.
Q HocraTouso noxasaTe, uTo Tpu BexTopa A; Ay, Ay As, Ap Ay,
HMEWINNe HAYAJI0 B OOHOH U3 OaHHLIX TOYEK, JieXaT B OOHO#

NAOCKOCTH (T e. KOMHJ‘I&H&DHI}I)‘ Ha.xo,mm KOODIHHATEL BEKTO‘POB
A1 Ay, A1 As, ALA,

ﬂz_(z 34-57-1) =(-1,-1,6);
A1A3=(1—3;5—5;3—1)=(—2;0;2);
AA, =(4-34-55-1)=(1;-1;4).

IpoBepseM ycnoBHe KOMILUTAHAPHOCTH BEKTOpPOB (cBOHCTBO 4 cme-
LIAHHOTO TIPOM3BEIEHHS BEKTOPOB):

-1 -1 6
AjAds - A1 A AJAy=-2 0 21=0-24+12-0-2-8=0.
1 -1 4
Wtak, sexTopel A; Az, A; Az u A1 Ay XoNNuHeapHEI, CJAeO0BATESb-
HO TOo4YkH A, Az, As, A4 nexar B ogHOH NIOCKOCTH. @
3.4.2. [IpoBepuTr KOMNNAHADHE! M NAHHEIE BEKTODLL:

a)a=(1;2-2),b=(1;-21), &= (5 -2 ~1);
ﬁ)a—J+k b=j—k,e=1. ) s

3.4.3. Ilpu xakoM 3Ha4eHUH A PeXTOpEl @ = i + j + Ak, b = (0;1;0) o
¢ = (3;0;1) xoMmnnauapuu?
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3.4.4.

3.4.5,

3.4.8,

3.4.7,

8- 2381

Hane sepumus! nupamuast A(5;1; —4), B(1;2; -1), C(3;3;—-4),
5(2;2;2). Haiith nnuHy BLICOTHI, ONYIMEHHO! H3 BepIIMHLI S Ha
rpaus ABC.

(9 Tax kak obvem V mupamumpr ects V = %S’h, T0 h = %,

roe h = |50| — setcora mupamuner, S° — nnomass OCHOBAHHA
(puc. 12).

Puc. 12

Haxomnm V: AS = (=3;1;6), AB = (-4;1;3), AC = (-2;2;0).
H cornacho dopmyne (4.3):

1

1 -3 1 6
= 6 det{ —4 1 3 = =
-2 20

Haxomum S’ = 8, 4pe:

-4 1
-2 2

_3‘1 3‘ ’~4 3

2 o |-2 0‘““6’

1 1
= 118636 = ¢ - 24| =

1 - a’ i k
8 = EI Bx AC| = det 1 3)|=
—2 2 0
= %| — 6] — 6k = ef 3v3.
CnenosatensHo, b = ﬁﬁ = 443@ ®

Haiitu ofbem napannenenumena, NOCTPOEHHOTC HA BeKTOpax
a=(1;-21),b=(321), &= (1;0;-1).
Halitu BBICOTY napanfenenHnela, NOCTPOEHHOTO H& BEKTOPAxX
@=1(2;1;-3),b=1+2j+k, &= (1;-3; 1), onymeHHy:0 Ha rPaHBb,
MOCTPOEHHYIO Ha BEKTOPaX b u &.
Haiitu obbem TpeyrosibHOR MpH3MLL, MOCTPOEHHOR Ha BEXTOpAX
g=(1;2,3),b=(2,4,1), 2= (2,-1;0).
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3.4.8.

3.4.9.

3.4.10.
3.4.11.

3.4.12.

3.4.13.

Borucmts 3+ b+ 8@ - b—&)(a - b+ o).
(Q Hcnonesys ceolicTBa CMEMAHHOTO NPOW3BENEHHMA BEKTODOB,
nonyuaeM:

= (@x8—axb—axE+bxa—bxb—bxE+EXT~ExXb—EXE)- (@—b+E)
=(0—8xb—axE—axb-0-bxé—Gxé+bxc-0)-(@-b+8 =
=(-2axb-2ax& - (@-b+&)=-2@xb+axd-(@a-b+ée =

= —2(aba — abb + abé + aca — ach + acc) =
= —2(0 — 0+ @bz + 0+ abe +0) = —2 - 2abc = —4abc. @

Beruucauts npoussenenne (& — b){(b — &)(¢ — @).

Berancnuts npoussenenne (b — &)@ + b+ 26).

Kakyio Tpolixy ofpasyior seKTops! @, b u &

a) a—z+3,b—z—j,c—k

6)a=(1;-40),b=(6;3;-2), 6= (1;-2;2)?

BekTope! @, bn € B3aKMHO NePHeHIHKYAPHEL; ofpa3yT Npaeyw
Tpoitky. Halitu b¢, auax uto |@] = 4, || = 2, |8 =

Haner sextopei & = (3;5; —1), b = (0; =2; 1) n & = (—2; 2; 3). Hailtu
(@x by xé

OononnurensHuie 3apgaun

3.4.14.
3.4.15,

3.4.16.

3.4.17.

3.4.18.

3.4.19.

3.4.20.
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Bsruncyiuts nponssenenue b(& + @) (b + 28), e 2 abz = 5.
BekTop & nepneHOHKyAApeH BeKTOpaM & U b; (a b = % |a| = 6,

16| = 3, |& = 3. Haittu a@bé.

Haltu ofwem nupamume ¢ sepmmnamn 4,{0;0;1), A4(2;3;5),
A3(6:2;3), A4(3;7;2).

NMoxazats, uro Toukn A(5;7;-2), B(3;1;-1), C(%4;-4) u
D(1; 5;0) nexxar B ONHOR NAOCKOCTH.

Haner pepumnnsl napamuas A(-5;—4;8), B(2;3;1), C(4;1;-2),
D(6;3;7). Harut AniHY BBICOTHL, OWyWEHHOH HA rpans BCD.
Ofbem TeTpasapa paseH 5, TPH €ro BepIIMHB! HAXONATCA B TOUKAX
A(2;1;-1), B(3;0;1), €(2;—1;+3). HattTu KOOpIHHATE YeTBep-
Toit BepIMHE! D, ecii M3BECTHO, YTO OHA JIGXKHUT HA OCH ODAMHAT.
Han napannenenunes ABCDA, B, C\ D, noctpoeHnriii Ha BeKTO-
pax AB = (4;3;0), AD = (2;1;2) u A4, = (—3; —2;5). Hatitn:

a) ofrbeM napasfenenunena;

6) wowans rpaun ABCD;



3.4.21,

B) [LTUHY BBICOTHI, NPOBEICHHCH U3 Bepuider A,;

r) yron Mexnay pebpom AB u auaroHansio BD,.

Hana nupamuna ¢ sepmuHaMu B Toukax A;(1;2;3), 42(-2;4;1),
As(T7;6;3), Ag{4;—3;—1). Halitu:

a) muHy pebep Ay As, A; Ay, A Ay;

6) naomans rpauu A; AaAjz;

B) yron mexay pedpavu A; Ay u A, Ag;

r) o6beM NUPAMHSIBL

1) OMUHY BBICOTHI, OMYIEeHHOH Ha rpanb Ajdz As.

KoHTponbHme Bonpocel u bonee cnoxdsie sapaqu

3.4.22,

3.4.23.

3.4.24,

3.4.25,

3.4.26.

3.4.27.

3.4.28,
3.4.29.
3.4.30.

3.4.31.
3.4.32.

BekTopu &, bué YIOOBJIETBOPAIT YCJIOBHIO O X b+bxe+exa=0.

JoKa3aTe, 4TO 3TH BEKTOPS! KOMIIAHAPHSL

Mokazats, 4To 00beM napansenenunena, NOCTPOEHHOIC HA IHa-

COHANAX rpaHeli JaHHOre NapaJijiesienunena, PaBeH YOBOEHHOMY

ofbeMy JAHHOrO napaJsiienenunena.

Hatitu @ x (b x &) — (€ x f) x g, ecnu @ = (1;2; -2), b=(-2;3:1),

€=1(2-22),6=(-135), f = (1;0;-2), g = (3; -2;2).

Haiitu obbem V nHpamumnt ¢ BepumHaMu B To9Kax A (€115 21),

A2(T2;y2; 22), As(zs1y5i23), Aa(Ta394524). Ilpu xakom ycnosum

ToukH Ay, Ao, Az, A4 NpUHANEXAT OIHOH NIIOCKOCTH?

JaHpl eUHHUHBEIE BEKTOPBI &), &, €3. OJHAA, YTO (ﬁ) =
r———

= (83,81 X &2) = @, NOKaA3aTh PABEHCTBO (€] X &) - &3 = % sin 2a.

3Han, 9T0 & = A1@ + A2b HaliTH cooTHOMWeHue MEXOY BEKTODaMH
@, b ¥ ¢, He comepxamee Ko3hPUUMEHTOB A H Ag.

Yxesanue. HCKIOYUTE A MOKHO YMHOMKEHNEM DABEHCTBA BEKTOD-
HO Ha d.

Hoxaszars, uto |@b¢| < @] - |b| - |&];  xakom cnyuae uMeer mecTo
3HAK paBeHCTRa?

YeMmy pasHo &5(E+,\1 (_l.+/\25), rae Ay H Ao — NPOU3BOABHEIE YHCHAT
Jokasarh (reoMeTpMYecKH), 4TO MpH JIOOLIX BEeKTOpax @, b u &
BEKTODbI & — 5, b— &, ¢ — & KOMNIaHAPHEL. KaKkoB reoMeTpu4ecKuit
CMbICA 31010 hakTa?

YeMy papHO GbA7
H3BecTHo, UTO & = A13 + Aob, A; ¥ Ao — uncia. Yemy pasHO abc?
IMoAcHuThL anrefpanveckH.
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KOHTPONbHASA PABOTA
Bapuwant 1

1.

2.

3.

4,

5.

B napannenorpamme ABCD: O — Touka mepeceyeHNs AHaroHasel.
Haittu 2, ecnn

1)AB=1z CD;
2) AC =z AC;
3) OB==zr-BD;
4)0C =x-CD.

Pasnoxuts sexTop ¢ = (9;4) no Bextopam @ u b, ecrm @ = (1;2) n
b=12i-3j.

Halitn BexTOp d, 3Hasm, dTO d1a dlb roe a= (2;3;,-1),
b=(1;-2;3)ud- (L —j+k) =-6.

Hatttn nnomane napannenorpamMma, HMOCTPOEHHOTO Ha BEKTOPAX
a=3p+qub=p-2§melpl=4,(ad=1,#d =3

HaHa nupamupa ¢ eepumHamu A, (7;2;4), A2(7;-1;-2), A3(3;3;1),
A4(—4;2;1). Hattrn:

a) yron Mexay pebpamu A1 A, u A) Ag;

6) obbeM nupaMuIsi;

B) IJIMHY BBICOTHI, ONYINEHHON Ha rpaup A; Az Aj.

Bapwmant 2
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1.

Han wapannenorpamm ABCD. Ioxasats, uro OA +OC = OB + OD,
rae O — npoOM3BOJILHAA TOYKA HPOCTPAHCTBA.

. Pagnyc-sextop Toukn M cocraenser ¢ ocbio O yroa 45°, ¢ ocero Oy —

60°. Ero pnuna |f| = 6. Halitu xoopmunaTel Touxn M, 3Has, 4TO TpeThA
KOOpAMHATA OTPHUATENLHAA.

. HaliTn enuAVYHLIA BEKTOP, NEpIeHAHKY/IAPHLIH BEKTOpaM @ = 21 +3+}_c

nb=(1:1;2).

. Haittn mnomans Tpeyronsuuxa ABC, s kotopom A(2;1;0), B(-2;4;1),

C(-3;-8;4).

. Hana nupamuna ¢ eepmunamu A;(1;3;6), Az(2;2;1), Az(—1;0;1),

Aq(—4;6; -3). Hattrn:

a) KOCUHYC yruia mexay peOpamu A;Ad; 0 A Ay;
0) o6beM NUpaMHAOLL;

B) [UTMHY BBICOTHI, ONMYMEHHOK Ha Tpadb Ay Az Az,



Bapuwant 3

1.

JAaHEl BEKTOpBI @ H_E H yroa Mexay HUMH pasHeii 120°, [ocrponts
BeKTOp & = 2@ — 1,50 1 onpenennTs ero onuuy, ecau |@) = 3, |b| = 4.

. Iposeputs, uto versipe Touku A(3; —1;2), B(1;2; -1}, C(-1;1;-3) u

D(3; —5;3) ciy:xar BepIMHAME TpaneuynH.

. JaHbl BekTOpBI & = 2i — j + 3k, b =1 — 37 + 2k, & = 3i + 25 — 4k. Hatttu

sexTop ¥, ecnu ¥d@ = —5, ¥b = —11, T& = 20.

B tpeyronesauke ¢ sepumnamMu A(4; —14: 8), B(2: —18;12), ¢'(12; -8;12)
HaHTH ONMMAY BBICOTHL, ONYNICHHOH M3 Bepmunk C Ha cTopoRy AB.

. JaHa mupamuma ¢ pepmuHamu B Todkax A;(—2;0; —4), A2(-1;7;1),

A3(4 8 4), A4( —4: 6) Haiitu:
a) niuHy pedpa Az A;;
6) xocunyc yrna mexkny pebpamn Ay Az 1 Ay Ay;

B) 00beM NUpaMHIbI.

Bapuanr 4

1. B pombe ABCD nuaronamn AC = @ u BD = b, Paznoxurk no 3TuM

IByM BeKkTopaM Bextopsl AB, BC, CD, DA.

3Has OfiHy U3 BepuIuH Tpeyrosbauka A(1l; —6;3) u BexTOpDHI, COBNALIO-
mue ¢ npyMs croponamd AB = 37 + 5k u BC = 4i + 2§ — k, nafitn
oCTaJIbHbIE BepuraHb! 1 BexTop CA.

Hafitu pextop i, 3Han, uto M L &, Ma = 4, Mb = 35, rne @ = (3; -2;4),
b=1(5;1;6),2=(-3;0;2).

3uan mee croponsl AB = (-3;-2;6), BC = (—2;4;4) Tpeyronbauka
ABC, sriuHCHUTE OMIHMHY BRICOTH AD.

Hana nupamuna ¢ sepumHamu B Toukax A;(1;2;0), A(3;0;-3),
A3(5;2;6), A4(8;4; —9). Hafiru:

a) onuHy pebpa AsAs;

6) yron mexay peGpamn Ay As u A; Ay;

B) O0bEM MHPAMUIIBL.



fnasa 4. AHAJINTUNYHECKAA TEOMETPUA
HA NNOCKOCTWH
]

§1. METOQ KOOPAQWHAT HA NNOCKOCTU
MpamoyronsHas cucTema KOOpgUHaT

Memod xoopduxam 3aKMI0YASTCA B YCTAHOBJIEHUH COOTBETCTBUA MEXKIY
TOYKAMH NPAMOH (MMOCKOCTH, NPOCTPAHCTBA) H UX KOODIUHATAMH — fefl-
CTBHTE/TbHBIMH YUCJIAMH NPH HOMOIOM CUCTEMbI KOOPJHHAT.

> IIpasmoyzoavnan cucmenma xoopdunam Oy Ha naccrecmy 3anaeT-
CA ABYMA B3AHMHO NEPHEHAMKYNAAPHBIMU IPAMBIMH, HA KA OH U3
KOTOPBIX BBHIOPAHO NOMOXHTELHOES HAMPABICHHE H 3AAH eIUHHY-
HEI OTPe30K. DTH NPAMBIE HA3bIBAIOT ocAMU Koopdunam. OnHy H3
ocell HazBIBAIOT ocbio abcyuce H 0BosHadaloT OF, APYIYIO — 0Cbio
opdunam (Oy).

Edununnne sexmopt ocell Oz u Oy 0603HAYAIOT COOTBETCTBEHHO & U §
Ecnn M — nponssonbHas Touka MAOCKOCTH, TO BexTop OM HasbBaercs
paduycom-gexmopom Toukn M.

= Koopdunamaemu Touxu M B ciucreme xoopanHar Oy HASLIBAKTCA
KOOPOMHATS! paaiyc-pekTopa OM.

Ecu OM = (z;y), To koopaMRAaTsl TO4KK M 3annceBaoT 1ak: M{z;y):
NPH 3TOM YHCJIO X HA3bIBaeTCH — abcytccoll TOYKH M, a 4ueno y — opduna-
mott Touxn M. KoOpaMHATHE TOUKH HOJAHOCTHI) OMPEIENdT ee noAoKeHne
HA JIOCKOCTH: KAXKAOHK TApe YHCEN T d ¥ COOTBETCTRYET eIHHCTBEHHAA TOUKA
M nnockocTH, U HAOBOPOT.

Pacemosnue meoncdy deyms mowsamu M, (x1;31) u Ma(xa;y2) Ha nnoc-
KOCTH BbIMHCHAETCA N0 $opMye

d= (22— 11)? + (y2 — 1) (1.1)

Koopnunars (z;y) mouku M, deangedi 6 3adannom ommnowiexuu A om-
pesox AB, rae A{zy;y) u B(za;ye) (A= f{—ﬂg), HAXo#ATCA no GopMyaM

_ &+ Arp _nit Ay

1+x 0 YT TI¥aA (1.2)

B gactHocTH, ipu A = 1 (Touka M menut orpesok AB nonosam), mony4a-
10TCA (POPMYJIIB KOOPONHAT CePEIUHB! OTPE3KA

T+ ity

=== = 2= 1.3

118



ITaowads peyeoavruna ¢ eepuunamu A(z1;y1), B(za;v2), Clza; ys) Bi-
qHeNAeTCs 0o opmyne

WJIH, 9TO TO XKe camoe: S = %I&I, roe A =

4,1.1.

4.1.2,

4.1.3.

4.1.4,

S=%|(2¢2--’B1)($’3—yl)—(:r3—:):1)(y2_yl)| (1.4)

T2—T1 Yz—
Tz3—T1 ¥~ H

HaliTi TOYKY, CHMMETPHYHYI) TOYKE
A(—2;4) oTHOCHTENBHO OHCCEKTPH-
CBI EPBOTO KOOPAHHATHOIO YIiia.
(Q IpopeneM uepes Touky A npa-
Myl {;, NepneHAMKYIApHYK OGHc-
cexTpHce | Nepporo KCOPAMHATHOTO
yraa (puc. 13). [Iyere {1 N{ = C. Ha
npamoli {; otnoxum otpesok CA;,
paeHstli orpezky AC. Ilpamoyrons-
Heie TpeyronsHukn ACO u A,CO
pasHBI Mex 1y coboit (o fByM KaTte- Puc. 13

tam). Orciona caenyer, uro |OA| =

= |QA,|. Tpeyronsuuku ADO u OEA; Takike pasHel MexAy CO-
Goli (mo rumoTenyse M OCTpPOMY yray). 3aksouaeM, uto |AD| =
= |0F| =4,|0D| = |[EA| = 2, T.e. Touka A; MMeeT KOOPIMHATHI
z=4,y=-2,1e Aj(4-2).

OTMeTHM, 4TO HMeeT MecTo obinee YTBepXIEHHe: TOuKa A,
cuMMetpudHan touke Ala; b) oTHoCHTENbHO BHCCEKTPUCH NEPBOTO
H TPETBErG KOODOMHATHRIX YIJIOB, HMEeT KoopauHats! (b a), T.e.
Ai(b; ).

Jana Touka A(3; —2). HalTh KOOPOMHATE! TOYEK, CHMMETPHMHBIX
Touke A oTHocuTensHo ocH O, ocu (Jy, Havdasia KOOPIUHAT.
Hatttu xoopauHaTs! Touku A, cumMeTpuuHoil Touxke A(2;4) oTHo-
CHTEJILHO OUCCEK TPHCDL:

1) BTOpOro 1 YeTBEPTOrO KOOPOMHATHLIX YIVIOB; 4 B
2) NepBOrO 4 TPETLEr0 KOOPAHHATHEIX YIJIOB.

B tpeyroncHuke ¢ pepwnnamu A(2; 3}, B(6; 3),

C(6; —5) nalitu gnuny Guccextpuce: BM.

Q To cBolicTBy GHCCEKTPUCH BHYTpEHHEro M

CM BC
yraa TPEeyTobHHKa (e = {E‘f} (puc. 14).
Haxomum, ncnoassya dopmyny (1.1), amm-
Her croped BC w BA tpeyronsuuka ABC:
|BC| = «/(6-6)2+(-5-3)? = 8, [BA| = C
= /(2 - 6)2 + (3 - 3)? = 4. CnegoarennHo,

Puc. 14
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4.1.5.

4.1.8.

4.1.7.

4.1.8.

4.1.9.

4.1.10.

4.1.11.

CM| _ 8 _ !
WA - T €. A = 2. HaxonnuM xoopavHAaTs! ar U Yps TOUKH.

M, ucnoneaya dopmyny (1.2): zy = —+—, Up = _—5+2—

A=

1+2 142
T.€ Ty = 130 UM = —%, T.€. M(I:? é) Haxonnm anmuny Ouccek-
Tpucet BM: BM=\/ ?— +(%—3)2=1f%+%=%\/§,1&
BM = V3. ®

Hdoxazars, 4To TpeyroasHuk ¢ sepmunamn A(—2;—1), B(6;1),
C(3;4) — npamoyronsHmH.

Touxu A(2;4), B(—3;7) u C(—6;6) — Tpu BEpIMHBI TapATIENO-
rpamMa, npudeM A4 u C — npoTupomonoxHse BepuHbl. Halitu
YeTBEPTYI) BEPIHHY.

Han TpeyronpHuk ¢ pepuwmnamn A(—2;4), B(-6;8), C(5; —6).
Hafite nnomane TOTC TpeyrOJIbHUKA.

Hafitu Touky, 8 koTopoit npaMasd, npoxonsamas yepes toukn A(9; 5)
u B(1; 3), nepeceuer ock Q.

(@ Koopmunate: uckomolt Touxu C ects (x;0). A Tak Kax Touxm A,
B n C nexar na ogro#t npaMol, TO AOKHO BRIMOHATLCA YCJI0BHE
(@221 ){ya—y1) — (T3 —21)(y2—31) = 0 (bopmyna (1.4), nomans
TpeyroneHuka ABC papna Hyawo!), rme (oY1) — KOOpPIHHATEI
roukn A, (z2;y2) — Touku B, (z3;y3) — Touxn C. Ionyyaem
(1-5){(0—5)—(x—5)(3—5) =0, .e. 20+2(z—5) = 0, z—5 = —10,
r = —§. CnenopaTensHo, ToOuka ¢ UMeeT KQODAMHATHI £ = —3§,
y=0,1e C(—50). ®
Joxasars, yro Tpu touky (2;3), (5;7), (11:15) nexar wa onxot
OpAMOil.

Pasmenute orpesok mexay touxamu (0;2) u (8;0) B TakoM xe 01-

- HOIOE€HHH, B KAKOM HaXO0IATCA paCCTOAHHA 2THX TOYEK OT Ha4a 14

KOOPIUHAT.
Ha ocu opaumar HaliTi Touky, orcToamyio o Toukk A(3; —8) na
DACCTOAHHHN § €MUHMIL

dononnurensHeie sapayn

4.1.12.

4.1.13.

4.1.14,.
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Haiitu nmuny eektopa AB, coemummiomero Touku A(—4;5) u
B{—6;7), u yron Mexny 3THM BeKTOPOM M MONOKHUTENbLHLIM Ha-
npapnenneM ocu Oz,

Otpesok ¢ xounamu A{l; —5) u B(4;3) pasnenen Ha Tpu paBHbIe
9acTH. HallTH KOOpOMHATHI TOYEK JAeJIeHHs.

HaliTu xoopaHHATH LEHTpa TSOKECTH OOHOPOAHON ITACTUHKH , MMe-
omiett dopMy TpeyronsHuka ¢ BepmMHaMA B Toukax A(x iy ),



4.1.15.

4.1.186.
4.1.17.
4.1.18.

4.1.19,

4.1.20,
4.1.21,

4.1.22.

4.1.23.

4.1.24.

4.1.25.
4.1.26.

4.1.27.

4.1.28.
4.1.29.
4.1.30.

4.1.31.

B(zg;12), C(x3;ya) (UeHTD TIDKECTH TPEYTOJILHUKA HAXOTUTCH B
TOYKE MepecedeHus ero MemHaH).

lentp Tsmkectu TpeyroswHuka ABC mexut #a ocu Ox. Haitru
KOOPOMHATE Bepmuuel C, sHasm koopmuHarhl BepunH A(3;1) n
B(1; —3); nyomans TpeyroNeHEKa pasHa 3.

Ha ocu abcuuce natita Touky M, paccrosinue OT KOTOpoit 0 TOYKH
A(1;4) paeno 5.

HafiTn KOOpAMHATE! TOYKM, OOMHAKOBO ynaaeHHofi oT oceft koop-
JMHAT M OT KOOpAMHaTH ToUkK A(1;8),

OnpenesnTb, €CTh JIH CPEON BHYTPEHHUX YIJIOB TPeyrOJbLHUKA C
pepmunamu A(1; 1), B(0;2) u C{2; —1) Tyno#t yrom.

JaHu! pepmuHb TpeyronbHuka: A(T; 2), B(1;9), C(—8; —11). Hait-
TH PACCTOAHKE OT TOYKHA O NepecedeHns MEINaH TPEYrOABHUKA 00
BepIunHEI B.

JlBe NpOTHROIOACKHLIE BEPLUIMHEl KBAOPATA HAXOOATCA B TOYKAX
A(3;5) u C(1; —3). Haliti ero mnowaae.

Halitn miomane YeTwpexyrosibHMKa ¢ BepupHamu A(-3;2),
B(3;4), C{6;1), D(5; -2).

Haner pepunnel TpeyroasHnka A(—3;6), B{9;-10), C(-5;4).
HaliTH KOOPOMHATH HEHTPA K PAIKYC OIHCAHHOLO OKOMO HEro Kpy-
ra.

Janwr sepmunn A{2;1), B(-2; —2), C'(—8;6) Tpeyronsuuka ABC'.
Hatitu anusy BEICOTHI, OnymeHHOH W3 BepuIuHbL B.

JaHer gpe cMeXHBIE BEPUIHHEL NapasuiesiorparMma A(—2;6), B(2;8)
M TOMKA mepecedMenus ero quarodanett M(2; 2). HattTu koopauHaTh
IBYX OpPYTUX BEpUIHH.

Jaurt cepenunn cTopou Tpeyroasuuka M(—1;5), N(1;1), P(4;3).
HaliT KOOpOMHATBI €0 BEPIIHH,

B tpeyronsnuke ¢ sepmuramu O{0; 0), A(8;0), B(0;6) onpenenuts
Anuny Meauanw OC u Guccektpuck O,

Orpesok ¢ koruamu A(—8; —8) u B{—2; —4) pasaenen Ha ueThIpe
pabrbie 4acTH. HaliTn KoopauHate: Todek meaedus. Mo xkakoh To4-
KM HaA0 NPONOJLKHTL OTpe30K AB, 4Tofbl ero AnuHa ypeTHYnIach
B 3 pasa?

Janer Touku A(1;2) u B(4;4). Ha ocu Oz uaiitn Touky C Taxk,
yTofnl maomans Tpeyroasiuka ABC Guiia paBHa 5.

Janel OBe NPOTHBOMOMOXKHLIE BeplIMHbL KBanpara A(3;0) wu
C({—4;1). Hat'Tu xoOpOuHATE OPYX €r¢ OPYTHX BEPIIHH.

Jan Tpeyronsuuk ¢ epmmaamu A(—v/3;1), B(0;2), C(-2v/3;2).
Hatttyu ero pHeman#i yron npu Bepmube A,

ITpamasa npoxonaT yepes Toukd A(2; —3) u B(—6;5). Ha atott npa-
Mot HaflTh abcopcey TOYKH, OPAMHATA KOTOPOH pabHa —35.
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4.1.32.

4.1.33,

OupeneauTh UeHTP TOKECTH OAHOPOIHON NMIACTHHKH, H306DaXKeH--
HOM Ha pHCYHKe 15.

Puc. 15

OnpenesuTs IOWALL NMAPANIEIOrPAMMa, TPH BEPIIHHEL KOTOPO-
ro — touku A(-2;3), B(4;-5), C(-3;1).

KDH'I’pOﬂbele BONPOCHLI W Sonee CNOXHbIe aapaqn

4.1.34.

4.1.35.

4.1.36.

4.1.37.

4.1.38.

4.1.39.

4.1.40.

122

B roukax M (z1; 1), Ma(z2;y2), Ma(xa; y3) noMemmeHsl Maccel my,
M2, M3 COOTBETCTReRHO. HalTu tIeHTp TSKECTH CHCTEMD.
Vxasanue. UGHTP TAHKECTH CHCTEMEI ABYX MACC HEJHUT OTPE3OK HA
4acTH, ODPATHO NPONOPLHOHAJIBHBIE MACCAM, COCPENOTOYEHHBIM Ha,
KOHIAX OTPesKa.

HafiTi nosoxenye 1leHTpa TSHKECTH MPOPOJIOYHOIO TPEYTONbLHHKA,
BEPUIMHEL KOTOPOTO pacmofoxens! B Toukax (0:0), (0:3) u (4;0).
JaHp!l BepUMHEB OODHOPOOHOA TpeyronbHOH mactuHku A(ri;y1),
B{zs;y2), C{z3;y3). Ecnu coenpunTe cepenuns ee ¢TOpPOH, TO 06-
Pa3yercs HOBas TPEYTOJIbHAA IVIACTHHKA. [JoKa3aTh, YTO NEHTPLI
TAKECTH 00eUX NIATHHOK COBNAMANT.

Jatbl npe cMexHbie pepunsnl kpaapara A(2; —1) u B(—1;3). Haii-
TH KOOPAHHATHI JIBYX €r0 APYTUX BEPUIHH.

HaitTi KOOpIMHATEI LEHTPA NPABWJILHOIO LIECTUYTOIBHHKS, 3HAA
ape ero cMexnele pepumast A(2;0) u B(5;33).

[lokasark, 910 ToukH A(—3;8), B(1;5) n C(4;1) MOTYT CIryKUTb
TpeMs BepIuHHAMH poMBa, BBIMHCJINTD [I7I0WALE 3TOTC PoMOa.
Npamas munus orcekaer Ha ocu Oz orpeszoxk OA = 4 u Ha ocu Oy
orpesok OF = 7. Halite KoopousaThl OCHOBAHWA NEPIeHINKY.JIs-

Pa, ONYWEHHOrO H3 HAYMANA KOOPOHHAT HA JAHHY KD [IPAMYK.
16

Yxaszanue. A = 19



4.1.41.

4.1.42.

4.1.43.

4.1.44.

4.1.45.

B Kakux 4eTBepTAX MOTYT ObITh pacmonokesmr Touxku M(z;y),
ecum

1) zy > 0

2) oy < O;

Nzx-y=0

A z—y>0

5)c+y=10?

TNpoeenen orpezok or touxu A(l; —1) mo touku (—4;5). Halita
KOOPOMHATE TOYKH, OO KOTOPOH HYJKHO NPOIJIMTB €ro B TOM XKe
HANPABJIEHAH, 4TOOLI AJIHHA €0 YIBOHIACH?

JokasarTh, YTO BO BCAKOM MNPAMOYIOJbHOM TPEYrOJLHHKE IMHHA
MEMMAaHLI, COSMMHAIOMEH PEPIIMHY NPAMOrO YIJIaA C CepemuHolt ru-
HNOTEHY3bI, PABHA IOJIOBHHE THIIOTEHY3bI.

Touxu A(x1;41) n B{zg;y2) c/ykar CMEXKHBIMH BEDIIMHAMH DPOM-
fa, DHAMOHAJIM KOTOPOTO MAPAJIIEbHE 0CAM KoopaMHaT. Kak Bbi-
PA3NTh KOOPAMHATHI OCTANBHEIX BEPIIMH Yepe3 KOODAHHATHI AAH-
HBIX TO4eK?

Kak pacnonoxesnn: TOYKH, HMEOIIME ONHY M TY e NPOSKIHK HAa
ock Oz? na oce Oy?

MonapHana cuctema xoopguHat

=

IHoanpnas cucmeme xoopdunem sanaetca Toukoit (0, HasciBaemoii
noMocoM, ydoM (p, HA3BIBACMEIM ROARPROT 0CHIO, M eduRUNHbLM
aexmopom € TOIQ e HANPABJIeHUs, 410 | Jyvd Op.

IMonoxenne Touku M Ha MNOCKOCTH ONpENeSAETCH ABYMA YHC/IAMH: ee
paccroannen r oT nomoca O | yrioM ¢, obpajopaHabiM oTpeskom OM ¢ no-
napro#t ockio {puc. 16} 1 OTCUNTHIBAEMBIM B TIOJICKHTEIBHOM HATIPABJICHHH.

Puc. 16

Yucna r H p HASHIBAITCH NOARPHOMMU KoopGunamamu TOYKN M:
T HASBIBAIOT ROAAPHBM DAGUYCOM, 0 — NOAIPHBM Y2A0M.

Ecnu paccmarpupaTe 31aueHus 7 B npomexytke [0; +00), a 3Ha4eHus @
B {—m; 7] {unu B [0;27)), To kaxkmo#t Touke mwrockocTH (Kpome O) cooTBeT-
CTBYET €OMHCTBEHHAA NIAPA YHCEN T U o, ¥ HAoDOPOT.
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Puc. 17

Ecau coBmecTnTs nomoc O ¢ HAYAJIOM KOODAMHAT cMCTeMHl Oy, a no-
JAPHYIO 0Ch — ¢ TOJIOMKHTeNsHOH noayockw Ozy (puc. 17), To cpase me-
KAOY NOJAPHBIMA H IPAMOYTOJIBHBIMM KOOPOMHATAMH TOYKH (KPOME TOYKH
0) ycranapnusaerca dbopmynamu:

{x:rcoscp, (1.5)

y=rsiny

NEET

- z (1.6)
o ke s s

OTkyna, B YacTHOCTH, tg @ = g, rae ¢ # 0.

4.1.46. Ha#Tn npaMoyroasHble KOOPAMHATE TOYKH M ¢ mONdpHBIMH KO-
OPAVHATAMH (2;—%1{').
Q Hmeem r = 2, p = —%ﬂ'. Mo dbopmynam (1.5) naxomum = =
“2cos(-2n) =2 (-1} = -1, y=2sin(- 22} = 2. (- B =
_2cos( 311') =2 ( 2)_ l,y—Zsm( 31r)_2 ( 5 ) =
= —+/3. Urak, M(~1; —v/3). ®

4.1.47. Haittu npasoyrossHele KoopauHaTtel Touek A, B, C, D, F maa
KOTOPBIX M3BECTHBI NOJsApHBIE kKoopmuHathl: A(3;0), B(2;—%),

s L_X .2
c(5:3). p(0:-). B(137)
4.1.48. Hajite nonsapHbe KOOPOMHATE TOYKY M ¢ NpAMOYTONBEEIME KO-

opauHataMu (—v/3; ~1).
Q Hmeem z = —/3, y = -1. o d)opmynam {1.6) HaxonuM

=/ (—V3)2 +(-1)? =2, tgp = 7 \/- Toukxa M nexur

B III yeTBepTH, CHEAOBATENLHO, C YUETOM TOFO, 9TO —T < @ & T
no.nyqaemga=%—1r:—%rr. I’IT&K,M( ;—%ﬂ'). ®
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4.1.49.

4.1.50.

4.1.51.

4.1.52,

Hattt nonsphpie koopauHatst Touek A, B, C, D, E nna xoro-
PBIX M3BECTHBI IPAMOYToabHEIe Koopmuuats: A(—3;3), B(0;-5),
C(-2;-2), D(—4;0), E(2V3;2).

B nonapHo#t cucTeMe KOOPOMHAT sadaHel TOYKH M (ri¢),
Ma(re;we). HatiTu:

a) paccToAHUe mex Ay TOMkaMu My 0 Mo;

6) wromans TpeyronsHaka QM My (O — nomoc).

(Q a) Bocnombayemca dopmynamu (1.1) u (1.5):

d= g2 —2:)?+ (2 —3)? =

= /(rzcosps — r1cos1)? + (rasingy — rising )2 =

= 4/r? +r2 — 2r r2(cos ) cos 3 + sinp sinys) =

= /17 + 72— 2rira cos{wz — 1),

e d= /T2 + 713 — 2rirs cos(wz — ¢y );
6) mosp3ysAch OPMYJIOH IS MAOMALM TPEYTOJLHIKA CO CTO-

POHAMH @ U b U YLJIOM & MeXIOy HHMH (S = %ab sin a), HAXOMHM

IJIOMAAE Tpeyronabauka QM My:

1 .

8§ = -2—r1r2 sin{ipz — 7). ®
CropoHa NMpaBUILHOTO WeCTNyroarHuka papsa 1. Ipunsas 3a mo-
JIOC OfIHY U3 €rG BePIUUH, 3 33 NOJAPHYIY 0Ch — CTODOMY, 1epes
Hee NPOXOIAMYIO, HATH NOJAPHLIE KOOPAMHATH] OCTAMLHBIX MATH
BEDLIHH.
B nosasapnoit cHcTeMe KOOpAMHAT TOUYKA NEpecedenHsa OuaroHane
napasjnenorpamMa ABCD coBnanaer ¢ moawcoM. 3Hana BeplIMHbL
A(3; - %ﬂ‘) ubB (5; %’ﬂ'), HailTH ApYyrie BepIMKbL TaPaJsiIeorpaM-
Ma.

dononuurtensusie aapgaun

4.1.53.

4.1.54.

4.1.55.

B nonspHOit cUcTeMe KOOPIHHAT AaHB] 1BE NPOTHBONOMOAHEIE Bep-
%) H C(Q; %ﬂ‘) HafiTu ero naomane.

OfMa ¥3 BEPIIAH TPEYTONBHHKS JIGKUT B MOJIOCE NOJAPHOR cH-
CTeMBI KOOPOMHAT, 3 Apyrue B Toukax A(2;0) n B(4; %) Haittn

IIMHEI KPaOpaTa A(Z; —

paguyc BIIHCAHHOH B TPeyroJIbHMK OKPYAHOCTH.

B nonapHoli CHCTEME KOODOWHAT IAHBI TOMKH A(«S; —%?{) H
B(G; 73_r) Haitty nosiapHble KOOPIMHATE] CepenyHbl OTpe3Ka, Co-
eNHHAKLIETG 3TH TOIKH.
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4.1.56.

4.1.57.

4.1.58,

4.1.59.

4.1.60.

Tpeyronsunk ABC 3a0aH NOJAPDHBIMH KOODAHHATAMH BEDIIHH:

A(E); %), B(S; %ﬂ), 0(3;%11'). HoxaszaTs, YTo OH paBHOGENpen-
HEIH,
HaliTh nosApHbe KOODIHHATHI TOYEK, CHMMETPHHYHLIX TOYKAM

(2; %), (1;—%), (3;0) orHOCHTEIBHO

a) nomca,
6) nonsapao# ocH.
B noaspuo# cucTeMe KOOPIHHAT OAHBI ABE CMEXHBIE BEPLINMHBL

KBagpata A(2; - %) u B(3; %ﬂ') Haittu ero mnomann.

B ﬂOJIHpHOﬁ CHCTEME KOODOMHAT JaHbI B¢ BEPIIHMHEI IPARHJIBHOTO

TPEeyroJIbHUKA! A(5; %), B(S; —1“'—2) Hafiti ero niomamp.

Halttu nmomasae TpeyroibHWKA, BEPUIMHBL KOTODOTO A(S; 38[)’
B (8; %ﬂ’), C (6; gﬂ') 3a/aHbl B OOJTADHEIX KOODANHATAX.

KoHTponuHuie sonpock U Gonee cnoxHbie 3a8a4n

4.1.61.

4.1.82.

4.1.63*,

Kak pacnosroxkeHbl TOMKH, MOJAPHBIE KOOROMHATE! KOTOPEIX YOO~
BJIETBOPSIIOT YPABHEHHIO!

ayr=2;

_ _E.
G)SO_ 9’
B} ¢ =07

KaxoBb! KoOpIMHATE TOYKH B noaapHolt ocu, oTcrodmedt 0T TOUKH
A(T\/ﬁ; %) Ha 7 emuann?

[TocTPOUTL MHOXKECTBO TOYEK MIOCKOCTH, NOJSPHLIE KOOPIWHATH!
KOTOPLIX YHOBJIETBOPSIIOT YPABHEHHIO:

a) r = 2¢p;

6) r = 2siny;

B) r = 2 ;
cos

r} rsing =1;
o) tgyp = —1.

Ypastenue nuHum (KpMBOW) HA NNOCKOCTH

=1
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Ypasuenuem aunuu (xpueodi) Ha nmockoctu Oy Ha3BIBAETCH
ypaerenue F(r;y) = 0, KOTOPOMY YIAOBJIeTBOPAIOT KOOPAMHATEL X
1 ¥ KaxkOoft TOMKH 3TOW JIMHUA ¥ TOJMIBKO OHA. JlepemeHHEIe T U Y B
YPAPHEHVH JIMHAH HASBIBAKTCA MERYULUMY KOOPFUHAMAEMU TOYEK
JIHHHH.



3anava 0 HAXOM OEHHH TOYEK NEepeceveHna ABYX JINHUR, 3aJaHHBIX YDAB-
pernaME Fi(z,y) = 0 u Fy(z,y) = 0, CBOONTCH K PEIIEHHIO CHCTEMBI OBYX
ypa.BHeHHﬁ C JBYMS HEHN3IBECTHBIMH

Fl(:c; y) = 0!
Fy(zy) =0.

AH&.J'IOI‘H'-IHO BBOOHTCA MOHATHE YpaBHCHNA JINHHH B l'lOJIHpHOﬁ CHCTEME KO-
opaunat: F(r;p) = 0.

JIMHAI0 HA NJIOCKOCTH MOXKHO PACCMATPUBATEL KaK TPAEKTOPHIO NYTH,
apofizentoro roukoft, apwxywedica no kakoMy-Hubyae sakony. Ecam abemuc-
ca Touku M (z;y) u3MeHseTcs o 3aKoHy ¢ = z{t), 2 OPAMHATA — N0 3AKOHY
y = y(t), roe t — nepeMeHHas, Ha3bIBAEMAA NEPLMEMPOM, TO yPABHEHUE
JHHHH 3anHCeIBaeTCH B BHOE

{xzz@% t € [t1;ta)-

(L.7)

y=y(t),
3T ypaPHEHUA HA3ZLIPAIOTCH NAPEMEMPULECKUMY YPIOHEHUAMYU AUNUY.
JIMHHIO HA NJIOCKOCTH MOXHO 33JIATh S8EKMOPHHM YpacHenuem T = F(t),
roe t — CKAJIAPHBIA napamerp: NpU H3MEHEHHH # KOHEU BekTopa F = F(§)
ONHCBIBAET HEKOTODYHD JIMHHIO, Ha3sbiBaeMylo zodozpadom (cm. puc. 18). Ila-
paMeTpHUYeCKHe ypaBHeHus rogorpada: ¢ = (i), y = y(t).

¥

Puc. 18 Puc. 19

4.1.64. OnHcare ypaBHEHHEM MHOMKECTBO BCEX TOYEK ILIOCKOCTH, PABHO-
YOAJICHHEIX OT HAYAJA KOOPOMHAT M OT To4kH A(—2;4).
Q@ Iyere M(z;y) — NMpOW3BOJIBHAA TOYKA MCKOMOIG MHOMECTBA
TOYEK IIOCKOCTH. TOorma cormacHO yCnopMio samadu, |[MA|=|M O,
roe O(0;0) — nauano xoopouaar (puc. 19). Ilo dbopmyne (1.1)
saxomum |MA| n [MO): [MA| = /(z +2)2+ {y — 4)2, |[MO)| =
= at+y?. Hmeem J{z+2)2+(y—4)2 = /22 +42, 1e
22 +4r+4+y*—8y+16 = 22 + y?, otkyma 4z — 8y + 20 = 0.
OxonyareneHo noayyusM € — 2y + 5 = 0. 1o ypasaenne npsaMof,
NeprneHauKyasapHoi oTpesky (04 u mensamel 9TOT OTPEIOK NONO-
JIaM., ]
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4.1.65.

4.1.66,

4.1.67.

4.1.68.

4.1.69,

4.1.70.
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CoCTaBHTL ypaBHEHHE JIMHHM, TOYKHM KOTOpOH PABHOOTCTOAT OT
ABYX 3amaHunix Touex A(—2;0) u B(4;2).

HadiTi reoMeTpuveckoe MeCTO TOYEK, OOMHAKOBO YIAJIEEHBIX OT
npsaMott £ = 2 u Touku F{4;0).

Crepxenn AR CKONB3NUT CBOMMH KOHUAMH 10 KOOPIHHATHBIM OCAM.
Touka M nenut cTepxess Ha Ape 9actu AM = au BM = b. Hait-
TH NAPAMETPHYECKHE YDABHEHM TPACKTODHH TOYKM M, NpHHAB B
Ka4ecTBe napaMmerpa yroa t = Z0BA.

(Q Paccmorpum Tpeyronbnux M CB (puc. 20): B Hem |CB|=bcost,
[C M| = bsint. Oyepunno, |OB| = (a + b) cost. Ctano OwbiTh, T =
= |OB| - |CB| ={a+b)cost —bcost = acost, y = |[MC| = bsint.
Taxkum obpazom, noNy4aeM ypaBHEHUA UCKOMOH JTMHUY

T = acost, T
i te [0;—].
y = bsint, 2

YpapHeHHe TPAeKTOPHH TOYKM M MOX-
HO 3anucate B Bune F{z;y) = 0. Ons atoro
[EpeNHIIeM HafineHHbIe yDABHEHHS JIMHHY B
BHIE % = cost, % = sin¢. BosBoosi B Kpa-
IpaT HNOJIYYEHHBIE PABEHCTBA M CKJIAIBIBAA
HX NOYJIEHHO, TIOJIYYaeM

W

+5 =1

s

le HN

Pmc. 20

Jlunus, onpemensieMas ITHM YPABHEHHEM,
HA3BIBARTCH JAAUNCOM. ®

CocTasdTb YpaBHeHUe JIHHMM, ANd Kaxknodl TOYkKH KoTopo# pac-
cTosHMe Ao ocu O B TPH pa3a MeHbine, yeM a0 ocu Oy.

HaliTh ypabHeHHe TpaeKTOpHH NepeMellleHHsT TOYkH M, KoTopaa
ABIDKETCS TaK, 4T0 PacCTOSHUE OT Hee Jo ToukH Mp(2; —3) Bcerma
PaBHO 5.

B nonsipuo# cucTeMe KOOPOHHAT €O~
CTABHTH YPABHEHHME OKPYKHOCTH

JHAMETPa G, €CJIH IOJIIOC CHCTEMBI (r;9)
KOOPOMHAT JIEKHT Ha OKPYXHOCTH,
a NOJIAPHAA OCh NMPOXOOUT jepes ee i A

UEHTP. o 2 p
Q Hycre M(r;yp) — mnpou3BOaB-

Hax TOYKA JAHHOH OKPYyXHOCTH.
Paccmotpum AOM A {cm. puc. 21). Prc. 21



B uem |[OM| =r, ZMOA = ¢, ZOMA = % (BnucanHBli yros,
onmuparomuiica Ha nuamerp). IlosTomy cosy = g. Orciona Haxo-

OHM T = (€08 — MCKOMOE YpaBHEHHEe OKPYKHOCTH. &
4.1.71. CocCTaBUTE NapaMeTpHYECKHe YPABHEHHA OKPYXKHOCTH. B kavecTpe
napaMeTpa ¢ HCIOJIL30BATD YTOJI Mex Iy ocbio Oz i BekTopoM OM.
4,1.72., CoCTaBUTE YPABHEHHE OKPYXHOCTH paauyca B, HeHTp KoTOpOi Je-
AT Ha npaMoil, mepneHAUKyaapHOl noIApHO#R OCH, a NOJIIe CH-
CTEeMEI KOOPOMHAT JIEKHAT HA OKPYKHOCTH.
4,1.73. JIyd BoIXODHT U3 NOJKCA U HAKJIOHEH K TIOJAPHOH OCH mOH yrJIoM
%‘ CocTaBHTb YpaBHEHHE 3TOTO JAYYa B MOJAPHBLIX KOOPANHATAX.
4.1.74. asa oxpyxuocts 22 +y%=9. Jlexat mu na nelt Touxu M, (2v/2; 1),
M2(2; 3)? Tlepecexaerca jim 3Ta OKPYIKHOCTE ¢ npAMOl ¥ = 37
(9 Toncrapnsiem KOODIHHATHL TOYKH M) B ypaBHeHMe OKpPYKHO-
cru. ITonygaem toxmectso (2v/2)2 + 1 = 9. 3uaumr Touka M,
JNEeXHUT Ha OKpykHOCTH. Touka My He JIeKNT Ha OKPYXHOCTH, T.K.

22 +32 409
Jia orBeTa Ha BTOPOH BONPOC PRIUNM CHCTEMY
:c2 + y2 _ 9‘
y =3,

oTkyna noaydaeM ¢ = 0, y = 3. TakuM o6pasoM, OKPYHHOCTH
H MpAMan HMEOT onHy obmyio Touky (0;3) — npsamas xacaercs
OKPYXHOCTH. @
4.1.75. VYwasars Kakue M3 mDaHHEIX To4eK A,(1;1), A2(2;2), Ag(\/g; -1),

A4(—%; %) JIEXKAT HA KpHBOH y = 2 — 72,

4,1.76. HaiTu Toukn nepecevenus Kpupoh y = 6 + 5z — x2 ¢ ocAMH KOOD-
JIMHAT.
4.1,77. HallTu Toukn nepecevenns qunuit ¢ + Ty = 25 u 2% + y° = 25.
4.1.78. Ha okpyxmnocru 22 + y? = 25 nafitu Toukm:
a) ¢ abcuuccolt £ = 3;
6} ¢ opmuHaro#i y = yp.

DononnurencHeie 3agaqn

4.1.79. B npAMOyroJbHbIX KOOPOHHATAX JaHBI [APAMETPHAYECKHE YpaBHE-
HHS KPHBBIX!

a) {m:Qt, teR
y=t+1,

m{$=2@“’ t € (0;27).
y = 3sint,
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4.1.80,

4.1.81.

B) ¥= t- 1!

Hatttu ypaBHeHHs 3a0aHHBIX KPHBBIX B pHIe F(z;y) = 0.
Hanucars ypaBHeHHe KPHBOH, CYMMa paccToaHMit OT Kaxnoit Tod-
K KoTOpo#t no Touek F)(—2;0) u Fy(2;0) pasra 2+/5.

BpiBeCTH ypaBHEHHE PeOMETPUYECKOTO MECTA TOYEK, IJIA KOTOPBIX
MOLyJIb pasHocTH pactosnuft mo todexk Fi(—4;0) u F3(4;0) pa-
BeH 4.

KoHTponsHuie soapocsl M Gonee cnoxHoie 3agavn

4.1.82.

4.1.83.

4.1.84.

4.1.85,

4.1.86.

4.1.87.

4.1.88,

130

Hafitu ypaBHeHHE MHOKECTBa TOYCK, NPOM3IBEIEHHE DACCTOAHHH
OT KOTOPHIX IO ABYX HaHHBIX TO4eK Fi(a;0) u Fy(—a;0) ecth BE-
JIMMUMHA IOCTOAXHAR, paBHad a°. [onyuentoe ypapHeHue 3amucarh
B MOJAPHBIX KOOPAUHATAX.

OXpPY:XHOCTL PATHYCA @ KATHTCA Be3 CKOMbXKeHUA N0 OCH abcimce
13 Hadaja xoopauHar. HaliTh napaMeTpruyeckie ypaBHeHHMS KDH-
BOH, OMUCAHHOH TOYKOH OKPYAKHOCTH, KOTOPAK [IPH HAMAJIBHOM [10-
JIOMEHHH COBNATANA ¢ HA4YaJIOM KoopauHaT. (3a napamerp ¢ B3ATh
YTOJI NOBOPOTA PaJNyca OKPYRHOCTH. )

Orpesok AB nauenl 2@ CKOML3MT CROHMH KOHIAMM MO CTOPOHAM
npamoro yraa. Ha BepliMHBI 9TOrO yraa Ha 3TOT OTPE30K OMYIleH
nepreauxyaap OC. Haittu ypabsenue kpupoii, omucantoll ocxo-
BAHUEM TAKHX MEpHeHAHKyJspoB. ([ToMectnts nosmoc O B BepM-
HY OPAMOrO YIJI4, NONAPHYW OCh HAMPABHTH [0 CTOPOHE YIA.)
COCTABHTE YPABHEHHE MeOMETPHYECKON0 MECTA LEHTPOB OKPYXKHO-
creit, Kacalommxca ocu O H Opoxomamux 4epes Touky A(2;3).
Mpamasa nepemenmaeTcsa Tak, 4TO TPEYTOJbLHHAK, 0OOPA30OBAHHBIN €10
¢ OCAMH KOODIOHHAT, MEHSETCHA, HO COXPAHSET [OCTOAHHYIO ILIO-
mane 5. HaitTy TpaekTopuo ApIKeHMA CEPEeAHHLI OTPE3Ka, OTCe-
KaeMOro oCAMH KOODAMHAT Ha 3ToH mpaMoi.
N306pasuTh MHOXKECTBO TOYEK MJIIOCKOCTH,
paBHOYNAJIEHHBIX OT nakHol Touku 4 (do-
Kyca) H JanHoff npsMolt (OMPEKTPHCEHI).
CoCTaBHTE YpaBHeHHe KpPHBOH, 0003HAMHE
4epes p paccTosHMe 0T (POKyCa 0 THPEK-
TPHCHl (CHCTEMY KOOPOHHAT BHIGpDATh Tak -
KaK YKa3aHO Ha puc. 22). o
Kakue reomerpu4eckne o6pasbl COOTBET-
CTBYIOT YPABHEHHSM:

a} 2xy = 0; Pne. 22
6) z° +zy =0;

B) 2% + 3% =07




4.1.89. Ilpoxonut M JIHHAA, 3303HHAA YPABHEHHEM
2 +dry+6y2 —22+2y=0

Yepes HAMAJI0 KOOpIHHAT?
4.1.90. HzobGpasute durypy, 3a0aHHyI0 yPaBHEHHEM!

Dz+y=1;

2) ||+ ¥l =1

Nt+yi=0

4) 17 =
T

5)z+ |zl =y +yl.

4.1.91. Cummerpuuna mu dburypa, 3anaksas ypasHenmeM (22 +y? +4)? =
= 2% + y? ornocurenso ocu Oy? ocu Ox?

4.1.92, Kaxas nvHNA ONpeneNnaeTcd NapaMeTpHIeCKUMH YPaBHEHNAMU:

T = 2
N
y_tl

T=3—-t
2 ¥
){y=t—4?

§2. MPAMASRA HA NNOCKOCTW
PasanuuHble BMALI YPaBHEHMA MPAMOA

Kaxnaa npames Ha nnockoctH Ory onpenenseTca JTHHEHHBIM ypaeHe-
Huem nepeotl emenenu ¢ deyma neussecmnvimy. OOpaTHO: KaxKI0e TnHERHOR
YpapHeHHe NepBOro NOPAAKAa C ABYMA HeH3BECTHBIMH ONPENe/IAeT HEKOTODYIO
NRAMYI0 Ha IINOCKOCTH.

1. ¥paenenue npamoil ¢ yeaoenm xoszduruermon umeer Bua

y=kz+b, (2.1)

rae k — yranosoit koadprument npamodt (T. €. TAHMEHC yIUIa &, KOTOpEIH np:-
Mas 0bpasyer ¢ NONOKUTENbHLIM Hampasnewwem ocH Oz, k = tga), b —
OpIMHATA TOYKM TIepecedeHus npamoit ¢ oceio Oy.

2. Obwee ypaernerue Npasotl:

Az +By+C =0, (2.2)

tae A, B u € — nocroauspe KoxpdHurenTsl, npuyieM 4 u B onsoBpeMeHH0
He ofpamatorcs B Hyab (A2 + B2 #£ 0).

3ameTum, uto I = (A4; B) — nHopManbHeiil BekTop OpAMoil (77 nepneynu-
KyjaapeH npamoit). HacTaeie cnyyan 31010 ypapHeHus:

Az + By = 0 (' = () — npaMas OpoXomMT Mepe3 HAYaN0 KOOPHUHAT;

Arx + C =0 (B = 0) — npamasa napansensua ocu Oy;

By + C =0 {4 = 0) — npaman napannenesa ocu O;
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Az =0 (B = C = 0) — npsimaa cosnanaer ¢ ocsio Oy;
By =0 (A = C = 0) — npaAMad coBOasaer ¢ oceio O,
3. Ypasuenue npamoti 6 ompesxaz:

Ty _
—+3 =1 (2.3)

roe a 1 b — pauHEL OTpeskoB (C y4eTOM 3HAKOB), OTCEKAEMBIX NPAMOH Ha
ocax Oz u Oy coorseTcTBenHo (puc. 23).

Y
Ma{0;B)
b Mi(a;0)
Ol a \ x
Puc. 23

4. ¥paenenue npamoti, npozodauiet! nepes JGHRII0 MOYKY 8 JaHHOM Ha-

npasAeHuY:

¥~ yo = k(z - 7o), (2.4)
rae & = tga (¢ — yron, oGpasyemblii npamolt ¢ ocsio O); {Tp; yp) — KO-
OpHUHATH AAHHON TOUkH. YpaBHeHue (2.4) HA3BIBAIOT TAKKE YPAGHEHUEM
NYUKEG NPAMBE € Yermpom 6 movre (T Yo); YposHENUE RYKE NPAMBLE, TPO-
TOOAUUT “epes monky mepecernenus deyx npamur Az + By +C; =0 n
Asx + Boy + €2 = 0 umeeT BuO

A1z + Biy + C) + MAzz + Bay + Co) =0, (2.5)

rae A — 4McnoBofi MHOXKHUTENE.
5. Ypasuenue npamot, nporodsuett wepes dee dannvie mowsu M) (x1;3)
u Ma(zo;92), ToE Y1 # Y2, T1 F T2 UMEET BAI
y—ih _ rT—I
- T2—I
Yrnoeolt xosgduumeHt npaMoli, npoxomAmel yepes ape IaHHBlE TOYKH,
ONpenenaeTca no popmysie

(2.6)

R R I 2.7)
Ty — I
Ecnn z; = 9, T0O ypaBHeHue npamott (2.6) mMmeeT Bun & = X1 €CAH ¥ = Y2,
TOI Y = Y1.
6. Hopmaasnoe ypasuenue npamoii:
zeosa+ysina —p =0, (2.8)

rfe p — AJMHA NepHeHIHKY/IApa, ONYIEHHOTO B3 HaYaJla KOOPOMHAT Ha Ips-
MYI0, @ — YTOJ1, KOTOPBIH 3TOT NIEPNERARKYIAP 06pa3yeT ¢ MOJI0KHTE/IbHBIM
HanpabJseHueM ocu Oz (puc. 24).
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Qbmee ypasHenue npamol {2.2) MoxHO npeofpa3’oBATh B HOPMAJIBHOE
ypasHenwe (2.8) nyTeM yMHOMKEHHA Ha HopMupyowull sMmuodcumens

A= ; 3HAK Nepen Opo6bio GepeTca MPOTHBONONOMHBIM 3HAKY
+ /A2 + B?

cBoGoaHoro unena C (B ofmeM ypaBHeHMH TIpAMOl).

~4¥

Puc. 24 Puc. 25

7. ¥Ypaenenue npamofi B NONAPHLIX KOOPAMHATAX UMEET BUJ

reos(p —a) =p, (2.9)
r, @, a, p — H300pAXKeHB] HA PHCYHKE 25 (HONApHAA CHCTEMA KOOPAHHAT).

4.2.1.  Ioctpouts upamylo, 3anasHye ypasHenvem 2 —y — 4 =0.
(Q 1. s mocTpoenna mpAmol fOCTATOYHO 3HATH KOODAMHATHI
ZIBYX ee NPOM3BOJILHBIX TouekK. Ilosnaras B ypaBHeHMH NpAMoii, Ha-
npumep, £ = 0, nonyaum y = —4. Umeem omny touky A{0; —4).
lonaraa £ = 1, nonyyunm y = —2. Orciona eropan touka B(l; -2).
OcTanoch NOCTPOHTE TOYMKH A B B M [IpOBECTH Yepes HHX UPAMYIO
(puc. 26).

Puc. 26 Puc. 27

2. 3anauy MOKHO peuuTh WHave, UCTNOAL3YA YpABHEHMe Ips-
mott B oTpeakax. [Ipusemem ypabuenne x pugy (2.3). Dna sroro
nepeHecem cpoBomHeifl 4neH (—4) B NpaBY0 4acTb YDABHEHHA H

obe ero yactn pasgesum ma 4. [lonyvaem 2r — y = 4, 2—4“3 - % =1,
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4.2.2,

4.2.3.

4.2.4.

4.2.5.

4.2.6.

4.2.7.

i34

T

Te 5+ —ELZ = 1 — ypasnenne npamoli B oTpeskax Ha ocax. Ha

ocr Oz oTnoxaM 2 eIdHALB BOPABO (OT HAYANA KOODIMHAT); HA
ocd Oy ornoxum 4 enunuub Bana. ITonyyaem ape TOUKM Ha oCAX,
4epe3 KOTOPHIE POBOAAM NpAMYIO (puc. 27). ®
3anncart ypaBHEHHE NPAMOA ¥ = 27 — 3 B OTPE3KAX U MOCTPONTE
ee.

OnpemenuTh Npy KAKOM 3HaYeHAn « npamas {a® —a)z+(2+a)y —
-3a+1=0

a) napanneneHa ocu Ox;

B) NpoxOmET Yepes HAYAO KOOPIHHAT.

HaiiTa k n3 ycnoeusa, 910 npaMasn y = kT + 2 yoaneHa oT Hasaa
KOOPIHHAT HA PACCTOAHHE \/3.

Hanucath ypapHeHre npamMoii, npoxonamel yepes Touky A (—2; %)
u obpaayiomeit ¢ oceio O yros, pabpHbIl arctg 3.

Ypasuenne npamoit 4z — 3y + 12 = 0 npencrasuTh B pasIMuHBIX
BHgax (¢ yrioBeiM KO3 DUIHMEHTOM, B OTPEIKAX, B BUIE HOPMAJIb-
HOrO YPABHEHHA).

(Q s nosiyyeHRsA ypaBHERUSA MPAMOi ¢ yryoBBIM Ko3dhguuen-
TOM pa3pelldM 3aJaHHOE YpPaBHEHHe oTHocHTeNbHO Y. Tlosmyvmm
3y =4z+12 w nanee y = %m + 4 — ypaBHesne npamolt ¢ yriaoBbiM

koaddaumenTom; smecs k = %, b=4.
Jlna nonyuenus ypaBHenma npamollt B OTpe3kax NepeHeceM
csobomuett wnen ' = 12 pnpaBo M pasnenuM obe YaCTH YpaB-

HeHHA Ha —12. B pesynbTate momyuum —_3:—3- + % = 1 — ypaBHeHHe

B OTPE3Kax Ha Ocax; 3ueck a = —3, b=4.
INpupenem HCXOOHOE YpaBHEHHE K HOpMaJbHOMY Buay (2.8).

Hnda aToro yMHOXHNM 06e 9acTH ypaBHenna 4x—3y+12 = 0 va vOp-
1 1

MHPYHLHY MEOKUTEND A = , e dA=—=.TIle
Py — /1 (-3) 5 epen
KOPHEM B3AT 3HAK «MHHYC», T. K. cBOGonubIii ynen {C = 12) umeer

3HaK <oy, [lomydnm —%(41:—3y+12)=0,'r. e. —%:L’-I-% —1—52=
— 0 —_4 - _ 3 2 2 o _ 16, 9

= 0; 3geck cosa = 5,31na =5 (cos a+sin® o = 25+ 95 = ),
p= %, 1.e. paccroauue ot O(0;0) no npamoit pasHo 2,4, ®

3anucarh ypapHeHUe ¢ YIVOBbIM KO3(h(MDHIMEHTOM, B OTPE3KAX H
HOPMAJIbHOE [IJ151 33JaHHbIX TPAMBIX M ONPENeSUTh HA KAKOM pac-
CTOAHMH OT HAYAJA KOOPJHHAT OHH HAXOMATCA:
a)2r-3y+6=0,

6)zr+25=0;
B)y=2x-1;
r) z+ 5y =0.



4.2.8.

4'2 19-

4.2.10,

4.2.11,

4.2,12.

4.2.13.

4.2.14.

Hamucats ypastenue npamol, npoxogameit 4epes ToMKH:
a) A(0;2), B(—3;7);

6) A(2;1), B(4;1). u
(Q a} Hcnonmeayem ypaBrenue (2.6). it A B y=1
Ilonaras B Hem x; =0, y; =2, 2 = -3, ! ! :
yp = 7, nOayquM g:2 = _—"’3—_0_0, ol 2 4 T
u.nny—-— 3,Te -3y +6 = 5x Puc. 28
nnu Sz +3y 6=0.

6) Pemaem aHANOrHYHO: yl—;i = fl’:% Tak kKax i = ¥,

3aKgioqaeM, 4To ¥ — 1 = 0, y = 1 eCcTh ypapHeHMe NPAMOH, NpOXO-
namedt yepes Touxn A u B. ([N HADTAIHOCTH HOCTPORM TOYKH H
npsamyo B cucTeMme Ozy — oM. puc. 28.) @

Haittu yrnoso#i koadduuuent k npamol U opauHaTy TOYKH ee
nepecedenna ¢ oCblo Oy, 3HAA, YTO NPAMAA NPOXOIHT Yepes TOYKH
A(1;1) u B(—2;3).

lpaMas npoxomuT 4yepes Touku A(2;3) u B(—4; —1), nepecekaer
oce Oy B Touke C'. Halitu xoopaunatel T09kH C.

Kakyw abcumccy umeer Todka M, nexamas Ha npaMmol, npoxo-
named sepes touku A{—2; —2) u B(-1;6), v uMenomasn opouHATY,
paenyw 227

Hz nyuka upameix, onpenenseMeix ypaesnehnem y + 3 = k{z — 2)
BBIOEJINTE TY, KOTOPAsA NPOXOIMT Yepes Touky A({—2;5).

(Q MonctapuM koopmMEATB TOYKM A B ypapHeHHe mnpamMoilt:
543 = k(-2 -2), nonyunm k = 8 : (—4) = —2. Cnenopatens-
HO, MCKOMOe ypaBHeHue npamoilt ecth y + 3 = —2(z — 2), e
92 +y—1=0,

Hafit npamylo, NpUHALTEXALLYIO

nyuky —4z+2y+1+A(z-3y+2) =0 M

M npoxonauryio yepes Touky A(1;0)

1 HallICaTb €€ YpaBHEHHe,

CoCTABMTE YpabHEHHe NPAMOH B 1o-

JIAPHBIX KOOPIMHATAX, €CJIH H3BECT- in

HO, 9T OHA IPOXOONT Y€PEe3 TOUKY

0 P
M (2 3) M HAKJIOHeHA K NONAPHOH \
Puc. 29

OCH TI0I, YTJIOM %?’l’.
(J Bocnoabsyemcs YpaBHeHueM Oyepngro (cM. puc. 29)

(2.9
A S
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4.2.15.

= QCOS% = 239 = /3, r.e. p = /3. Crenosarenbho, ypasreHne

MCKOMOH mpAMoii ecTh rcos( - -g—) = 3. ®

Hafttu ypasHenne npamoii:
a) obpasyiomeit ¢ ocso Oz yron
Touke (0; —6);

0) napasunensnoit ocu O u orcekaomeit Ha ocu Oy 0Tpe3okK, pas-
HbIft 2;

B) oTCeKamHell Ha OCAX KOODOMHAT OTPE3KH, paBHuE 3 # 4.

)

u nepecekaowel ocs Oy B

DononHutensHuie sagayun

4.2.16.

4.2.17.

4.2.18.

4.2.19.

4.2.20.

4.2.21.

4.2.22.

4.2.23.

4.2.24.

4.2.25,

4.2.26.
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Cocrasuts ypaBHeHne npamoit, ecru Touka M(4; 2) sisnserca ce-
PEOMHON ee OTpe3Ka, 3AKNKYMEHHOrO MEXAY OCAMH KOOPIHHAT.
CocraBnTh ypapHeHmne npamolt, orcekaometi HA MOMOKHTEIbHBIX
[OJIYOCAX KOOPOHHAT pABHBIE OTPE3KM, €CAM INHA OTpe3ka, 3a-
KJTIOYEHHOTO MEXIY OCAMH KOOPIHMHAT, paBHa Tv/2,

Jlyu cpera, npo#ina 4epes touky A(2;3) mog yriom « K ocu Oz,
OTPA3NIICA OT Hee B powes Yepes Touky B(—5;4). Haltru yron a.
JIy4 ceera nanpasnen mo npamoit @ — y — 1 = 0. Onpenenute
TOUKY BCTPeUH JIyya ¢ ochio O 1 ypapHeHue npaMolt, no xoTopoli
HAMpPaRBJIEH OTPAXKEHHBIH Nyy.

TIpu kaknx sHavenusax a u S upamas (a— Bz + 2a+fy—-1=0
OTCEKaeT Ha ocu O OTpesoK, PaBHbIH %, a #a ocu Oy — OTpesox,

paBHbIH 2 (enmmny macwTaba).

CocTaBATE ypaBHeHHe nPAMON, Npoxonamed yepes Touky A(4;4)
H OTCeKalomel OT KOOPIUMHATHONO YINA TPEeYTOJIbHHK MJIOMANBIO
5=4.

CocTapuTh ypaBHenne GHCCEKTPHCHL BHyTpeHHero yraa A Tpe-
yronenuka ABC ¢ pepumnamn A(1; -2), B(5;4), C(-2;0).
CocTaBuTh ypaBHeHre npsamoil, npoxonsmei uepes Touky A(3; —4),
SABJSIONIYIOCA OCHOBAHHEM TEPHEHAMKYJIAPA, ONYLIEHHOTO X3 Ha-
9aJ1a KOOPOHHAT HA UPAMYI0.

Jau Tpeyronsuuk c pepmunamu A(3; 2), B(3;8), C(6;2). Hanucare
YPaBHEHHUA CTOPOH TPEYTOJbHUKA.

CoCcTaBnTh ypaBHEeHHe TIPsAMOH, 3HAA, YTO PACCTOAHME OT Hee [0
Hava/1a KOOPIOMHAT PABHO V2, & Yo/ MeXIy MepleHInKy/apoM,
ONMYIIHHLIM W3 HAYAMA KOODAMHAT Ha NpaAMYio, M ochio O, pa-

BEH %?T.

Hafite niomane TpeyrosibHAKA, 3aKMIOUEHHOTO MEXKLY OCAMH KO-
OPOHHAT W mpsaMol 2z — 5y + 10 = 0.



4.2.27.

4.2.28.

4.2.29.

4,2.30.

4,2.31.

4,2.32.

4.2.33.

4.2.34.

4.2.35.

4.2.36.

CocTaBuTh (B NOJAPHBIX KOODOMHATAX) YpPaBHEHHE NpAMOH, Mpo-
xondaumelt yepes Toukun M, (4; 15—) u M;(4;0).

PapHoOenpenHas Tpaneuna ¢ ocHOBAHHAMHA 10 1 4 uMeeT ocTpbIit
T

yron 7. Hanucars ypaBHeHHe CTOPOGH TpANELMH, TPHHAB 34 OCb
Or Gonbinee oCHOBAHME, 33 0Cb (Y — OCb CHMMETPHHN TPAICLHM.
Yepes cepenuny orpeska AB, rne A(4;0), B(0;6), nposecty npa-
MYI0, OTCeKalomyr Ha ocu O 0Tpe3ok BIBoe Bosbmmil, yem Ha
ocu (y N HATINCATh €e ypaBHeHue.

Hamnmcats ypaeHeHHe npaAMoil, mapasinensHofl OuccekTpuce BTOPO-
ro KOOPOHHATHOIO yIvia u orcekawmell Ha ocn Oy OTpesok, pap-
Hbrit 3.

IIpu xaxom snavenum C npamas 2x — 3y + € = 0 nepecekaer ochb
Oy B TouKkax ¢ opauHaTaM by = 2; bo = —37

Hanucars ypasnenue npamoft, npoxoasuett uepes Touky A(2; —1)
u napasnnensHolf GMCCeKTpHCe BTOPOTO KOODAHHATHOTO YA,
Ha#ttu npamyio, npoxonAulyo Yepes 104Ky MePeceMeHus mpAMBIX
r—-2y+3=0u 2z +y + 5 =0 ¥ napannensHyKr 0CH OPOMHAT U
HAITHCATE €8 YPaBHEeHHe.

Yepes Touky nepecedenus npameix £ +4y—06=0u2x+y—13 =10
NpOBECTH NPAMYI0 (HE COBMANAIONIYIO C TAHHBIMH), OTCEKAIONYI}
Ha OCAX PaBHBIE OTPE3KH M HAITHCATHL €€ YDPABHEHHE.

CocTaBHTh ypaBHEHWe NPAMOH, KOTOpag NPOXOOMT Yepe3 TOUKYy
M(2; —6) v orcekaeT Ha ocax Ox u Oy OTPEsKH OMMHAKOROH JNTHHEL
(cunTas Kamanit OTPE30K HAMPABIeHHbIM OT HAYaa KOODIMHAT).
Yepes Touky M (4; 3} npopenena NpamMas, OTCEKAINAS OT KOOPIH-
HATHOTO YINIa TPEYTOMABHHK, NAOmank KoTopore pasHa 3. Haltn
TOUKHM nepeceueHna 9ToH npaMoll ¢ oCAME KOOPIHHAT.

KoHTponeHele sonpocks n Gonee cnoxHele 3apaqn

4.2.37.

4.2.38.

4.2.39.

Hauer gse toukn M1(—3;8) u M5(2;2). Ha ocn abBcunce Halitu
TaKy0 Touky M, 4Tobel nomanan M, M M, uMmena HanMeHLUIYIO
AJIUHY.
H3s touku A(—5;6) prixoouT Ay« cBeTa nox yraom arctg(—2) k ocn
Oz u orpaxaerca ot ocu Oz, sarem ot ocH (y. HaliTn ypaeuenns
OPAMBIX, 10 KOTOPbIM HAMPABJEHb BCE TPH JIYUA.
HoKasaTs, 9TO YCIOBME NPHAHALISKHOCTH Tpex To4ek M;(z3;1),
Molzy; y2), Mz(x3;y;) omHOH NpAMON MOXKHO IANMCATE B BHIE
oy 1
Ta Y2 1l = 0.
T3 ys 1
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4.2.40. Haftty ypaeHenue npamol, npoxonAmedt yepes TOUKY nepeceqe-
HAA OpAMEX £ +y — 1 = 0u z + 2y + 1 = 0 u orcexawomett Ha
oTpuuaresibHoH 9acTH ocu Oy OTpe3oK, parHkii 2.

4.2,41. Kaxkopa nomxHa 66ITb 3aBHCHMOCTE MeXAY Koadupunpentamu A n
B, urobul npamasa Azx + By + C' = 0 6bi1a HakioHena k oca Oz
OO YINOM %?’l’?

4.2.42, Ha#itu ypapHenne npamofi, comepxamell OHCCEKTPHUCY OCTpOTO
yru1a, OBPA30BAHHOTO NPAMBIME ¥ = /3T + 4 n y = 4.

4.2.43. [Ilpn kakoM 3Ra4eHuH & npaMan T +y + a? — 2a + 1 = 0 npoxomur
4Yepes HAYAIO KOOPIUHATT

4.2.44. Hsnserca nu ypasHenne |z| + |y| = 0 ypasnenuem npsmoii?

4.2.45. Sfenserca nm ypaprenue 2 — y° = 0 ypapHenneM npaMol, comep-
wameh GucceKTPUCY BTOPOrY KOOPIHHATHOIC yraa!

4.2.46. [Ilon kakuM yrioM K NOJIGHKHTENBHOMY HANPABJeHHIG ocu O Ha-
K7IOHeHB! MpaMbe y = 1,52 1 y = —/3z7

4.2.47. Kaxaa us npambix 2z — 4y + 3 = 0 u ¢ + y = 0 oTcekaeT HA oCH
OpIHHAT OTpe30K Gonbiuedi ATHHBIT

4.2.48. Ipamas y = 3z + b nepecexaer ock O B TO4KE ¢ abeunccott a = 4.
Yemy paben napamerp b?

4.2.49, fsnaercsa nm ypaBHEHHE % -2 YPABHEHHEM IIPAMOH B OTpe3-

3
kax? Kaxue OTpeskH OTCeKaeT OHA HA OCAX KOOPIMHAT?

4.2.50. [IIpu xkaknx sHaqeHnax ¢ MIOmMagb, OTPAHUYEHHAA KOOPIHHATHEI-
MM ocsime u npsamofi 3x + 10y + € = 0 pasna 135 kB.en.?
4.2.51. Kakoso ypapHenne ceMelicTBa IPAMBIX, YIJ0BoH KoaddnumenT xo-

TOPLIX paped — %?

Yron mexpgy ABYMA NpsaMbIMKW, YCNOBAA NAPanNenbLHOCTH
¥ NEPNeHUNKYNAPHOCTA ABYX NPAMbIX, NepeceveqHne
NPAMBIX, PACCTOAHNE OT JAHHOR TOYKW Q0 AAHHOW NPAMON

Ilon yziom Mexncdy npamosmu € miocxocmyu TOHHMAKT HaUMEHBUIHH
(ocTpbil) B3 OBYX CMEKHBIX YIJI0B, 0OPA3OBAHHBIMH STHMH NPAMEIMH.

Ecnu npamete [} u Iy 3ananbl ypaBHEHUAMH € YIJIOBBIMM KOa¢ pHIMeHTA-
Mu y = ki + b uy = koxr + by, TO yron v MEXOY HUMH BHIYHCISAETCS MO

dopmyne k
2 — ki
=" 2.1
Y = T ks (2.10)
Yeaoeue napasseavnocmu npamms [ u ly umeer Bug
ky = ks, (2.11)
A yeaosue Ur NePReRIURYARPHOCTIY
1
ki =—-— 2.12
1 P (2.12)
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(wa k1ky = —1).
Ecnu npawmbte ) u l; sananst obmpme ypasuennusmn A1z + Biy+Cy =0
u A2z + Bay 4+ Cy = 0, TO BeNIMYHHA ¢ YIVIA MEXKIY HAMH BbLIYHCIIAETCS O

dopmyne o ALBy — AyB, 19
8¥ = | AiAs + BiBa | ‘
}’CJ‘IOBHE HX NapaJinensHOCTH
A, B
Z’;’ = B—; (mmm Ay By — A9 B; = 0), (2.14)
}'CJ'IOBHE HX DepIeHIHKY/TAPDHOCTH
Ay Ay + B1By =0 (2.15)

Jna mazoxedenus obugur mowex npamvir I v lo HeOGXOOHMO DEIINTH
CHCTEMY YDABHeHui

{A1I+B1y+01 =0, {'y=k1x+bl,
HJIH

2.16
Aoz + Boy + Co =0, y = ko2 + by. (2.16)

IIpu sTOM:

eCJIH %‘L # %l, TO HMEETCA eUNHCIMEERHAR TRONKG REPECEeHUA TTPAMBMT
2 2

eCcyIH %l = g’- # %’- — npamuie { 1 1y He umeor obmell TOuKM, T. €.
2 2 2
NAPLAALADHBL,
€CJIN %l = %L = %1 -— NpAMLIE HMEOT BECKOHEeYHOE MHOMKECTBO OOUIHX
2 2 2

TOYEK, T. €. cosnadarom.

= Pacemosanuem d ot Touxkm Mo(zp; yo) o npamoit Ax +By+C =0
HA3BIBAETCA IJTMHA MEPHeHINKYIIAPa, ONYIIEHHODO M3 3TOR TOUKH
HA NPAMYIO.

Paccroanue d onpenensercs no gopmyste

Az + By +C
VAZy B2 |

Paccroaumne or Toukn My(zo; 10} no npamoii zcosa + ysina — p = 0 seru-
cigerca mo gopMye

d= (2.17)

d = |zocosa + Yo sina — p|. (2.18)
4.2,52. Haftti yron mexay NpaMBIMK:
lYy=2z-3uy= %.’.L‘+5‘,
2)2r—-3y+10=0ndz-y+4=0;
8)y=3c-2u8z+6y+5=0
dyy=5x+1luy=>5zr-2
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4.2.53.

4.2.54,

4.2.55.

4.2.56.

140

(Q 1) Bocnionesyemea ¢opmydoit (2.10). Iloactapnas p Hee 3uHa-
-2 |_ -3 _3
2 4’

veHHA k1 =2 ke = %, HAXOOUM tg @ = ‘

p= arctg% (v = 37°);

2) Iloncrapum sHavenus A, =2, By = -3, 43 =5, By = —1
59

2-(-1)—-5-(—3 -
B dbopmyny (2.13): tgyp = 5 g +)(_3) - E-lg 1%1'_%5‘ 1,
o T
@ = Z)

3) 3mece k) = %, HafimeM ks. IIna aroro mepefizem ot 6y =
= —8x — 5 K 3KBHBAJIEHTHOMY DaBEHCTBY i = —%2: - % 3neck
ky = -%. Tax xak ky - k2 = —1, To nauusie npamsee {cm. (2.12))
MEePIEeHINK Y JIADHEBL. (Ho dopmyne (2.10) mosyuaem: tge =

4 _ 3 25
— 31 — | —12 i _ _ T
[l e )
Nk =5k =5tgp=0¢=0. ®

Haiitu yron mMexay OBYMsA NMpAMbIMH:
1}3z+2y-1=0ubc—y+4=0;
2yy=352-3uTz-29y+2=0
3z+4y+10=0nb5y—-3=0;

43z —2y+01=0u2:s+3y—5=0.

HaliTi yron mMexay npaMbIMH:

a)r—2=0uz—y+1=0;

6) 2z — 3y = 0 u npsamoii, npoxonawed yepes touku (5;0) u (0; 3).
HecnenopaTh paauMHOe PACTIONOKEHNE CIEAYIOUIMX TTAD IPAMbBIX:
1)3z+5y—9=0u 10z —6y+4=0;
2)2r+5y—2=0uz+y+4=0;

Y 2y=z—-l1udy—2x+2=0;

)z +8=0u2z—-3=0

5) Zy+d=1uy=Jz+2

6)z+y=0nz—-y=0;

Ny+3=0ul2z+y—1=0;

8)y=3-6zn12xr+2y—-5=0;
N2x+3y=8uz+y—3=0;

10) %m—%y—l:ﬂn %:f:+%y+2=0.

Tpu xaxux 3gaMeHUAX ¢ CASAYIOMME TAPLI NPAMBIX: 3) Napad-
eNbHb; 6) NepneHIuK yaapHbl?
1Y2r—-3y+4=0unar—-6y+7=0

ar—4y+1=0u 2z+y5+2=0;



4.2.57.

4.2.58.

4.2.59.

4,2.60.

4.2.61.

4.2.62.

Ndr+y-6=0udz+aoy—2=0;
Yzr—ay+5=0u2zc+Iy+3=0

Yepes Touky nepecedenna npaMeix Jr—2y+5=0,r+2y—9=0
NPOBENSHA IPAMAA, RapasensHad npamolt 2z + y+ 6 = 0. Cocra-
BUTH €€ yPABHEHHE.

(Q Haltmem cuagana rouky M nepeceuenna gaunbix npameix. Jna
ATOFO PeIIHM CHCTEMY yPABHeHMH

3z —2y+5=0,
r+2y—9=0.

Orciona 42 = 4. U nanee, z = 1, y = 4, t.e. M(1;4). Yraosof
koaddunuent npamodt 2z +y — 6 = 0 ecte ky = —2. Cnenopa-
TENBHO, YIIoBoH koadrbuuueHT k& npaMolt napanennHoll TanHo#,
ecte k = —2 {cm. (2.11)). [lo nanpasnennw upsamoit (¢ = —2) u
roake M(1;4), elt npunagnexamefl, 3andwem yYpaBHEHNE HCKOMON
npamolt: y —d4=-2(z -1}, re. 22 +y—6=0. L
Hafitu ypapuenune npamofl, npoxonamefl qepes touxy A(—1;2):
a) napannensHo npamoll y = 22 — 7;

6) nepnenaukynapHo npaMolt  + 3y — 2 = 0.

Hatitu ypapHenne npaMoli, npoxonamedt yepes touky B(2; —3):
a) napajiessHo npamofi, coenunsomedt Touku M;(—4;0) wu
M2(2;2);

6) nepnenmMKYNAPHO NpAMOR & —y = 0.

INMokasaTh, ur0 ypapnenue npaAMolf, npoxomamed uepes TOYKY
(z0;yo), M napannensuoit npamoit Az + By + C = 0, uMeer Bun
Alz —20) + By — ) = 0.

IMokaszars, 4T0 ypabHeHHe npaMoif, mpoxomamell dYepes TOHYKY
(Tg; ¥o), H nepnenIHKyaaApHOl k npsaMoii Ax + By + C = 0, ameer
g Az — 2¢) — By — o) =0.

Hatttit koopaunaTe: Touku My, cumMe-

Tpu4HOH Touke M;(—3;4) oTHOCHTENE-

HO npamoit 4z —y— 1 = 0.

(Q Touxn -M, m M. nexar Ha nps- M
Mol M) M, nepnennukynApuol ups-

Mol 4z —y—1 = 0, 1 OTHHAKOBO yIaJIe-

Hul 0T (M. puc. 30, npsamasn {). Haltaem
ypapuenne npamol My M. Tax kak

yenoeoit koacdduuuent ky pannoit npa-

Mol pasen 4, 10 yrioroll Koagduuu-

enr k npauoli M M. onpenenser-

cA paBeHCTBaMn k = —-kl—l = —‘11. Mo- !
3TOMy ypaeuenve npamolt My My ects Puc. 30

M,
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4.2.63.

4.2.64,

4.2.65.

4.2.66.

4.2.67.

4.2.88.

4.2.69.
4.2.70.
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y—4= -»%(a:+ 3), r.e. 2+ 4y — 13 = 0. Halinem KOOpOMHATB TOYKR ]

M — Touka nepeceyenua npamoii My Me n nanno#t npamoi:

z+4y—13=0,
4z —y~1=0.

Orcroma & =1,y = 3, .e. M(1;3). Touka M(1;3) gesnr orpe-

30k M M: nononam. A3 coornomennit 1 = ié'i n3= 4—;2

HAXOMMM KOOPOMHATHI T H Y HCKOMOW Touku My:z =5,y =21

M 2(5; 2) L )

Touka A(2; —5) asnaerca pepmuHofl KBa#paTa, OHA M3 CTOPOH

KOTOPOTO JIEXHT Ha npaMoit z — 2y — 7 = (. Hafitn nnomank storo

KBAIpATa.

Jpe CTOPOHBI KBAIpATA JIEXKAT HA NpAMBIX 5z — 12y — 66 =0 m

9z — 12y + 26 = 0. Hafitn nromans kBappara.

Haittu ypasnenne npamoli, npoxogameil sepes Touxy A(1;2) Tak,

4TO0BI PACCTOAHKE OT 9TON npaMolt no Touex M (2;3) u Ma(4; —5)

6b1in OBl pABHEI.

HaiiTn reoMeTpHiecKoe MECTO TOYEK, PACCTOAHHE OT KOTOPBHIX OO

mpamoilt 5z — 12y — 13 = 0 pabuo 3.

Hamucare yparnenue npsfmoft Iy, npoxogameit gepes rouxy A(0; 2)

non yrioM % k npamolt {): x -2y + 3 =0.

(Q Yraoeo#t koaddpuupent npamoit I papen %, T.e k) = % Od6o-

3Ha4uM uepes k yrnosoll kosdwpuniuenT npamoii I, Toroa, no ¢op-
!

1+ 41k

xomimM ks = 3uky = —%. 3anaya uMeeT A8a pemwenus. g kaxgo-

myte (2.10), nmeem tg% =1= . i3 3T0TO Ypapuenus Ha-

FO CJIY4aA HATNIIEM YPABHEHHE NpAMOH, npoxoadauweil yepes Touky

A B 3apaHHOM HanpasjeEMn: y—2 =3z -0 uy-2= —%(:r— 0},

Te.dz—y+2=0uz+3y—6=0. ®
HaldiTi paccrosHnme MexOy NapaJiebHBIMH NPAMBIMHA 32 + 4y —
—20=0ubz+8y+5=0.

(Q Bo3pmem Ha meproit npamoit npousposeHyo Touxy A. Iycrs,
nanpumep, ¢ = 0, Torma y = 5, T.e. A(0;5). o dbopmyne (2.17)
HAxXOOMM paccroanue d oT Toukn A a0 BTopo#t npaMoit:

. . 4
g= |8 08 0F+SH_ 45 o
1/6‘2+82 10

L
Hafitu paccrosnue Mexay npameiva 22 —3y+8 = 0 n de—6y = 10.
Hafit nnuny peicote BD B Tpeyronbuuke ¢ sepmuaamu A(4; —3),
B(-2:6) u C(5;4).



[ononHUTENBHLIE 3aRAYN

4.2.71.
4.2.72.
4.2.73.

4.2.74.

4.2.75.
4,2.76.

4.2.77.

Janbl ypaBHeHHA OCHOBaHAHR Tpaneuuu: 3r—4dy—15 =0, 3r—4y —
— 35 = 0. Hafitn nnuHy ee BRICOTHIL.

Hanucars ypasnenne npaMoll, npoxonsmeli uyepes touxky A(l;5)
HA PACCTOAHNH NATH SIUHHIL OT HA¥aja KOOPUHHAT.

HailiTu xOOpOHHATHEL TOYKH, PABHOYIOAJICHHOH OT ABYX To4eK (5;4)
H (—3;2) n nexamelt na npavolt x — 3y + 8 =0.

Jaust npe pepuiunwl TpeyrosibHuka A(2;—2), B{—6;2} u Touxa
0(1;2) nepeceuenusa ero eeicor. HaliTu xoopouHaTs Tperweil Bep-
el C.

CocTasiTe ypapueHne npaMolt, conepxameit Buicoty BD B Tpe-
yroabuuke ¢ sepumunamu A(—3: 2), B(5;—2), C(0;4).

Halitn xcopounate! npoekumd TodkH A{l;—-3) na npamyw
2e—y+5=0.

HailiTu xoOopIMHATE TOUYKH, cCHMMETPHYHON Touke A(—2; —2) oTHO-
cHTeNBHO paMoii z +y — 4 = 0.

KoutponsHeie sonpoce W Honee cnoxveie sagaqm

4.2.78,

4.2.79.

4.2.80.

4.2.81,

4.2.82,

4.2.83.

4,2.84,

4,2.85,

4.2.86.

4.2.87,

CoctapuTh ypabHenue npamoli, cummeTpuyHofi npamo#t © + 2y —
— 6 = 0 orHOCHTENnEHO TO4KH A(4;2}).

Jokaszars, 4To ec/H ABe npAMbIe NAPANAEIbHbBl, TO HX YPABHEHUA
MOXKHO NpPEICTAPUTHE B TAKOM BHIe, YTO OHA OYyIyT OTJIHYATHCA
TOJIEKC CPOBOMHBIMH YJICHAMH.

Halttn ypaBHeHMR npAMBIX, HA KOTOPHIX J€KAT OHCCEKTPHCHI
yrooop Mexcny npameiMu 3z — 4y +12=0u br+ 12y — 2 =10.
Hanucars ypasuenne npsMofi, npoxoosuwell uepes toury A(2;5)
Ha paccToAnMA 2 enusun ot Touku B(0; —1).

Hanucars ypasnenwe npamoit, npoxonawelt yepes rouky A(1; —1)
TaK, YTO CEPEIHHA €€ OTPe3Ka MeXIOY npAMBIMKN 2 — 3y —6 =0H
2z — 3y + 6 = 0 neskana Ouf HA TipAMOI 27 4+ 15y — 42 = 0.

Jlpe cMeXHBIE BEPIIUHBI KBAAPATA UMEOT KoopmuHathl (1;4) u
(4; 5). Hatttu koopaunaTs! ABYX APYFUX BEPIIHH.

HaHx Tpeyronouuk ¢ pepunuamu A(4;6), B(-3;0), C(2; -3). Hafi-
TH YPABHEHMS TIPAMBIX, HA KOTOPBIX JieKaT Omuccekrpuca AD n
sucotg C'E, n BeTM4UMAY OCTPOroO yriia Mex/ay HUMH.

MoskHo i nonodpars ko3GGHUHEHTH A} H A2 TaK, 4TOOLI NpAMEIE
Br—3y+1=0u Mz + Ay — 2=0 coBnaan?

Kaxoit yrosn obpasyer npamas 7‘% - % = 1 ¢ NONOKUTETHHBIM

HanpassaenueM ocu Oy? ocn Ox?
Kakas no/oxHa SbITh 3aBHCHMOCTE MEXIY KO3pduuHenTamn a n
b, uTobpl npamMan % + % = 1 obpasosana ¢ ocsio Oy yron 30°7 60°7
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4.2.88,

4.2.89,

4.2.90.

4,2.91.

4.2.92,

4.2.93.

4.2.94,

4.2.95.

Kakne n3 ypasnenuii:
12 5

a) Zo-Sy+1=0,
2,401, _9_

0) £+ gy 2=0,
3, _ 4, _3_
3)5:1: gy —-3=0,
ryz—32=40,
my+1=10

ABJIAKTCA YPABHEHHAMH NPAMEIX B HOPMAJBHOM Buae?

IIpn kakoM aHAaueHuUn ¢ npaMat ¥ + ¢y — a = (0 KaCALTCR OEPYX-
noctn 2 + ¢ = 17

MNon kaxum yraom K ocn O HAZO HAIIPABHTD JIVY H3 TOYKH A(2; 4),
yTofs! OTpaKeHHMH JIyY npowes Yepes o4y B(—5;3)7

KakoMmy ycioBHIo OODKHEI YIOBJIETBOPATE KO3 pUIMeHTHI ¢ H b,
yrobbl pameie ax + by +1=0,2z -y + 5 =0 1 y = 1 npoxonunu
4Yepes OOHY TOUKY?

Mpu xaxom snauenuu o npaveie (a + 1)z + (3 —a)y -8 =0mn
(a — 3)x + (2 — 3)y = 0 B3AUMHO NEPREHAUKYAAPHBIT

Ha npsawmoit 2z — y + 4 = 0 nallTu TO¥KY, KOODOAMHATHI KOTOPOH
CBA3AHE! COOTHOWeHneM £+ § — 7 = 0.

KakoBo p3auMHOE MOJOXEHHE IBYX NPAMBIX, YTJIOPEIE KO3 hUIH-
€HThI KOTOPbIX paBHbl —2,5 u —0,47

Kak yCTanOBHTD, NDHHAIJIEHKUT Jin TOUKA (¥3;ys} npamolt, ypas-
nenue xoropolt Az + By + C =07

CmewanHbie 3apa4qm Ha npaMyio

4.2.96.

4.2.97.

4.2.98.

4.2.99.
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Hafitn nnomaar TpeyronpHUKa, O0pa3OBAHHOIG IPAMBIMM:
2¢+y+4=0,z+Ty—11=0udc -5y~ 7=0.

CocTapuTs ypapHenne npamoll, npoxonameti vepes touky A(—2; 1}
a) napannensuo ocu Qy;

G) obpasyrometi ¢ ocero Ox yron %w;

B) NEPUeHINKYJIAPHO BEeKTOPY & = (4;2);

r} NapanensHO GUCCEKTPUCE MEPBOro KOOPIMHATHOTO YIJ14;

I) DepIeHOHKYIAPHO npamolt 6x —y +2 =0;

e) orcekawueit Ha ocu Oy OTpe3ok AMHHOH 5.

Yepea Touky nepeceyenus npambix 3r+2y—-4=0uxr—5y+8=0
TPOBENEHBI IPAMbBIE, OIHA W3 KOTOPBIX TMPOXOINT Yepes Hauamo Ko~
OpOMHAT, 2 Apyrasa napasuienena ocn Or. COCTABHTE HX ypapHe-
HHA.

Kakoit yron ofpazyer ¢ oceio O npaMad, NpoXonaas uepes To4-
Ky D(1;3) n TOYKY nepeceqeHUR MeQHMaH TPeyroJisHHKA ¢ BEpIIH-
namu A(-1;4), B(2;3), C(5;8)7



4.2.100.

4.2.101.

4,2.102.

4.2.103.

4.2.104.

4.2.105.

4.2.106.

4,2.107.

4.2.108.

4.2.109.

4.2.110.

4.2.111.

4.2.112,

10 -~ 2361

Jau qervipexyronmeaux ABCD ¢ sepmmunamu A(3;5), B(6;6),
C(5;3), D(1;1). Hafitu:

a) KOOPNMHATH TOUYKH MIEpECEYEHUA OHATCHATIEH;

6) yros Mexny OMArOHAJIAMU.

Jly4 cBera, npolas gepes Touxkn A(4;6) n B(5;8), ynan Ha npaMyo
z — 2y + 2 = 0 u orpazunca or Hee. COCTABHTEL YPaBHEHHE TIPAMOI,
no KOTOpol HanpapeH OTpaKenHsll JTyy.

Hapectus! pepwmnwl Tpeyromshnka A(—4; -2}, B(0;1), C(2;-1}).
Hality paccTosHNe OT HavaNa KOOPOHHAT OO TOYKH [€pecevdeHns
MeIHAHbI, IPOBEICHHOH U3 BepwnHsl A, ¢ BHICOTOH, popeneHHO#
u3 pepinunan B.

Hanucars ypABHEHHUR HPAMBIX, HA KOTOPHIX JIEKAT CTOPOHBLI Tpe-
yroneruka ABC, ecnn samana ero sepumua A(1;3) u ypasHeHus
MenuaH z — 2y + 1 =0uy—1=10.

HaliTH KOOpOHHATH OCHOBAHMA TEPICHOMKYJIAPA, ONYIIEHHOTO H3
rouku A{—1;2) na npamywo 3r — 5y — 21 =0.

Jdan tpeyrosmauk ¢ sepmmHamu B Toukax A(2;5), B(5;-1),
C(8; 3). Cocraputs ypaBHeHKe NpaMOl, NpOXoOAWENR 1epes TOUKY
NepeceucHHa MENWAH TPEYTOSILHUKA MEepPNeHIHKYTAPHO K Npamoit
r+y+4=0

WsBecTHR! ypaBHEHMA TOPAMBIX, HA KOTOPBIX JIEXKAT B CTOPOHBI
pomba: r+ 2y —4 =0, z + 2y — 10 = 0 u ypapHenue ogHol u3 ero
muaroHanef ¥ — y + 2 = 0. Hatttn koopaMnaTe sepimus pomba.
Han tpeyronsuux ¢ Bepmunamu B Toukax A(l; —2), B(0;35),
C{—6;5). HaliTu KOOpAHHATEI NEHTDA OMHCAHHOH OKOJIO TPEYTO/Ih-
HHMKA OKPYXHOCTH.

JaHet [Be BEpIIMHEL PRBHOCTOPOHHErQ Tpeyroymuuka ABC:
A(—6;0), B{0;0). HaliTn koopauHaThI

a) TpeTnelt Beplunum

6} ueHTpa BIUCAHHON B TPEYTONBHUK OKPYXHOCTH.

HallTu ypaBHEHHA [IPAMBIX, HA KOTOPBIX JIEIKAT TPH CTOPOHDLI KBa-
Apara, 3HAA, 9TO YEeTBEDPTOR CTOPOHOH ABMLAETCA OTPE30K NpAMOH
4z 4+ 3y — 12 = 0, XOHUBI KOTOPOrO JIEKAT HA, OCAX KOOPIHHAT.
Hamncars ypaBHeHne TPAeKTOPHA OBWKeHUs ToYkH M (x;y), neu-
KYIWEHCsA TAK, 9T0 CyMMa pacCcToAHu# 0T Hee no npaMeix 2r—y = (
u  + 2y = 0 ocTaeTca nocrosuEol n papHol V5.

Hanucare ypaBHEHHA DPAMBIX, HA KOTOPHIX JIEXKAT CTOPOHBI
TPeYrOJIbHUKA, 3HAA YPABHEHHA IBYX BeICOT: T—2y—1=0 u
2z — Ty — 6 = 0 n sepmuuy A(3; —4).

Haupl pepunnm Tpeyronsnnaka A(2; —2), B(3;9), C(6;1). Haftru:
1) nnunn cropon AC u BC,

2) ypaBHEHUA NPAMBIX, HA KOTOPHIX Jexar cropous BC u AC,
3) ypapHeHne NpaMoit, HA KOTOPOH NEXHT BHICOTA, NPOBEJEHHAA
H3 TOYKN B;
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4) [nUHY 3TOR BLICOTHI;

5) ypaenenue npAMol, HA KOTOPOH JIEXUT MeauaHna, [IpOBEIeHHAN
H3 TOYKH A;

6) nymny 3TOH MemMaHbI;

7) ypaBHeHHe npaMofl, Ha xoTopoit exut GuccexTpucca yrua C;
8) UEHTP TAKECTH TPEYIOJILHUKA; '

9) NnoWAnE TPEYIOJIbHHKE,;

10) yron C.

Bonee cnoxhule 3apa4mn

4.2.113.

4.2.114.

4.2.115.

4.2.116.

4.2.117.

4.2.118.

4.2.119,

4.2.120.

4.2.121.

Jaunl ypapnenus GOKOBLIX CTOPOH PABHOOSOPEHHOTO TPEYIOJBHH-
Kar+y—2=0un72—y+4 =0 utouka (3; 5} ua ero ocHOBAHNH.
Halitu ypaBHeHHe npaMOH, HA KOTOpPOH JIEKAT OCHOBAHKE,

Jafnt KOOpAMHATHI cepemuH CTOpPOH TpeyronsHuka: A(l;2),
B(7;4), C(3; —4). HatiTu ypaBHeHHA NPAMBIX, HA KOTOPBIX JIEHKAT
CTOPOHB! TPEYrOILHUKA.

Hanw ypapuenns 4z — 3y — 17 =0wun 4z — 3y + 3 = 0 apyx cTo-
POH KBaApaTa H onHa K2 ero sepuni A(2; —3). Halitu ypapuenus
NpAMBIX, HA KOTOPBIX JIEXKAT ABE APYTUE CTOPOHBI KBAIpDATA.
YpapHeHHe ofHOR M3 CTOPOH yraa ecTh 42 — 3y + 9 = 0, ypaBne-
Hue ero DuccekTpuck! ecth ¢ — 7y + 21 = 0. Hanucars ypasueHne
npAMOil, HA KOTOpOl JIEKUT Ipyraa CcTOpOHA yria.

Hanpl epumnn Tpeyroasunka A(—1; -1}, B(1;3), C(4;-1). U3
BeplnALl B onymweHa BuicoTa. K Kakoll m3 cTtopou funxke pacno-
JIOKEHA CepeIMHA ITOR BLICOTHIT

Hafttn ypapnenue npamolt, napasensuol npamoii 3z —4y—10=10
H OTCTOAWEH OT Hee HA PACCTOAHHM 3 €MHHMIE.

TMokasats, 4To OGHCCEKTPHCH! YIJIOB, OOpa3’s0OBAHHBIX MPAMBIMH
3z+4y—9=0u 12z +9y - 8 = 0, nepneHINKYJIAPHEI IPYT JAPYTY.
Yepes Touky Alry;¢) ) npoBeneHa npaMan, obpasyomas ¢ moiap-
HOH ocki0o yrog 8. CocTaBuTh ypaBHeHHE 3TOH npaMoi.

Hanucars ypapHEHHA UPAMEIX, HA KOTOPHIX JIEXAT CTOPOHE Tpe-
yTOJIBHHKA, 3HAA OAHY ero pepiuny A(2; —7), a Takwe ypaBHeHHe
NpaMsIX, H3, KOTOPOH nexar pricota 3r + ¥ + 11 = 0 1 meauana
z + 2y + 7 = (}, npopefcHHBIE U3 PAITHYHBIX BEpIIMH.

£ 3. KPUBbLIE BTOPOIro NOPAAKA

e
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.HHHHH, onpelcyiAeMLle a.nreﬁpanqecxmm YPABHEHUAMH BTOpOﬁ
CTENEeHH OTHOCHTEJIBHO MEPEMERHBIX T H ¥, T. €. YDAPHCHHAM BHIA

Az? + 2By + Cy? +2Dx +2Ey+ F =0 (A2+ B*+C? £0)

(3.1)
HA3BIBAIOTCH KPUSHMY 8MOPO20 NOpAdKa.



OxpyXHOCTb

= OxpyncrHocmvio HA3BIBAETCS MHOXECTBO BCEX TOYEK IUIOCKOCTH,
yIANEeHHBIX OT 3anaHHoH ToukM A aToll Ke MIOCKOCTH HA OAHO
u Toxe paccroanue R > 0. Touka A nHasniBaeTca yewmpom, a B —
PGIUYCOM OKDYKHOCTH.

B npamoyronsuo#t cHcTEMe KOOPAHHAT YpPABHEHWE OKPYXHOCTH HMeET
BHT
(z—a)*+(y-b)* = R?, (3-2)
rae (a;b} — koopouHaThl ee ueHTpa, (puc. 31}. Ypasnenue (3.2) HasbiBa-
eTCA KAHORUMECKUM Ypasweruem oxpyrcrocmu. B 9acTHOCTH, ecotn a = 0,
b = 0 (T.e. UBHTD OKPYXHOCTH COBIIALAET ¢ HAYAJIOM KOODIMHAT), TG YPaB-
nenne (3.2) ameer BHLO

z? + yz = R?. (3.3)
Y
b _____
O a x
Puc. 31

(buiee ypapuenne eTopoit crenenn (3.1} onpegenaer OKpyKHOCTS, €CJIU
A=C#0uB=0

4.3.1. Halttu KOOpOMHATHI LEHTPA M PAIHYC OKPYKHOCTH:
1)z +y? 42+ 8y —16=0;
2) 922 + 9y2 + 42z — 54y — 95 = 0;
(Q 1) Buinenas nonubie KBAIPATH B JIEBOH HACTH JAHHOTO ypas-
HEHMA, NpUBEIEM ero K suay (3.2):

e -4z +4—4+y* + 8y +16— 16 - 16 = 0,

re. (x — 2)% + (y + 4)? = 62. LenTp OKPYKHOCTH HAXOAMTCA B
Touke (2; —4}, a panuyc paseH 6.
2} Mpeobpasyem ypasHenue k Buay (3.2} pasgenne obe ua-

CTH ypaBHeHHUA Ha 9, Haxomum m2+y2+%x—ﬁy—%ﬁ-=0.ﬂ
ey My (TN 2 49 g 95 _
Janee, & +3$+(3) +y -6+ 9 9 9 9 =10, Te.
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4.3.2.

4.3.3.

4.3.4.

4.3.5.

4.3.6.

4.3.7.

148

2
(a: + %) + (¥ — 3)% = 25. itak, R = 5, UBHTD OKPYXHOCTH —
TOYKA, (—%; ) ®
Ha#Ta XOOpJAHHATHI LIEHTPA H PAAMYC OKPYRHOCTH:
a)zl+y’—dx+6y—3=0;

6) 3z + 3y +62~4y—2=0.

HanMcaTh ypaBHeHHA KacaTebHBIX K OKpyXHOCTH 22 + 942 — 62 +
+4y — 12 = (), npopenennnrx u3 Toukn M(0; 3).

(Q VYpabHenua KacaTeNbHBIX OyleM HMCKaTh B BHIE ypaBHEeHMi
NPAMBIX C YIJICBBLIMH Koaduumentamu: y = kx + 3. Ypasuenue
OKDPYXHOCTM NPHBEIEM K KaHoHHdeckomy pamy (3.2): (z — 3)%+
+{y+22-9-4-12=0,Te. (z—-32%+ (y+2)?2 = 25 Ona
HaxoxgeHnd obWMx ToUeK npaMoll  OKPYIKHOCTH PEIIHM CHCTEMY

ypapHeHnit

y=kzx+3,

(z—3)2 + (y+2)? = 25.
Umeem: (x —3)% + (kx + 3+ 2)* = 25, r.e. 22 — 6z + 9 + k222 +
+10kz + 25 = 25, nostomy (k% + 1)z + (10k — 6}z + 9 = 0.
Tak Kak npAMas KACAETCH OKPYKHOCTH, TO 9TO YPABHEHNe UMEET
enMHCTBeHHOe pettente. ClenoBaTeNsHO, €10 AUCK PUMHHAHT PABeH

nymo, T.e. (5k — 3)% — 9(k% + 1) = 0, wan 16k* — 30k = 0, orkyza

k=0 k = % 3naunT, y = 3uy = %z‘ + 3 — wnckomble

YDABHEHHS. L
Haditu ypapHeHMe OKpyXHOCTH, Kacamowmelca oceft koopauHar n
npoxonsmelt sepes Touky (4; —2).
Haittu ypasHeHnus kacaTesnbHbIx K OKpyaHOCTH (2 —4)2+(y—2)% =
= 4, NPOBEAEHHBIX U3 HAYANA KOODIHHAT.
Ha#iTu ueHTp M panMyc OKpYXHOCTH, BIHCAHHOH B TPEYFOJLHHK
co croponamu 3z +4y - 12=0,40c —3y+12=0,y =0,
Yxasanue. LleHTp OKpy#kHOCTH PABHOYIAJIEH OT CTOPOH TPEYIOJib-
HHKa,
Hanucare ypapHeHwe OKDYMKHOCTH, OpOXomawel 49epes TOYKH!
(—1;3), (0;2), (1; -1}

¥YpaeHeHHe OKPYKHOCTH nmeM B euge (3.2):

(z —a)? + (y — b)? = R

Honctaensa B 370 ypapHEHHEe KOOPOWHATH JAHHBIX TOYEK, NOJY-
4MM TPH YPABHEHAHA JJIA OnpeneneHnd a, b n R:

(-1-a)>+(3-b)? =R?,
o’ + (2 —b)? = R?,
(1-a)® +(—1-5)> =R



4.3.8.

4.3.9.

M3 nepsbix nByx ypabHenuit nonydaeM (—1—a)2+(3-b02 =a2 +
+(2-b)?% e 1+2a+a?+9~6b+b* = a® +4—4b+ b nostomy
a — b = —3; ¥3 BTOpPOro H TPEThEro ypapHeHUH CHCTEME! NOJIYYaeM
a2+ (2-0)? = (1-a)? + (-1 - b)?, orciona a — 3b = —1. Peman
CHCTEMY YPAaBHEHHH

a—b=-3,
a—3b=-1,
HaxoouMm @ = —4, b = —1. [logcTapaasA 3Ty 3HaYeHUA ¢ H b BO BTO-

poe ypapHeHHe epPBOHAYANILHON cucTeMbl, Haxomum: 16 + 9 = R?,
T.¢. R? = 25. Uckomoe ypasnenue ecTb (T + 4)% + (y + 1)? = 25,

3aMeTHM, 4TO YPABHEHHE OKPYXHOCTH MOXHO HCKATH B BHIE
22 +y? +2Dx+2Ey+ F = 0. Tak xak JaHABE TPH TOYKH HPHHAI-
JIEKAT OKPYIKHOCTH, TO NOOCTABMB MX KOOPAMHATHE B 34IMIHCAHHOE
YpaBHEHHe, NONY4YUM CHCTeMY Tpex ypasHeHni:

10-2D +6E+ F =0,

4+4F+ F =0,

24+2D-2E+F =0
Pemnrp cuctemy, Hafinem D =4, E =1, F = —8 u HckoMoe ypab-
HeHHe okpyxkHnocth 2 + yZ + 8z + 2y —8=10. @

Hanucars ypaBHeHHe OKPYKHOCTH, €CJIH:

a) ueHtp HaxogurcA B Touke ((—2;0), a paguye R = 2;

0) iteHTp NexHT B Touke C'(—4;5) 1 OKPYRHOCTE TPOXOINT Hepes
Touky M(—1;1};

B) KOHIIBHI ONHOTO M3 AHAMETPOR HMeloT KoopauHaThl (0;4) u (6;0).
COCTABUTE YpaBHEHHe OKDYXHOCTH, MNpoxodsie# depes TOYKH
A(3; 5}, B(5;—1), ecnn ee ueHTp JEKUT Ha npaMoii x —y — 2 =10,

AononuurensHulie 3apaun

4.3.10.
4.3.11.
4.3.12,
4.3.13.
4.3.14.
4.3.15.

4.3.18.

HaiiT paccToanne Mexay neHTpaMu okpyxHoctel 22 + 42 =9 u
2?+y?-8c+12=0.

Hafirn ypapHenne npamol, Npoxondauell yepes UeHTPLI OKPYIKHO-
cret 22 + 42 — 6z —8y+ 16 =0um z® +¢y> + 10z + 4y + 13 =0.
Haiitu Touku nepeceuenns oxpyxuoctd (z —2)2 + (g +3)> =20 n
npamol y = x — 3.

Haittu ypapnenne obmeit xopap okpyxnocreli: (x—1)2+(y—3)% =
=4, 22 +y* -6z — 10y + 30 =0.

HafiTi LueHTp M paguyc OKpPYIKHOCTH, OIMHCAHHON 0KOMI0 Tpeyronb-
nuka ¢ pepunamu A(0; 2}, B(1;1), C(2; -2).

Cocrabpure ypapHeHHe OKDYXXHOCTH, Kacaiomelica npamMsix 2z +y —
~5=0u2zx+y+15 = 0, npauem oxHoH M3 HUX — B Touke A(2;1).
Haittu yron Mexmy paguycamu okpyxuoctd (z — 4)? + (y +3)% —
— 25 = 0, IpOBENEHHBIMI B TOYKAX €€ NepecedeHHd ¢ ockio (.
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4.3.17. Halitn npy KaKuX 3HAYEHHAX k NpAMad § = kT NepeceKaeT OKpyX-
noctb T2 + y° — 87 — 2y + 16 = 0; xacaercs 3To# OKPYKHOCTH.

4.3.18. HaltTy ypaBHEHHA KACATEbLHBIX K OKPYXKHOCTH Z° + 4 = 5, na-
pannensHux npamofl y = 2z + 1.

KoHTponLHLIE BONPOCH W BoNee CNoXHLIE 3a8a4m

4.3.19%, Hatitn ypapuenne xacaTensuo#i k okpyxHoctd 22 + 42 = R?
TouKe (To; Ho).

4.3.20%. Haittw oauHB OTPE3KOB KACATENBHBIX, NPOBEICHHHIX M3 TOYKH
A(6;3) x oxkpyxuoct (z — 1)? + (y + 2)% = 1 oT 210M TOUKH 1O
TOUYEK KACAHWA.

4.3.21*%. HaitTu ypapHeHHe OKPYKHOCTH, CHMMETPHYHOH OKDYKHOCTH
22 — 2x 4 3% + 4y + 4 = 0 oTHOCHTENBHO IpAMOH & +y — 5 = 0.

4.3.22, MoxHO JIH TIPOBECTH OKPYXKHOCTb 4epe3 4eTwipe Toukm: {1;-2),
(5;2), (5;-6), (7;1)7

4.3.23. [Ilpofimer nu OKpY»KHOCTH ¢ HEHTPOM B Touke (—3;4) ¥ pagnycoM
R = 5 gepes HaYaso KOOpAMHAT?

4.3.24. Kakne uz ouex A{—2;7), B(1;5), C(2;3,9) nexar pHYTPH Kpyra,
OrPAHUHMEHHONO OKPYKHOCTBIO (T + 2)% + (g — 1)? = 257

4.3.25%, Hanucarh ypaBHEHHEe MHOXECTBa OKDYIKHOCTel, 00pa3oBAHHOIO
NApANeTbHbIM IEPEHOCOM OKPYXKHOCTH T2 + 37 + 102 — 6y +25 =0
Baosab ocu Oz,

4.3.26. [Tano MHOXeCTPO KOHIEHTPHYECKHNX OKpyxuocTel T2 + y? + 12y +
+ C = 0. Halttn ypapHenve TO# OKPYXHOCTH, PAZuyc KoTopoit
pasen 10.

3Annuwnc

= Saauncosm HABHIBAETCA MHOXKECTBO BCEX TOUEK [IJIOCKOCTH, CYMMa
pPaccTOAHME OT Kaxmoil n3 KOTOPERIX N0 OBYX JAHHBIX TOYeK Tol
e IJIOCKOCTH, HAZRIBAEMBIX BOKyceMy, eCTh BEMYNHA NOCTOAH-
Has, GoNbIAs, YeM pACCTOAHAE MEXIY HOKYCAMH.

Kanonuecxoe ypaenenue aaiuncae:
2 2
§+%=L (3.4)
roe a — foavwan noayocs, b — musaes noayoce annanca. Koopnuaarel do-
xycom: Fi(—c;0), F»(c;0), roe ¢ — nonoBuHA paccTORHUA MexAy GOKycaMy
(prc. 32). Uncna a, b u ¢ CBA3aHBI COOTHOIIEHEM
¢ =a? — b (3.5)
Touku A, B, €', D nassipaoTca sepuiunamy 3JUIANCA, TOUKa O — yenmpom
JVINICA, PACCTOAHMA ry H T2 OT NMPOH3BONBHONK Touku M sunmnca no ero

(hoxycos HazbBalOTCA Poxarvnnsy paduycamu 3TOH TOUKH.
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F

Puc. 32 Puc. 33

= FRCYEHTNPUCUMEMOM £ JUIMICA HASHBASTCA OTHOmMeHne QoKyc-
HOrO paccroaHuda 2¢ (paccrognus mexny Gorycamu) K GoNboH

ocu 2a: c
€= {e¢ <1, T.x. < a). (3.6)

PdokasbHbIe PaIHyChl ONpeneasiorca GopMyaaMu:
rr=a+ex, mp=a—¢ex (r;+r;=2a) (3.7
> Hupexmpucamu aaauncae HasuBaAOTCA npamMele 1) 1y napannens-
HBIE MaJIOH OCH SJIJTUNCA H OTCTOALLME OT Hee HA PACCTOAHHH, PaB-
HOM %; VPABHEHHA IHPEKTPUC:
a a

z=- m T=-—- (3.8)

3amenerius. 1} Ecnn a = b,To ypasnenue (3.4) onpenenser okpyKHOCTh
22 +y? = a?;

2) ecnu dokycsl anunca Jexar Ha ocu Oy, TO BIUTHIC UMEET BUI, U30-
Gpaskennsii Ha pucynke 33: B aToMm cny4ae:

b>a, & =b-a? (3.9}

¢ (3.10)

€=5,

VPABHEHUA OUPEKTPUC Y = :I:g;

3) ¥paBHeHue anHnca ¢ OCAMHE, DapanneNbHBIMH KOOPOHHATHEREIM, HMeeT
BHI 2
(@—z0)  (W-w) _

S+ =1, (3.11)

rae (To;¥e) — KOOPOMHATHI LeHTpa snunca {puc. 34);

4) ypaBHEHHA
{:c—aclost, t € [0;2x]
y = bsint,




Puc. 34

ABJIAKTCHA REPEMETMPUNECKUMU YPAGHERUAMYU IAAUNCA.

4.3.27,

4.3.28.
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Tlokasats, yto ypapHenne 412 +3y? ~8x + 12y — 32 = 0 onpenenaer
JJLIMIC, HAHTH €r0 OCH, KOODIMHATEL LIEHTPA, 9 SKCUEHTPHCUTET.
Q IIpeoBipasyem mannoe ypabHenne kpusoti. Tak kak

4z + 3y ~ 8z + 12y — 32 = 4(2? —~ 22) + 3(y + 4y) - 32 =
=4(z? -2 +1-1)+ 3" +4y+4-4)-32=
=d(x ~1)> -4+ 3(y +2)? — 12 - 32,

TO ypaPHEeHHe MOXKHO Tepernucars B une 4(z — 1)% +3(y +2)? = 48,
@-1°  (y+2?

12 16
€r0 UEHTP CHMMEeTPHH uMeeT KoopouHaTsl (1; —2). M3 ypasHenus
Haxomam: @2 = 12, ¢ = 23 u b? = 16, b = 4 (b > a). Ilo-
aTomMy ¢ = Vb2 —a? = /16 — 12 = 2. JxcueHTpucHTeT H/THICA
e=f= % o

T. €.

= 1. ITonmyuunu ypaenenue Buga (3.11);

Jlano ypapnenne snymmca 24z + 49y? = 1176. Hatitu:

1) nnuHsbI erc noayoced;

2) KoOpIMHATH! (hOKYCOB;

3) BKCUEHTPHCATET BJUIHICA;

4) ypaBHEHHA JUPEKTPHC K DACCTOAHME MEXKAY HUMU;

5) TOUKH JIIMIICA, PACCTOSHEE OT KOTOPBIX OO JIeBOro ¢okyca Fi
paBHO 12.

(Q Banumem ypasnenue snumnca B Buge {3.4), pasnenus ofe ero
yacTu Ha 1176
2 2
LY
49 24 )

1) Orciona o = 49, b* = 24, 1.e. a = 7, b = 2V/6.
2) Mcnonbsys coornomende {3.5), naxomum ¢>=72—(2/6)*=
= 25, ¢ = 5. Cnemopatensuo, Fy(—5;0) u Fa(5;0).



4.3.29.

4.3.30.

4.3.31,

4.3.32.

3) Tlo dopmyne (3.6) Haxomum: € = %

7
4) Ypapuenus mupexrpuc (3.8) uMeloT pug ==+, T.e. = Fg

49

7
H &=—32; pACCTOAHHE MeXKIY HuMU d= T 49 - (_%g) :9—58 =196.

3) l'[o dopmysie ry = a + £x HaAXOAMM aﬁcunccy TOYEK, PACCTO-

AHUE OT KOTOPBIX OO0 TOMKK F) papHo 12: 12 =7+ ﬁa:, Te. =7

7
IMoncTapnan 3HAYEHME £ B YpaBpHCHHE 3JLITHIICA, Halinem OpIHHATHI

5THX Touek: 24 - 49 + 49y% = 1176, 49y? = 0, y = 0. Ycnopuic
safauM yaoeieTsopser Touka A(T;0). ®
Hatitu nonyocu, xoopauHare! JOKYCOB, SKCUEHTPHCHTET U yPaB-
HeHus OUpekTpuc 3anunca 16x? + 254% — 400 = 0.

CocraBuTh yDABHEHUE SJI/IMICA, 3HAd, YTO!

1) ero Goneman nonyoce pasHa 10 n dokycsl cytes Fi(—6;0),
F3(10;0);

2) a =95, F1(-3;5), F2(3;5).

CocTaBUTk ypaBHEHME WJIJIMNCA, TPOXOUAWErD 4Yepe3 TO4YKH
M1(2; —4v/3) u M2(-1;2V15).

(Q Vpapnenue ssHrca wmemM B Buge (3.4)

Y

Tak kak 3AANNC OpPOXOIUT Yepes Toukd M) U My, To ux kKoop-
JMHATH YOOBNETBOPAIOT YPABHEHHIO 3JITHICA: —45 + %é =1mu
a

—g + 20 = 1. YMHOKasA BTOpOE PABEHCTBO Ha (—4} u CKIajpIBasA

C NMepBbLIM, HAXOOMM 1—;";2— = -3, n.e. b = 64. loncrasaas nait-

neHHoe 3HaMeHHe b B mepBoe ypaBHeHUe, NOIyHaeM _E + éi =1,

le B

otkyna @ = 16. TakuM 06pa3oM, UCKOMOe YpaBHEHUE 3JLTUNCA
2

eCTh —T—G + gz =1. ®

CoCTaPHTE KAHOHNYECKOE YDABHEHNE SJINHICA, POKYCH KOTOPOrQ

pacnonoXxensl Ha ocu O, CHMMETPHYHO OTHOCHTENBHC HAYAMA KO-

OPOUHAT, €CJIH:

1) 3amaHa TO4KA Mi1(2V/3; 1) suannca u ero Manas NoJyOCh PABHA

2

2) sanansl ope Toukn snnduca My (0;7) u Ma(8;0);

3) paccroanue mexay dhokycamu pasHo 24 u fonblWan OCk PABHA

26,

4) 3KCUEHTPHCHTET PABEH € = —215 H 3anansl Gokycu (£7;0).
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4.3.33.

4.3.34.

4.3.35.

4.3.36.

4.3.37.
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CocTraButh YPABHEHHE INJIRICA, d)OKbeI KOTOpOrd pacnoodeHLI
HAa OCH OI, CHMMETPUYHO OTHOCHTENERHO HAaYamNna KOODOMHAT, 3Hadd,
9T

1) M (2V3; 0,4\/1_0) " Mz(—%; 3@) — TOYKM 3JLIUNCA;

2) Touxa M(3; —2+/3) npunannexuT aanuncy, £ = %;
3)20=20,¢=3%
4) paccroanue Mexny doxycamu pasno 4, pacCTOAHUES MEXIY OU-
PEKTPHCAMH PABHO 3.

2 2
Haittu ypapnenue kacarensHOH K ssuncy "2":—0 + ys— = 1, nepnen-
AuKyaspuoit npavot x — y + 30 = 0.
(Q VYpabuenue kacarenbuolt Gynem UCkaTs B Bumle ¥ = kz + ¢. Ee

yrrnosoli koadwbunuent k Haiinem us ycnosus k - ky = —1 nepnen-
OHKYJIAPHOCTH NPAMBIX, rae k) — yraoso# kosdybiuueHT npamoi
z —y+ 950 = 0. Tak kak k) = 1, To k = —1, ypaBHeHue KacATEIb-
HOH ¥ 3ASHICY uMeeT BHAO § = —2 + ¢. Ofmue To4ku npamoll u
BJLMHICA HAXOAHMM, PEIIadA CHCTEMY yPABHEHRIT
CHE A
20 5
y=-c+c

2 .2 2
Tonyyaem %ﬁ + E;ngj_ =1,Te 522 -8z +4c? —20=0.

YparpHeHHe uMeeT eOUMHCTBEHHOE pPelueHve (IpAMas KacaeTcd 2J1-
JIMICA, T.€. MMEET ¢ HEHM EUHCTBEHHYK ODMYyI0 TOUKY) Juub B
CHy4ae, KOrda €ro NUCKPUMHHAHT PaBeH HYJW, T.e.

64c® — 4 5(4c® —20) =0

wm 4c? — 5(c? — 5) = 0. 3navut, ecTh OBa pemeHuA: ¢ = 5
H ¢; = —5. YCnoBaio 3a0a9H yOOBJIETBODSIOT IBE KACATE/ILHBIE:
y=—z+Suny=-x-35 ®

TIpy KaKuX 3HAYEHMAX ¢ NPAMAA § = T — & NEPECEKALT SJLIHIC
r? 4 2y% — 4 = 0?7 Kacaerca ero?

Dnnunc Kacaerca ocu Oy B Touke A(0;2) n mepecexkaer oce Ox B
roukax B(4;0) u C(10;0). CocraBurs ypapHeHHe HJLIMICA, €CJIN
OCH €r0 DAPAJLIEIBHB] OCAM KOODIMHAT.

CoCTaBHTE YPABHEHHE 37UIMICA, (BOKYCHl KOTOPOTO JIEXKAT HA OCH
Oy, a Manas ock paeHa 2v/3. Kaxapii us $hokycos paBeOyaasieH
OT UEHTDA 3JIMIca v 0T Grwkalimero kOHUA GOKANBLHOR OCH.

2 2
(Q VpaBHeHnue 3naunCca HMeeT BMI %g + %7 =10b > a Ilo

YCJIOBMIO 3a0aun 2a = 2\/5, T.€ @& = \/’5, e = % Tak Kak



4.3.38.

e? = ¥ — a® (3.9), To nonyHaem: T_b2 3 r.e. b2 = 4. Ta-

KHM 00pa3oM, YpaBHEHNE 2JIJIHICA eCThb T + yI = I. @

CocTaBuTh ypaepHeHHE 3/11HICa, GOKYCH KOTOPOTO PACTIOOMEHbI
Ha ocu Oy, CHMMETPHYHO OTHOCHTESIBHO HAYANA KOODIAMHAT, eCrid:
1) ero nonyocu pasHsl 5 a 8;

= =12
2)2c=24,¢= 5.

QononsurensHele sagaqm

4.3.39.

4.3.40.

4.3.41.

4.3.42.

4.3.43.

4.3.44.

4.3.45.

4.3.46.

4.3.47,

4.3.48,

4.3.49.

4.3.50.

Hafite nrmay omamerpa (Xopaa, TpOXOZAWAS 4Yepes LEHTpP) 3Ji-
unca 3x? + 8y? = 22, nensImero yroa Mexay OCAME KOOPIUHAT
NOTOAaM.

Hafite xoopasusare TO4YeK smaunca 16z? + 25y2 — 400 = 0, nna
KOTODBIX PaccTOAHHE OT JeBoro ¢hokyca B apa pasa Oossine pac-
CTOAHHA OT Npargoro GoKyca.

Hajitu namny xopast ainunca 2 + 10y? — 10 = 0, npoxonameit
depes ero $OkyC napasnensHo Ma.noﬁ OCH.

2
Hafitu njuHy XOpIbl 3JTMICA 100 % = 1, nanpabyieHHo#f WO
AHArOHAJIY TPAMOYTOIBHAKA, rlocrpoeHHoro HA OCAX BJLTHNCA.

2

Ha#ti KOOPOHHATBl TOHEK JLTHICA 6 + % = 1, B koTOpPEIX o-
KAJILHbIE PATMYCH NEPICHIUKYAAPHBL.

Onpenenure TPAeKTOPUI® NEpeMELISHNH TOYKH M, koTopas upn
CBOEM IBHKEHHM OCTAETCH ONMHAKOBO yAanenuoH ot toukn A{2;0)
¥ OT OkpyxHOCTH T2 + y° = 16.

OnpenenuTs TPACKTOPHIO TIEPEMEIISHHS TOYKKM M, xoTopas upu
CBOeM JBIKeHHH OcTaercd Bapoe Hmoke k Touke A{—1;0), yem k
npamoll £ —8 =10.

2
B sanunc x° + yI = 1 BAHMCAH MPABHALHBIA TPEYTONBLHUK, OTHA U3

BEPIIHH KOTOPOTO COBNAnaetr ¢ npasoll pepmunol annunca. Halitu
KOODAMHATEI IBYX IPYIUX BEPUIMH TPEYTOIBHUKA.

2
B annunc —g + HT 1 pnucan KBanpar Tak, 4TO CTOPOHEL ero

NapasIenbHe ocam snaunca. Halitu niowans keagparTa.

HaliTe ypaBHEeHRA KacaTeNbHBIX K 3yumney T2 + 2y° = 3, napan-
JeNbHBIX mpamolt x — 2y +1=0.

HaliTu xoopauHaTEI ToUKR 37munca 422 + 9y° — 72 0, Haubogtee
yoaJieHHol oT npaMoili 2z — 3y — 1 = 0, BHNHCAUTD PACCTOAHNE OT
BTOH TOYK® 0 HAHHOH NpaAMOH.

HatiTu koopAvHATH TOUYKH 3amunca 9z2 + 25y% = 450, paccTodHue
OT KoTOpo# 1o mpaporo ¢okyca B 4 pasa HGOJbINE PACCTOSHHA OO
nesoro dhoKyca.
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KonTponbHute sonpocwt W Gonee Cnoxuue sagaum

4.3.51. BoiBecTn yciiosme, npu koTopoM npamaa Az + By+C = 0 kacaerca
2 2
BJIMICA %2- + %2- =1

4.3.52. [okasaTh oNTHYECKOE CBORCTBO 3JIIMOCA: JIYY CBETA, BHIXONALMH
H3 OIHOTO (HOKYCA HILIUICA, OTPASHBITHCE OT HETO, MPOXONMT Yepes
BTOpOl dokyc.
¥xazanue. MOKA3aTh, YTO KACATENbHARA K BJUTHOCY 06pasyeT pas-
HbIE YIB! ¢ OKATILHBIMU PATHYCAMH TOYKH KACAHHA.

4.3.53. 3Oununc, CHMMETPUYHBIH OTHOCHTETLHO OCeH [IpAMOYTONBHON CH-
CTeMbl KOOPIOMHAT, KACAeTCA ABYX NPAMBIX T + 2§ — 39 = 0 u
z — 3y + 7 = 0. Hafitu ero ypaexenue.

4.3.54. OTpe3oK MOCTOAHHON JTHHBI CKOMB3UT CBOMMY KOHIAMY TIO CTOPO-
HaM npaMoro yria. Halitu ypaerenue kpusofi, onmucsisaeMmolt puk-
cupoBaHHOl Touko#l M aToro orpeska.

4.3.55. [Hoxasars, 4TO OTHORICHHME PACCTOAHHHA OT MIOBOH TOMKH DAAMICA
00 dokyca M COOTBETCTBYIONIEH NHPEKTPUCH! CTh BENUYNHA T0-
CTOAHHaA, PABHAA £.

4.3.56. Yemy paBeH 9KCHEHTPHCHTET 3EMHOTO MEPUINAHA, HMeowero (op-

MY 3BJINNCA, OTHOUIEHHE ocell KOTOPOro paBHO %?

4.3.57. CkoJBbKO KacaTeJbHBIX MOXKHO TpoBecTs K ajanuncy 4x? + 5y° —
— 80 = 0t us Touxu M;{0;4), M2(1;2), M5(5;3)7

4.3.58. Yemy pabeH PKCHEHTPUCHTET BJIJTHIICA, ¥ KOTOPOLO Majlas OCh Pab-
Ha PACCTOSHHIO MeXIy (PoKycaMmu?

4.3.59. 'emy paBeH NepHUMETP YETHIPEXYTOJIBHUKS, BEPIIMHEI KQTOPOro Co-

2 2
BUAJAIOT C BEPIIMHAMHE 3JLITHIICA :f—ﬁ + % =17

F'mnepbona

= F'unepboaoti HASHIPAETCA MHOMECTBO BCEX TOYEK IVIOCKOCTH, MO-
IyJb PAJHOCTH PACCTOAHMH OT KAKIOHN M3 KOTOPBIX OO OBYX 3a-
OAHHBIX TOYeK 2TOH JKe IJTOCKOCTH, HA3BIBAEMBIX $oKycamu, ecThb
BEIMYUHA NOCTOAHHAA, MEHBIIAA, YEM DACCTOAHME mexay (hory-
CaMH.

Kenonuvecxoe ypasnenue punepfonsi:

roe a — deticmeumenvuan, b — mrumar noayocs runepbonsr. Uncaa 20 u
2b Ha3LIBAIOTCA COOTBETCTBEHHO deficmeumeanvroti n muumots octmu ranep-
6ospl. Koopaunaret gokycon: Fi{—c;0), Fa(c; 0}, ¢ — mo70BHHA PACCTOAHUA
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L ¥ l2

Puc. 35

mexay doxycamu {puc. 35). Yucna a, b u ¢ cBa3aHb COOTHOIEHEM
& =a® +b°. (3.13)
Toukn A v B HaswpiBaloTca sepiunasu runepbonsl, Touka O — yenmpom

TUNEePGOsbl, PACCTOAHUA 7] H Tz OT NPOU3BOJILHOM Touku M rumepbosibl no
ee (POKYCOB HAIBIBAIOTCA PoKarbHoMy paduycamu 3ToH TOMKH.

= c
Yucno = . {e>1, Tk. c>a). (3.14)

HA3BIBALTCA IRCUERTRPUCUTREMOM FU nepﬁom;l.

BokansHbIE PATHYCH CIPEIETANTCA GOPMYIAMU: A TOYek Npapoit pe-
TBH TUIIepOOIEL:

ry=a+ex, ry=-—a+tex; (3.1%)
014 TOYEK JeBOH BeTBU:

1= —G—£F, ¥3=a—CEL {3.16)
> IpAMOYrONBHEK, HEHTP KOTOPOrO COBIAIAST C TOUKOH (), a cTo-

POHEI PABHLBL H APAJIIEJIBHBl OCAM FUNEPOOIb] HASHIBAETCH OCKOG-
HBM TPAMOY20AbNHUXOM 2unepboan. [IMArOHAJM OCHOBHOTCO NpA-
MOYTOJIBHUKS, FUNEPOOJIBl JIOKAT HA JBYX NPAMBIX, HA3LIPAEMbIX
acumMnmomaemu zunepfonst; OHU ONPEAENANTCA YPABHEHNAMU

y= :I:g:t:. (3.17)

= JBe mpsamsie {; w Iy, napannensusie MEuMOR ocH runepboOsbl U
a

OTCTOAINEE OT HE@ HA PACCTOAHUH, PABHOM £ HASBIBAIOTCS Jupex-
mpucamu zunepboan. VX ypapHeHuA

z=2 u z=-2. (3.18)
£ €
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3amenanus. 1) Ecnu a = b, To runepona (3.12) HaswiBaercs pasnocmo-
ponsiett (paenobouroti). Ee yparnenue npuauMaeT Bug

o* —y? = a®. (3.19)

2) ecnm ¢orych runepHOLI TexAT HA ocu Oy, TO yPABHEHHE FUNEPGOIb]
HUMEET BHA

L]
[

xr

%/

DKCUEHTPUCUTET BTOH rHnepPGONBI paBeH € = g, ACHMIITOTHI ONPEneNATCA
YPABHCHUAME Y = :l:% T, 8 YPABHEHH: OHPEKTPHC ¥ = :I:g. T'unepbona {3.20)

HA3LIBAeTCA conpaxcennott runepbone (3.12); ona uMeeT B, N30OPaXKeHHBIH
Ha pUCyHKe 36;

Ne| /b
X7\
AT 0~
my N\ | S LN
s Tn x
Puc. 36 Puc. 37

3) ypapuenne runepBoel ¢ 0CAME, BaPaJITe/TbHBIMU KOOPAMHATHLIM, HMe-
€T BUT
(€ —=0)* (v~ o)
P - P2 =1, (3.21)

rae (Tg; Yo) — KOOPOMHATHI 1leHTpa runepbonst (puc. 37).

4.3.80. [ano ypasrenue ranepbonn 52 — 4y? = 20. Haitta:
1) ouHEL €ro nogayoced;
2) koopauHaThl (POKYCOB;
3) skcueHTpucHTET rEnepHoLE;
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4.3.61.

4.3.62.

4.3.63.

4.3.64,

4) ypaBHEHAs ACHMIITOT 91 OMPEKTPUC;

5) dokansuee panuycs Todkn M (3;2,5).

(Q Paspenup obe wacTu ypabHenus Ha 20, IpUBENEM ypaBHEHHE
runepBosisl K KaHOHHHeCKoMy Buny (3.12):

v

=1
]

r
4
Orcona:
DNa?l=4,8=51e. a=2b=15
2) ucnomp3ya coornomenue (3.13), maxomum ¢? = 4+ 5, T.e.
¢ = 3. Orcropa vaxomuM ¢dokycsl runepfonst: F(—3;0) n Fa(3;0);
3) no gopmyne (3.14) naxooum £ = %;
4) ypaBHeHHsA AcCUMNTOT ¥ TUPEKTpHC HailneM no dopmysam
B 17 u(3.18):y= :Elém ur= :I:%;
5) Touka M nexar va npaBolf BeTsu runepbosnsl (x = 3 > 0),
BOCIONL3yeMca opmysamu (3.15): vy = 2+ % -3=65, r =

=-2+3.3=25 ®

CocTaBuTh ypaBHeHwe runepBosibl, eciu ee GhoKyCsl JeKaT HA OCH
Oy u paccTroanue Mexay HuMM paBro 10, a nauHa qelfCTBHTeNbHON
OcH paBHa 8.

(Q Hckomoe ypasnenve ranepbossl nmeer sua (3.20). Cornacuo
yenosuio 2¢ = 10, ¢ = 5; 2b = 8, b = 4. 3 coorHomennsa (3.13)
HAlTeM MHUMYIO TOJIyoch a: 25 = a2 +16,a° = 9, a = 3. [Tonyuaem

2 2
%6 - % = 1 — ypaBHeHHe rHnepboILL. ®

CoCTaBaTh KAHOHHYECKOE YPABHEHNE MHIepBOIb, eCITH:
1)2¢=10,a=3;
2yc=3,e=15

3) b = 6, ypaBHeHHA ACUMUOTOT ¥ = +9

3
Hamucare KaHOHEYECKOE YPAaBHEHUE THNeDOOILL, eCITH:

1) ¢ = 10 » ypapHeHHA ACUMITOT § = :I:E T;

2) £ = % H pacCTOAHHE MeX Oy DUDPeKTpUCaMHE paBEHO %;

3) £ = v/2 u Touxka M(V/3; v/2) nexur na runeptosne.

Haiitn ypapHenue runepbosibl, GOKYCH KOTOPOH HAXOLATCH B TOY-
Kax F1{-2;4) u F»(12;4), a narua mauMoll ocu pasHa 6.

(Q UenTp runepbospl JIexKUT HA NpaMoil § = 4, DapawiensHol ocu
Ox. Ypaprenue runepbonst umeer eug (3.21). ITo yenormio 26 = 6,
b = 3. Paccroanne mexay ¢okycamu pasao 14, T.e. 2c =14, c= 7.
Hcnonpays cootHOweHke €2 = a? + b%, naxomum a: 49 = a? + 9,

a = 2+/10. IlenTp runepboJIBl NESIHT PACCTOMHME MEKIY (POKYCAMH
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4.3.65,

4.3.66.

4.3.67.

4.3.68,

4.3.69.

160

nononam. IlosTomy T9 = i{ﬁ =35, yo = %’—4 = 4. 3anucel-

2 2
BaeM YPABHEHHE THNEDPGONBL: (z ;05) — (y _94) =1. L

Hafity kanonudeckoe ypasuenue ruanepbossl ¢ dbokycamu Ha OCH
Oz, npoxonamel sepes Touxa M (6; —1) u Ma{—8; —2/2).

HatiTi ypapHeHRe rHNEPOO/ILI, CHMMETPUYHON OTHOCHTENBHO Ocel
KOOPIMHAT, 3HadA, 4TO €6 MHMMAH NOJyOCh papHa 2 v runepboa

NPOXOOMT 4Hepes Touky M{4; —2%0,@). HaiiTu paccTosaue 0T TOYKH

M no npasoro ¢oxyca.
Haiitu yron mexay acHMOTOTaMu rHIepOOIIbL, €CJIH €6 SKCUEeHTPH-
CUTeT paBeH 2.

Q VYpaepHeHus acHMITOT HNEPHOJIBI MMEIOT BHA §f = ig . Haii-

€M OTHOLIEeHHE g, Bocnosb3oBaswscek dbopmymame (3.13), (3.14)

T p
M yCNoBHeM £ = 21 ¢ = g = 3@ = \/l+(g) . Orciona
2
(é) =2 -1, re g = V-1 Ameem: & = VT=1 = 3.

@ a
Crasio GbITh, YpaPHEHUA ACHMITOT runepboJibl ecTh ¥ = +/37 u

¥ = —+v3z. Yron ¢ \r}a_em,u\&_ ACHMITOTAMM Halimem no dopmyne
- kz—k1|_l 3+ 3|_ — Ao
tglp“‘l-l-klkg 1 1-3 —\/5,50—60. d

2 2
CocTapuTh yDABHEHHA ACUMIOTOT PRIEPOOIBI L&Q?L_ IIGQ ) =1,
NOCTPOHTE €€,
Han snnunc 5x? + 8y? = 40. HafiTu ypapHenne runepbosis!, sep-
HMIKMHBI KOTOPOH HAXOOATCA B (POKYCax, a POKYCH — B BepPUIMHAX
JIAHHOIG DJLTHIICA.

Puc. 38

(Q Haitnem xoopaunars! Bepmvn A 1 B 1 dokycos snnurnca, 3a-

2 2
HCAB ero yparHeHue B KaHoHuyeckol opme %— + yS_ = 1. Umeem



4.3.70,

a’? =8, a = 2v/2; b* = 5, b = /5. U3 coorHomenus ¢ = a? — b?
HaxomuM e: ¢2 = & — 5, ¢ = /3. MoxHO 3amucaTe: A(?\/i; 0),
B(~2vZ;0), Fi{~v/3;0), F3(+/3;0) (puc. 38). O6osnauum uepes
ar, by, ¢; — COOTBETCTBEHHO MOJNYOCH THIEPOOJIBl H MOJIOBHHY Pac-
croAHda Mexny ee ¢okycamu. Torga, coracHe yCIIOBMAM 331a-
4H, MOXKHO 3anucars: g, = OF, 1.e. a. = V3 u ¢ = OA, e
er = 2v/2. U3 cooThowenns ¢ = a2 + b2 maxomum 8 = 3 + b2, no-
3TOMY bE =5, b, = /5. [loncTasnsas HallleHHEIE 3HAYEHHUA G, U b,

B ypasuerue (3.12), Haxoaum % — 95—2 = 1 — HCcKOMOE yYpaBHEHHe
runepoon. ®
Hana runepbona :—"1"% - %2 = 1. Haiitu codorycHsll annnne, mpo-
xonAwmni yepes rouky M (4; -%)

DononHurensHbie aagaqn

4.3.71.

4.3.72.

4.3.73.

4.3.74.

4.3.75.

4.3.76.

4.3.77.

4.3.78,

4.3.79.

4.3.80.

11 - 2361

HaliTi akcuenTpHcHTeT rHNepOOJIb, 3HAMA, YTO PACCTOAHHE MEXIY
dokycamu B 4 pasa GobIIE PACCTOAHUA MEXY €€ OUPEK TPUCAMHE.
Ha runep6one 9z% — 16y = 144 maiiTH Touky, 0,1 KoTopoli pac-
CTOSHHE OT J1eBoro bokyca B 3 paza Gosiblue, 4eM OT OPABOTO.
Haittu ypasueHus xacarensbix k runepbone 9z% —8y® = 72, npo-
BefleHHbIX U3 roukd C(2;0).

2 2
Haitrn YPaBHeHHA KaCaATENbHHX K mnepﬁcme % - % = 1, napaJ-

NeJBHBIX npaMoli T +y —4=0.
IocTpouts MMHUED:
a) 9z% — 16y% — 36z — 32y — 124 = 0

T = %(et +e7 ),
6) ] t
y = E(et —e ')

JIOKa3aTh,4T0 ANHHA NEePNEHINKYNAPA, OOYIIEHHOTO H3 doKyca Ha
OOHY 43 ACMMOTOT MMNepbonsl, paBHA MHHMOM NOJYOCH.
Jokazare, 470 NpoN3BeneHye paccTOAHUN o m0bol TouKY runep-
Gonnt £° —y% = 4 N0 ABYX €€ ACHMIITOT eCTh BETUYUHA OCTOSHHAS,
pasHaq 2.

Hafita niomans TpeyronbHUKa, 06pa3oBaHHOTO ACHMITOTAMH TH-
nep6annl 922 — 4y? = 36 n npamofi 9z + 2y — 12 =0.

Bepmvner KBagpara jexar Ha runepbone 92° — 4y® = 125, Hafitu
ero ILOMANE.

Hafita askcueHTpucuTeT runepbosiel, aCHMIITOTa, KOTOpOH cocras-
JifeT ¢ efcTBHTENLHON OChIO YTOMN .
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4.3.81.

4.3.82.

4.3.83.

4.3.84.

4.3.85.

4.3.86.

4.3.87.

4.3.88.

4.3.89.

4.3.90.

4.3.91.

4.3.92.

Hafitu paccroaHie MeX Iy TOYKAMY TIRPECENeHMA ACHMITOT IHIep-
Goset 922 — 16> = 144 ¢ OKPYKHOCTBIO, BMEMel HEHTpP B IPaBOM
drokyce runepbonsl 1 npoxomAme Yepes HAYMAJIO KOOPIHHAT.
Haiiry TpaekTopui nyTn TOMKH M, KOTOpas npu CBOEM IBMKe-
HUMH oCTaeTcH BOpoe Bonoke Kk npamol ¢ — 2 = 0, geM K TO4Ke
A(8;0).

Ha runepbone 22 — y? = 1 HaliTh TOuKY, (hOKANBHBIE PAAMYCH
KOTOpPOH neprneH Ky AApHEL.

2
Halitu paccrodHrHe Mexnay JebbiM dokycoM F) ranepbonb % -

2
- 51% = 1 u npaBeiM dorycom Fp conpsikeHHod ¢ Hell runepbontl,

Haitrn roxansHble paauychl Touxn M (10;3+/6), nexamett na ru-

2 2
nepbone % - % = 1. HaiiTh paccroauns ot To4ku M 1o oupex-

2
Ha runep6one %—1— —y? = 1 nafiTh Touky M, 6mpkalhuyio k npamott

22+ ~2 = (), H BHIYHCJIUTH PACCTOAHHE OT TOYKH IO 3TOH NpAMOf.
Yepes Jesnit $pokyc runepbonsl T2 — y2 = 8 nposemem mepnes-
JHKYJIAP K e OCH, codepxkamel sepmuuet. HaliTn paccrosuus ot
$bOKYCOB 10 TOYEK NMEpecedeHusA ITOTO MePIeHIMKYIAPa C THNnep-
Bonoii.

IMpu kakuUX 3HAYEHUAX & OPAMAA ¥ = 2T+ & mepeceKaeT runepbosny

2 2
= _ ¥ _ 9 2
7 18 17 Kacaerca ee’

CocTasnTh ypapHeHHe THIePOOJIbI, 3HAA ¢ BKCUSHTPUCHTET £ =
okye F3(5;0).

Cocrapurs ypasHeHue runepGonst, 3Hana ee ¢okyesl Fi(—8;2),
F3(12;2) n paccToaHue MexIy seplvHaMH, papHoe 16.

’

o

2 2
Jan annumnc % + 5"5— = 1. Haiitn ypaBHenve codokyCcHON paBHO-
GouHoll remepboJIbL.

DoKyCH THIEpGOITB COBIANAIOT ¢ hoKycamu syumnca 9x? +25y° =
= 225. HaltTn ypaBHeHne rHNepOOILL, eC/IH e SKCHEeHTPUCHTET pa-
BeH 2.

KoHTponbHbie sonpock v Bonee cnomwsie 3agaum

4.3.93.

4.3.94.

162

BripecTH ycioBee, npu kotopom opavaa Az+ By+C = () kacaetca
2 2
runep6oJisl %2- - %g =1

Haiith ypaBHeHHe rHIepbOsIEL, CUMMeTPHYHON OTHOCHTENBHO Ocefi
KOOpIuHAT ¥ kacawomelica npamoii z — y — 2 = 0 B rouke M(4;2).



4.3.95.

4.3.96.

4.3.97.

4.3.98,

4,3.99.

4.3.100.

4.3.101.

4.3.102.
4.3.103.

4.3.104,

Janer Toukn A(-1;0) n B(2;0). Touxa M(z;y) mpmxerca Tak,
yro B TpeyroneHuke AM B yron B octaerca sasoe Dossire yruia,
A. HaliTy ypaBHeHNe TPAeKTOPHH OBUXKEHHA TOMKH M.
Joxasare, 4TO OTHOWEHNE PpaccTOAHMN 0T Mol Touky runepbo-
J1bl 00 POKYCa M IO COOTBETCTBYIOWEH IUPEKTPHCH eCTh BEJTHYMHA,
IOCTOAHHAA, PABHAA £.

BrcueHTpuUcHTeT runeplosel pased 3, GokanpHEIA pagnyc ee TOY-
k¥ M, npopeneHHrit w3 HekoToporo cokyca, pasen 12. Halitu pac-
CTOAHUE OT TOUKH M 1o omHocTopoHHE#H ¢ 3TUM (OKyCcoM AMpeK-
TPHChI.

JokazaTs, UYTO KacaTe/bHAA K TUlepbosie B ee NpoM3BoabHON TOY-
Ke M cocraBaser papHble YIVIB ¢ POKANBHEIMA PAOHYCAMH 3TON
TOYKH.

Jlokasare onrH4eckoe CBOMCTBO rHnepOO/IBL JIYY CBETA, MCXOMA-
muii u3 ogHoro rokyca runepBosisl, OTPAINBINACE OT HER, MILT IO
npAMOlL, COEOMHANEH TOYKY OTDAXKEHHA ¢ APYTUM HOKYCOM.

2 2
Moxno s k ranepbone Ly — %2' = 1 NpOBECTH KacaTe/IbHbIE JIHO-
a

boro Hal’lpaB.HEHHH? Kakoe OTrpaHHYeHHEe HAJOXEHO Ha YTAoBbIe
K03 ULMeHTh KACATENBHLIX K 3Tol runepbose?

Kakne nuuum OHpeIesTAlTCA CAelyY DIMHMHA YPABHEHUAMM.

1)y =-2vVz2 + 1;

2z =/ +47

Yemy paBeH yros Mexny acHMnToramu runepbons ¢ = 100 + z27?
Yemy pabHa IWIOWALE TPEYIOABHUKA, OOPA3OBAHHOIO ACHMITTOTA-
mu runepbonm 22 — y? = 1 u npamoit z = 27

2
Ilpoxoant sm runepbona %= — L =3 uyepez Tourd (O(2;0),

20 2
A(-2v10;2), B(6; 2VT0)?

flapaGona

=

Mapaboaoti Ha3HIBARTCH MHOXKECTBO BCEX TOYEK ILJIOCKOCTH, Ka-
WEIAA U3 KOTOPEIX PABHOYIANEHA OT 330AHHOM TOYKM 3STOH Xe
MNOCKOCTH, Ha3nBaeMol dioxycom, u 3amaHnoll mpamoll, HasbiBa-
eMolt Jupexmpucoif.

Kononuvecxoe ypasnenue napaboss UMeeT BHIL

y* = 2pr, (3.22)

rae yacJio p > 0, paBHoe paccTofaHu© oT hokyca £ no aupekTpuch! [, HA3bIBA-
etca napamemponm napabonnt. Koopounats dokyca F (g ; 0). Touka O(0;0)

HasrBAKOTCA eepusunod mapabosisr, AymHa r otpeska FM — foxasvnmi pa-
duye Touxn M, oce O — ocv cumamempuu napabosibl.
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u
Y
M
F4 r M
2 | /2
F{
ONF -
O
_P
2
Puc. 39 Puc. 40

¥Ypaenenne gupextpuckl [ napaGonnl UMeeT BUI

IZ‘"E;

dokansHb paguyc BEIYHCAAETCA IO dopMye

r=$+2.

2

(3.23)

(3.24)

B upamoyronphoil cucreme koopmuHaT napabona, 3agaHHAA KaHOHHYE-
ckuM ypaBHeHneM (3.22), pacnonoxeHa TakK, KAX YKa3aHO Ha pucyHxe 39.

3asmevanun. 1) ITapabona, cuMMeTpUYHAA OTHOCHTENBHO ocH Oy U npo-

XOOAINAA Yepes Hayano koopauuar (puc. 40), nMeer ypanHeHue
2% = 2py.
Pokycom napabosnp (3.25) Apngerca Touka
P
F(0:5).
2
YpapHeHHe OMpexTpUChl 3ToH mapaGonbl
y=- 5

DoxansHslil paguyc Toukd M napabonn

r=y+§.

(3.25)

(3.26)

(3.27)

(3.28)

2) Ha pucynkax 41 u 42 m3o6paxenw rpaduku napabon y¥ = —2pr u

2? = ~2py COOTBETCTBEHHO.
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2
y 0
x
F
r
O P z
2
Puc. 41 Puc. 42

3) Ha pucynkax 43-46 npusenenni ypasneHus M rpacduku napabon ¢ oca-
MH CHMMETDHH, NAPA/IJIC/IBHEIMU KOODIHHATHLIM OCAM,

Y y
—
Yo |---- ¥o
.
(@) g T o] T
Puc. 43, (g ~ yo)® = 2p(z — x0) Puc. 44. (y — yo)® = —2p(x ~ x0)
y Y
Yop--—5 /0 To \ x
0 To T
Puc. 45. (2 —x0)” =2p{y — yo) Puc. 46. (z — z0)? = ~2p(y ~ yo)
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4.3.105.

4.3.106.

4.3.107.

4.3.108.

166

Hana napabona 12 = 4y. Haifitu xoopmusars! ee dbokyca, ypasHe-
Hye OUPEKTPUCH, LIMHY HokaasHOro pamuyca touxn M(4;4).

(Q MHapabona sajana xaHonuueckuM ypabsHexuem (3.25). Creno-
BaTenbuo, 2p = 4, p = 2. Ucnonesys dopmyne (3.26), (3.27),
(3.28) maxommm, aro ¢okyc nmeer roopauHarel (0; 1), T.e. F(0;1);

ypasHeHUe OUPEKTPUCH ecThb ¥ = —1; doKaNbHbI pagdyc TOYKH
M(4;4) papen r =4+ 1=15. ®
Haiitu pepurnny, dokyc u mupextpucy napabonmt y = —2z% +

+ 8z — 5, nocTpoUTH 3CKN3 rpaduka.
(9 TIpeoBpasyem ypaeHenue y = —2z7% +82 —5, BblAeNUB B npaBolt
4aCTH MoaHbIl KBagpaT:

‘y=‘“2(’£2“4$+g) —2(x2—4x+4—4+%) =

2 ((m - g) = —2z - 2)% +3,

e y=—2(r~2)°+3um (z—-2)? = - %(y—:i). YpaBHeHue napa-

6oLl MMeeT BUI, KaK Ha puc. 46. BepminHa napaGoasl HMeeT Koop-

nuHath (2;3); 2p = %, p= % IIpamasn ¢ = 2 ABNAETCA OCBIO CHM-
meTpun napaboner. Koopaunaret dokyca r =2,y =3 - % = 2%,
.7 - P _ 1
T.€. F(Z,ZB). ¥YpaeHeHUe TUPeKTpPHCH ¥ = 3 + 5 = 3+ g Te
y = 3%. I'pacux msobpaxkeH Ha puc. 47. ®
¥
3 -

ol 11 Uz

Puc. 47

Mapabona cHMMeTPHYHA OTHOCUTENbHO OcH (F, ee BEpPIIMHA Ha-
XOINTCH B Hadase xoopaHHaY, CoCTABHTL ypaBHEHHe Napabosibl,
3HAd, 4TO OHA MPOXOAMT yepes Toury A(—3;—3).

Haittu BbICOTY ADKH MOCTA JJHHOH 24M, umeromet dhopmy napa-
GoJinl, ypaBHenHe KoTopofi r2 = —48y.



4.3.109,

4.3.110.

4.3.111.

Haittu ypasHeHue kacaTesbHol k napabose y° = 4z, npobeneHHOH
u3 roukH A{-2;-1).
(Q ¥YpapHenue npsaMoit HygeM HCKATb B BHIL

y=kz+b (3.29)

Tax kax Touka 4 NPUHAANEXHT HCKOMON KacaTeJIbHOM, moncTa-
BJIAA ee KOOPAMHATHI B ypapHeHHe (3.29), nosmyvuM ToxIecTBO

—1=—-2k+b. (3.30)

Hanee, npamas (3.29) u napabona y? = 4¢ EMEIOT ETHHCTBEHHYIO
obmyr Touky (kacalorca). CnenopaTenbHO, CHCTEMA ypaBHeHMH

y=kr+b,
y? =4z

UMeeT eIuHCTBEHHOe pemeHune. PemaeM ee OTHOCHTEN®HO T U .
570 MOXHO COENATH PASTNIHBIME CIOCO0AMH, HATIPHMED, BO3BECTH
NpaBylo H JIEBYI) YACTH MEpPBOTO YPAaBHEHHA B KBAJpPAT W MONCTA-
BUTb B IEBYIO YACTh TIOJIYYeHHOIO PABEHCTBA BMECTO 2 ero Bhipa-
®eHHe H3 Broporo ypapnenus. [lonywunm k*z? + 2kbx + b° = 4.
D10 — KBAJPATHOE YPABHEHHE, HMEMOIIEe eINHCTBEHHOE DEelleHne
B CJIy4ae, KOOOA JUCKPHMHHAHT paBed Hyaw. Taxum obpazom,

D i

7 = (kb 22 k> =0 wmm 4kb=4, b= 5 (8.81)
Tenepe myia napamerpos k u b upamoii (3.29) umeem npa ycnosud:
(3.30) u (3.31). CnenoBarensHO, MCKOMbIE 3HAUEHHA MapaMeTpOB
HAXONATCA KAK PELICHHA CUCTEMBI H3 3THX YCIOBHH:

{-2!: +b=-1,
-1

b= %

INonocraHoexoit BMecTo b B nepsoe YpaBHeHMe ero BhIPAKEHUA U3
BTOPOrO, MostyunM —2k? + k+ 1 = 0, orkyma Haxoaum, uto ky = 1,
ky = — % CHcTeMa HMEeT JBa PellleHH:

k=1, ke = —-1/2,
Hu
b =1 by = ~2,
CJ‘IBIlOBaTe.J'IbHO, InBe MpAMbIe YOOBACTBOPANKT YCAOBHAM 34044%H.
H){ypaBHeHHﬂ:y=$+lHy:-%_Q_ ®

K mapabose y* = 47 npopeeHa KacaTe/bHAA MAPAJLICBHO NMPs-
molt 2z — y + 7 = 0. Halitn ypasHeHue 3TOH KacarensHol.

IIpu xakux snaveHnax k npaMad y = kr — 1 nepecexkaer napaboay
y? = ~527 Kacaerca ee?
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AononuurensHblie 3agaqn

4.3.112.

4.3.113.

4.3.114.

4.3.115.

4.3.1186.

4.3.117.

4.3.118.

4.3.119.

4.3.120.

4.3.121.

4.3.122.

4.3.123.

4.3.124.
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Cocrapute ypasHeHwe napalojibl, CHMMETPHYHON OTHOCHTENBHO
ocu Oy, uMmeroniell BEPIIMHY B Hauale KOODAMHAT, €CJIM OHA Opo-
xomuT uepes Touky A(-2:4).

Hafiti koopauHaThl TaKol Toukn napabones i° = 6z, KoTOpas Ha-
XOOHUTCH OT OHPEKTPHCH HA PaccTOAHAN 3,5.

Yepes dokyc napabonst y* = 12x npobegeHa Xopaa, NepIeHIHKy-
aspHas K ee ocd. Hafity nawny xopowl.

B napa6ony y* = 2pr BIMCAH PABHOCTOPOHHMH TPEYTOJILHHAK, OIHA
H3 BEPIIMH KOTOPOIO COBNANAST C BepinnHoil napaboner. HafiTh
LIWHY CTOPOHB! TPEYTOSIEHHKA.

Hailtv onuHy Xopam, COBINHAKIIIEH TOYKY IepeceueHns QBYX Ha-
pabous, uMeeloMX o0INYIO BEPIIUHY B HAYANE KOOPAUHAT, a GoKYy-
cbl B Toukax (2;0) u (0; 2).

Tpoc, noaseureHHBIH 32 ABa KOHIA HA OJHHAKOBOH BbICOTE, HMEET
dopmy oyru napabonel. PaccTosnne MeXIAY TOYKAMU KPEIJTCHUS
24 m. InyBuna nporuba Tpoca Ha PACCTOARMM 3 M OT TOYKH KpeILie-
Hu# paBHa 70 cm. Onpenenuts riyGuny npornfa Tpoca nocepesuHe
MEXIY KpernneHUaMH.

Kamenb, 6poiteHnbIH MOM YTIOM K TOPH30HTY, JOCTHT Haubosbined
BbicoThl 16 M, Onucap napabosiH4ecKyio TPACKTOPHIO, OH YA B
48 M oT ToukH Opocanna. Ha kakofi BriCcOTe HAXOOMIICA KAMEHb HA
paccToAHuH 6 M MO FOPH3OHTANH OT TOYKH OpocaHuda?

Ha napaBone y?> = —4z HaliTy KOOPOWHATHI TOYKM, PACCTOAHUE OT
kotopol no npavo#t y =1+ 3V2-z pabBHO 3.

MapaBona y? = 2 oTceKkaeT 0T MPAMOR, Mpoxoasiel Yepes HAYATO
KOOPAMHAT, XOpAY, AMUHA KOTopol paBHa v/2. COCTaBMTE ypaBHe-
HHE 3TOH npamMoil.

CocrapuTh ypaBHeHHE TIApabosibl ¢ BEPIIMHON B HAYANE KOOPOH-
Hat, HOKYC KOTOpoll HAXORZMTCA B TOYKE IEPeCEedYeHHs TpAMOH
S5z — 3y + 12 = 0 ¢ ocpI0 OpIHHAT; OCBIO aAbCUUCC.

Cocrasuts ypasHeHHe napabofisl, CHMMETDHYHON OTHOCHTEJBHO
ocu Oy u upoxoodmeil 4epes To4KY nepeceveHus npamolt y—x = 0
u okpyxHoctu 22 + y% — 4y = (.

Hana napabosa x?> = 8y. Haiitu aauay ee xopapl, npoxonsmei
yepes Touky A(l;1} nepnenmukymapuo npamoit 2 —y + 3 = 0.
YpaBHeHHe JIMHHH NPHBECTH K KAHOHMYECKOMY BHIY, TIOCTPOMTH
ee!

a)y=4r2+8z+7T;

6) r = 5y% — 10y + 6;

B)y=2>—dz +5;

r) ¢ =y + 3y.



4.3.125.
4.3.126.
4.3.127,
4.3.128.

4.3.129.

HaiiTu ypapHeHHe TMHHEH, BCE TOUKH KOTOPOH OOMHAKOBO yAafeHb
ot toyky (H0;0) u ot upamoit £ +4=0.

Haiitu ypaBHenue npaMofi, KOTOPAaA NPOXOIAT Yepe3 BEPIUNHY fa-
pabonsr y = —2a% — 6 — 4 napannensso npamolt 2z —y +3 = 0.
Hana napabona y? = 12z. HaliTh n/uHy ee Xopiwl, npoxomAmei
gyepes TouKy A(8;0) n HaknoHennoil k ocn Ox non yroom 60°.
CocTaBUTL ypaBHeHHNe KacaTespHol K napabone y? = 36z, npobpe-
mennol u3 Touku A(1; 10).

K napabosie y* = 36z nposenenst 3 Touku A(1; 10) ape kacaTenn-
Hble. COCTABUTDL YPABHEHHE XODAB!, COSMHHMIOMEH TOYKY KACAHUA.

KoHuTponeHeie ponpocel u Bonee cnoxubie aagaqn

4.3.130.

4.3.131.

4.3.132.

4.3.133.

4.3.134,

4.3.135,

4.3.138,

4.3.137,

4.3.138,

Hoxazars onTHYecKOe CBORCTBO napaloskl: IyY cBeTa, HeXoaamm
u3 pokyca napabosbl, OTPA3SUBIIUCEL OT Hee, MAET N0 npAMO, na-
pannenanHoit ocn sTolt napabosl.

Joxazarb, 4To KacareAnHas K napabone B ee NPOHIBONBHON TOUKE
M cocrapnser papHble YTibl ¢ <bOKASIBHBIM PAAMYCOM TOUKM M
U ¢ JIY4OM, HCXOASAIMM H3 TOYKY M M COHANPABJIEHHBIM C OChIO
napaboJibl.

U3 dokyca napabonst ¥ = 12z nog ocTpeIM YoM a K ocn Ox
HanpasjeH syu ceera. WasectHo, uro tga = 1 Hofina no napa-

Gonel, 1y4 oT Hee orpasuica. COCTABNTL ypaBHeHNe mpsmMol, Ha
KOTODOH JIEXUT OTPaKeHHbBIH JIyd.

Hana napafona y° = 4z. Yepes Touxy (%;1) TMPOBECTH TAKYIO

Xopay, KoTopas nenunacs Obl B 310l Touke nomonaM. CocTaBHTh
YPABHEHHE 3Toll XOpasl.

IMokazats, yro doxyc napabosibl U TOYKH KACAHUA IBYX KACATeNhb-
HBIX K napabone, npoBemeHHsIX U3 000 TOYKH THPEKTPHCH, Jle-
AT HA OOHOH NPAMOIL.

Kakoso 6yzer ypapnenne napabonst y? = 4, ecin ee och cHMMe-
TpuH NOBepHYTE Ha 90°7 Ha 180°7 na —90°7

Kakoeo ypapnenne mapabosnl ¢ BepumHoii B Touke (0;0), ecan
YPABHEHHE €8 QUPEeKTpHCH 2y + 7 =07

Haiite doxyc H gUpeKTpHCY KpHBOH, 3aranHOl ApaMeTpUYecKn

T »

y:

]
ﬁ|wﬂwlw

Pewnte rpaduyeckn cuctemy ypabpHeHul
e +y=4,
z+y* =9
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4.3.139. Yemy paeHa IJMHA XOpAb!, npoxonamett depea choxyc napabosb

x? = 8y ¥ NepNeHIMKYIAPHOR K ee ocH cuMMeTpuu?

KOHTPONBHAA PABOTA
Bapwanr 1

1.

. Yepes dokyc napaboms: y

Ha fuccexTpuce mepBoro KOOpAMHATHOrO yria nexar Touku A(3;3) u
B(x;y), paccToanue MeXXAy KOTOPbIMA PABHO V2. Hatitn KOODOHMHATDI
TOMKH B.

. Haiitu ypasHeHue npamol, npoxogsmei yepes TOMKY NepecedeHns nps-

Melx 2z—y—1 = 0 u 3z—y+4 = 0 napannensHo npamoii 4r+2y—13 = 0.

Hatitu yron mexay ebsicotoit AD n mennanoif AE B TpeyroJbHHKE C
sepinHamy B Toukax A(1;3), B(4; -1}, C{-1;1).
HafiTy kaHOHWYECKO® ypAaBHEHHE HJITHIICA, 8CTIH

a) paccrogHUe Mexay KoHuaMmu Gonbuolt 1 Manolt ocu pabHo 5, a cymMa
OJIHH monyocell paBHA T

6) paccrosHua 0T ero doxyca O KOHUOB Gonbwoft ocu paexe! 2 v 14,
2 = -~z nposemeHa npAMas moa yrjoM 135°
k ocu Oz. Hafitu nnuny obpasoBabiueifics xopasl.

Bapuaur 2

170

1.

Hau tpeyronesuk ABC ¢ pepummuamn A(1; 5), B(4;1), €(13;10). Hati-
TH TOYKY NepecedeHns GACCEKTPUCH BHYTPeHHero yraa A ¢o cTopoHo#
BC.

Ipamaa y = kxr + 4 ynaneHa ot HavaJla KOODAMHAT HAa PacCTOAHMNE
d = /3. HatiT 3uauenne k.

Janpl nocnenoeaTesbHBIE BEPITMHBL  Tapanaenorpamma  ABCD:
A{=2;5), B(2;7), C{—4; —3). Haiity KOODORHATE 4eTBEPTOH BEPIIMHEL
D w HanucaTs ypapHerue nuarosaym BD.

Ha#iTu ypapHeHMe mnpsAMol, comepxameH AMaMeTp OKPYXHOCTH
1?2 + y? — 6z + 4y + 8 = 0, nepneHOUKyNAPHbIH npamolt T — 3y +2 = 0.

Haittu ypaBHeHue runepOoJibl, 3Ha:A, YTO €e 3KCHEHTDUCHTET € = 2,

2
doxycat runepboer copnaganT ¢ doxycom smanca 5 +y° = 1.



Bapuant 3

1.

HaliTi KOOpOMAATHL ZEHTPA U PAJUYC OKPYXKHOCTH, IPOXONALEH Yepes
TouKy A(—10;4) u xacammetica ocu Oz B Touke B(—6;0).

Hanucars ypaBaenne npamoii, npoxonanelt vepes touky (—2; 1) na pac-
croaHdu 1 oT HaYaa KOODOHHAT.

. Ilpu xakux 3nauennax A u C apaman Az + 3y + C =0

a) napassensHa npamoft 3z —y + 8 = 0;
6) mepneHpEKYNAPHA NPAMOH Y = 5r;

B) NpOXOZAT uepe3 Touky (2;2) u (—1;4);
r) nepecekaercs ¢ npamodt 4 — 2y + 7 =0.

. Haltu nnowane uernpexyroasHiKa, OB BePIIMHBL KOTOPOLD JTEKAT B

dorycax smmunca 5z + 9y? — 180 = 0, a ABe Apyrue COBNANAIOT C
KOH!IaMM €ro Mafol OcH.

. Haltu noany nuaverpa sianca (xopast, npoxondwell yepes uestp s.-

munca) 922 +27y? = 225, nepneHINKYASPHONO K ACHMIITOTE THITEPOOIIB!
r? — 4% = 4, npoxonsunell Yepe3s NepPBYIO H TPeTbK YETBEPTH.

BapuanT 4

1.

Ilnomane Tpeyronoauka ABC ¢ pepuwmnamu A{—2;1), B(2:2), C4;y)
pasua 15. Hat'ru opnunary sepuunes C.

Yepes Touky nepecevenus npamelx 22—y = 0u 4+ 3y—1 = 0 npoeenena
NpAMadA, MEPNEeHIMKYNAPHAA npAMol y = 3 — r. Hailitu ee ypasHenue.

Haner nee cmexusie pepuwunsl A(—2;4), B(2;2) napannenorpaMma
ABCD v touga M(1;—1) nepecedenna ero anaronaneit. Haltu ypas-
Henua cropon BC u CD napannenorpamma.

Oxpyanocte npoxogeT vepes touxn Mp(1;5) u Ma(5;3), a wentp ee

JIEKHUT HE, IPAMOH % + % = 1. HaiiTi ypaBHeHNe OKPYKHOCTH.

2 2

Hau anmmne ‘f—s + % = 1. HafitH ypaBHeHne rMmepHobl, BEPIIMHE
KOTOpOH HaxoOsrcsi B (poKycax, a ¢OKyCH — B BEpIIMHAX OAHHOLO
FILTUICA.

3



fnasa 5. AHAJINTUYHECKAA TEOMETPUA

B NPOCTPAHCTBE
2

§1. METO4 KOOPOWHAT B NPOCTPAHCTBE
MpamoyronsHan cuctema xoopguuart. OcHosHEIE 3apgaum

Monoxenne m060# TOYKM B OPOCTPAHCTBE MOXKEC ONHOZHAMHO Olpene-
JIMTH ¢ NOMOIIBK NPAMOYIOJALHOK CHCTEMBI KOOPIMHAT. DTa CHCTEMA BEJIIO-
YaeT TPH B3AHMHO MePHeHAMKYIAPHBIE OCH, IEPECEeKAIVIIHeCA B OOHOH TOuKe
O — navane xwoopdunam. OnHy U3 ocell HA3BIBAKOT ocviw abeyuce (ocw Ox),
ApyTyo — ocvio opdunem (Oy), TpeThio — ocvie annauram (Oz). Ha kaxnott
3 ocelt BLIOpaHbI edunuanbie 6eKMOPY, KOTOPble 0603HAYAIOT COOTBETCTBEH-
1o i, j, k. Ecin M — mpousso/ibHAA TOYKa MPOCTPAHCTBA, TO BekTop OM
HasmEBaeTca paduycom-gexmopom Touxn M (cM. puc. 48).

Y Mawe) o
o —
L S I LY
oo
Puc. 48
= Koopdunamamu mowxu M B cuncreme xoopounar (Qzyz HA3BIBA-

0TcA KoopauHaTel pamuyc-sektopa OM. Ecimn OM = (z;y;2)
(puc. 48), To KoopaUHATH ToukH M 3anuchiBator tak: M(zx;y;z);
3fech YUCI0 ¥ — abeyucea, ¥ — opdurama, 2 — GRARAUKGME TOYKY
M. Kaxnofi Tpofike uucen (z:y; z) COOTBETCTBYET ONHA H TOJIBKO
01HA TOYKA NPOCTPAHCTEA, H HAOGOPOT.

Paccmoanue mescdy deyma mowxamy Mi(x;1;21) 1 Ma(xe;y2; 22) BHI-
yucaaercs no gopMyne

d= \/(:::2—x1)2+(y2—y1)2+(22—z1)2. (1.1)
Koopaunars (x;y;2) mowsu M, deaswedl 6 aadanmom omwowenuy A

(A = fﬁ; ) ompesox AB, (A(z1;11;21), B(za;ys; 22)), onpenensnTca no

172



popmMyiam

_ I + Az _y1+/\y2 _21+A22
TTro 0 YT e T

B wactHocTH, npu A = 1 (Touxa M penut orpesok AB nonosnam), nosyqa-

10TCA HOPMYNBI AJIA OTIPERE/IEHHA KOOPOHHAT CEPEONHB! OTPE3KA

(1.2)

Ty + X in + Y2 21 + 22
- % = — = — 1.3
5.1.1.  Haocu Oy HaltTH TOYKY, PABHOYIAJIEHHYIO OT ABYX To4eK A(2;3;1)

u B(-1;5;-2).

(Q Touka M, nexamas na ocu Oy, Hmeet koopaunats M(0;y;0).
Ilo ycnosuio 3anaun |AM| = |BM)|. Hafinem paccrosnua |AM| n
| BM|, ncnonsays dopmyny (1.1):

|AM| = V(0-27 + (¥ -3)2+ (0 - 12 = V/y* - by + 14;
[BM|=(0+1)%+ (y —5)2 + (0+2)2 = /3> — 10y + 30.
IlonyuyuM ypaBHeHHe

Vo2 —6y+ 14 = /42 — 10y + 30.
Orciona Haxomum, yre 4y = 16, T.e. ¥ = 4. Mckomaa Touka ects

M(0;4;0). ¢
5.1.2, HaiiTH xoOpauMHaThl TOYKH Ha MNOCKoCTH ()Ty, pABHOYIANEHHON
ot Tpex rodek: A(4;0;2), B(-1;2;4), C(1;1;-3).
5.1.3. [Mokasare, 4TO TPeYTONBHHK ¢ BepwHHaMu B Todxax A(—3;2;4),

B(0; -2;-1), C(1;5;9) paproOenpenHbIf.

5.1.4., Orpesox AB paspenen Ha 3 pasabte uacti. Halitn koopomnarh
TOYEK NeNeHHd, eC/IM H3BecTHb! Touku A{—2;4;1) u B(2; —4; -3).
(Q Ob6oanaunM TOUKM nenenis orpeska AB B cienyomem nopsa-
ke: C u D. Tlo ycnosuio zamaun |AC| = |CD| = |DB|. Tlostomy

Touka C' OenuT oTpesok AB B OTHOWEHHH A = % Tonpsysce gop-

mynamu (1.2}, HaxonuM KoOpIUHATH TOUKH (!

. -24+3-2 2 v 4+5-(-4) 4
C:——:——‘ C:—:—,
1+ 3 3 1+1 3
1433 1
Ty TR
~2.4 1
HMmeem, C( 33 3). o dopmynam (1.3) HAXOAUM KOOPAHHATHI
TO4YKH I} — cepenuHel oTpeska C'B:
_-3+2 2 _f-4 4 _-3-3_ 5
TPETyT Ty ¥WTE Ty T Ty DT T TR
2._4._5
T.€. TouKa D uMeeT KOOPOHHATES (3, 373 ®



5.1.5.

5.1.86.

5.1.7.

5.1.8.

5.1.9.

5.1.10.
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Jana Touka A(3;—4;2). Halitn xoOpauHaTR TOYKH, CHMMETPUY-
HO#l napHol OTHOCHTENLHO KOODAMHATHLIX ITOCKoCTell, ocelt Koop-
JHMHAT, HAYA1A KOODOUHAT.

Jan Tpeyronbuuk ¢ Bepumuammn B toukax A(5;2;4), B(-3;6;0),
C'(3:2; ~4). Haittn pyinHy ero Menpansl, NpOBEIEHHON U3 BEPIIHHIL
A

B roukax A (x1;51;21), Aa(Z2; yo; 22), As(23;93; 23), Aa(Ta;94; 24)
COCPENOTOYEHbI COOTBETCTBEHHO MAcChl mty, Mg, Mg, my. Halitn
KOOPIHHATH! 1IeHTPA TKECTH CHCTEMBI 3THX MACC,

(@ Kak u3pecTHO H3 Kypca (pUSHEH UEHTD TAKECTH Macc m; M
Ty, NOMEIEHHMX B ToYKax A u B, nenur orpesok AB Ha wacru,
O0PaTHO OPOMOPUMOHALHBIE MACCaM, COCPEIOTOYEHHBIM HA KOH-
uax orpeska (A = %). Hexona w3 sToro, Halinem cHauana LEHTp

TsokecTH M (x';y'; 2’} cucrembl aByx mMace my ¥ ma, TOMEIEHHBIX
B Toukax A; u As

mz
y Bt T2 zmy + Tams

I = =
1+ %f miy + ma
f_ Himg + Yoo = A + ZaMy
my+my my + mg

IlenTp TaxecTH CHCTeMEI TPEX MAcC mMa, Mz U M3 HAXONUM aHa-
JorHyso (A = — -3 )

m1 +m2
2 = z + m1+m2 T3 _ xymy + Zamy + Tams
- - 1
1+m1+m2 my + e + My

n_ imy + Yoma + Yama oM = 211 + 2aMm2 + 233
mi + ™ma + m3 ’ mi+me+my

Haxonum, Hakonen, ueHTp TKECTH CUCTEMBI TPeX Macc mjp, Ma,
s U A —“'—‘—4—“—'—‘-
8 1 ( ™y + ma + ma)

"+
1+

—_g
g T———— _ rmy + TeMg + a3z + TaMy
— Tq
pre———— my + Mo + My 4+ My
_ inmy + Yoz + Yams + yany
my + Mo + 7tz + My
zymy + zams + 23ma + 2amy

z= . ®

my + Mo + 7ty + My

r=

¥

IlokasaTe, 4TO TpeyroJbHMK ¢ BepwHHaMu B Touxax A(8;0;6),
B(2; —4;2), C(6; —6; —2) npamoyrossHsiii.

HaliTi KOOPOUHATH UEHTPA TAKECTH TPEYTOJILHHKA ¢ BePIUHHAME
e Toukax A(2;5;0), B(11;3;8), C(5;1;12).

Lentp THAXeCTH ONHOPOMHOIG CTEPXKHA HAXONHTCA B TOYKE
M(1; —-1;5), onuH u3 ero Kouuos ectb A(—2;—1;7). Halitu xoop-
JHHATHI APYTOTO KOHUA CTEPXKHS.



JonoNHUTENBHBIE 33034

5.1.11.

5.1.12.

5.1.13.

5.1.14.

5.1.15.

5.1.16.

5.1.17,

HafiTu xoopamnaTbl TOYKM Ha OcH (x, YAaJIEHHOH OT TOYKH
M(-2;-1;4) Ha 3 enMHNUELL.

Hanpt  pepmmuet  Tpeyroaenmxa A(1;-1;3), B(-5;2;-6),
C(2;1; —2). Halitu nnuny GMCCEKTPHCH! €70 BHYTPEHHETO YIJIa NIPH
pepiunHe A,

Jlexxar nu Ha ognoit npamolt Ttouku A(2;-3;1), B(0;-11;3) u
C(4;5;,-1)?

B KaKMX OKTaHTaX MOTyT GBITh PACITOIOKEHB TOUKM, KOOPIMHATEI]
KOTOPBIX YAOBNETBOPAIOT OMHOMY U3 CJAEHYIOMUX YCIOBHH:
DNz-—y=0;

2)r+z2=0
3) oy >0
4) oyz < 07

Hatitu nestp u paauyc cdepul, KOTOpas NPOXOIUT Yepes TOUKY
A(4; —1; —1) u Kacaerca Bcex TpeX KOOPIHHATHHIX IJIOCKOCTEH.
Haittu paccrosune ot Touku A(3; —4;5) 1o Hauana KOOpPIHHAT H
IO 0cell KOOpIWHAT.

Janpl npe BepmmmHbl napasnenorpamma ABCD: A(l;1;-1),
B({-2;3;0) n Touxa nepeceueHus ero auarosanell M(4;0;3). Hai-
TH KOopamnaTel sepmwrd C u D.

KoHTponsHeie Bonpocsl M Bonee cnoxveie 3agaqym

5.1.18.
5.1.19.
5.1.20.
8.1.21.
5.1.22,
5.1.23.

5.1.24,

5.1.25.

Haittu panuyc cheprl, npoxonamefi vepea touxu (0;0; 0), (2;0;0},
(0;3;0), (0;0;6).

Mposeputs, yro Tpu Nanuke toukn A(l;—5;3), B(5;—1;7) u
(6,0, 8) nexar na onnofi npsmoii.

Joka3aTh, 4TO NpAMBIE, COEAUHAIOIIME CEPEAMHBI IPOTUBOIONIONK-
Hbix pedep TeTpasnpa, HEPeceKAIOTCs B ONHOM TOYKe M HeJIATCH B
nell momoJTam.

[ne pacnonoxenn Touku A{(;0; 2}, B(z;0; 2), C(0;y; 2)?

Yemy paBHO paccTosiue ot Touku 4(—12; —3;4) ao ocu Ox?
Pebpo kyGa papxo 1. Halitn nauny oTpeska, CoenuHAINETO Cepe-
OMHBI OBYX CKpemmBanmuxca pebep.

Jnuna paonyc-pekropa To9kn M paena 1. Moxer nn abeupcca
ToukH M paenarTees 17 27

Kax pacnosioxeHa TOUKa B NPAMOYTOJILHOM! CHCTEMe KOOPIWHAT,
€CNH OHA €e KOOPAMHATA PABHA HYJTI0T OBe e¢ KOODOHHATH PABHBI
Hy 107
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YpagHeHue noBepxHOCTV M KPUBOA B NpOCTpaHCTee

= Ypasrenues noseprrocnu 8 npocmpancmee Oryz HA3BIBAETCA
ypaeHenue F(z;y; z) = 0, KOTOpOMY YIOBJIETBOPAIOT KOOPIHHATEL
KaK70H TOYKH NOBEPXHOCTH W TOJIBKC OHM.

ToeepxuocTe Modcem Hums 3adara ypaBHEHHEM

F(z;y;2) =0, (1.4)
WM, HaTIpUMmep, ypasHeHnem 2 = f(x;y) (v = ¢(2;2), = = ¥(¥; 2))-
VpaBHeHHe BROA
Flz;y) =0 (1.5)

oupenender B NPOCTPARCTEE YUAURIPUNECKYI NOGEPTHOCTNG ¢ 0DPA3YIOWH-
MU IapanienbHsiM¥ ocd Oz u HanpasnAwmed, mexameit B nyockocty Oxy
¥ 3anannoil B Heli ypabHenmem F(z;y) = 0. YpapHeHne noBepxHOCTH cocTa-
BJISIETCA [0 CXEME COCTABJICHUS YPABHEHHS JTHHMH HA MIOCKOCTH.

Kpuayo (aunuw) ¢ npocmpanemee MOKEO DPACCMATPHBATE KAK JIMHUK)
nepecevyeHusd OByX [OBEPXHOCTEH; TOrRA OHa 3anaerca cuctemolt aByx ypas-

HeHHH
Fy(z;9:2) =0,
Falz;y;2) =0

Ecnn kpuBy10 pacCMaTprBATE KAK TPAEKTOPHIO NBIDKEHHS TOYKH, TO OHA 33~
DAETCA NAPEMETIPULECKUMU YPOSHEHULMU

z=z(t), y=y(t), z==z(@1), telabd]. (1.7)

(1.6)

5.1.26. Haittu ypapnenue cepnl pagnyca R ¢ uentpom B Touke O; (a3 b; ¢).
(Q B npamoyromsHO# cucteme Koopmuuar Oxyz Touka O —
ueHTp chepsl — umeer xkoopaAMHATSH a, b u ¢. [ycers M (z;y; 2} —
npoM3BONIbHAS TouKa cepel. Torga O3 M = R, win (cm. (1.1))

Viz—a2+ (-2 +(z-c?=R.
OROHYATENBHO NIOJIYYAEeM YPABHEHHE ChephI
(z—a+y—0°+(z2-c)*=R%. ®

5.1.27. Haittu KoOpAMHATHI LEHTPA H paaNyC chepHyuecKoil NOBEPXHOCTH,
3anannoft ypasrenuem 22 + y2 + 22— 2r +62 -6 = 0.

5.1.28. Kax pacnosoxkens: Touku A(0;5;7), B(—3;4;0), C(0;0; 6) ornocu-
TeneHO cepnr T2 + y? + 2% + 21 — dy — 62 — 11 = 07

5.1.29. Kakyo noBepxXHOCTb ONpENesIAeT ypaBHerne T2 + y° + 4x — 10y +
+28 =07
(3 Ypasuenne umeer sz (1.5), onpenenser puIMHAPHYECKYIO TI0-
BEXHOCTE € 00PAa3youMi, napasutenbibivg oca O2; Hanpasnsio-
medt cayxuT xpubaa z° + y° + 4z — 10y + 28 = 0, nexawman B
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5.1.30.

5.1.31.

5.1.32,

12 -2361

niockoctd Ory. BeioesuM B JIeBOH YaCTH 3TOTO YPABHEHHSA TIOJI-
HBI¢ KBAJIPATHI:

(z® +41+4)—44-(y® —10y+25)-25+28 = 0, (x+2)*+(y—-5)* = 1.

Hanpapasomwet CiayXuT OKpY®HOCTE pagnyca 1 ¢ LeHTpoM B TOY-
ke (—2;5) (puc. 49). Takum 0bpazoM, 3a0aHHOE YPABHEHHE OIIpe-
AenseT NpAMON KpyroBol nHAHHAD. ®

Puc. 49

Kakne reomerpuueckne o0pasml ONpPENeNAOTCA CJIGIYIOUIHMH
YPaBHEHMAMM:

1) 4% = 4;

2y’ =1

3l +y?+22 =0

4) 22 4+ y2 =07

OupenenuTs, KAKHE FeOMETPHYECKHEe 06pa3bl 3a0aHbl YPaBHEHHSA-

MH:
1) zyz=10;
2) y? - 22 =0;

322+ +4=0;

4) 22 +y?-22-3=0.

CocTaBuTh ypaBHEHHE BUHTOBOH JIMHHM PAIHYCA ¢ W wara h.

(Q BUHTOBYIO JIMHNIO OMICHIBAET TOYKA, KOTODAs DaBHOMEPHO
BPAIIALTCH BOKPYT HENOMBIKHON ocH (Ha prc. 50 Boxpyr ocu O2) n
PABHOMEPHO NepemMemaeTcs B ee Hanpasnenuu. [Tyers M (r;y; 2) —
NpOU3BOILHAA TOUKA Junuu, a My(r; y; 0) — ee npoekuusa Ha rnoc-
kocth Ozy. Touka M nexut Ha ob6pasyiomelf npaMoro KPyroBoro
UMIHHOPA, HAPABAAIMEH KOTOPOro CAYKUT OKPYIKHOCTD PAauy-
ca g, OnHceBaeMmana TouKollt My. OGosnaunm yroa nmosopora MOz
uepea t, T. e, 1 = ZMpOx. B cusly paBHOMEDHOCTH NBHXKEHHSA TOMKH
M wmoxuo samncars |MMy| = bt. Omeem: £ = acost, y = asint,
z = |MM| = bt. Onsn saxoxpesus kosdduuuenta b nonoxnm
B nocjenHeMm paseHcTee I = 2r, 2 = h (B aTOoM cnyvae TOYKA
Mg coBepmnT noytHe ofopoT; TOuKa M onumeT OOMH BATOK, NOO-

HABWMCHL Ha war h sanTta). Cneposarensno, b = 2nb, b = %
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————— -]
-

o] M(z;y;2)

I o a Y

=
P

Mo(z;y;0)

|

Puc. 50

YpaereHnAMH BHHTOBOI stuEnd ByoyT

T = acost,
y=TmL telR ®
z = %t,

5.1.33. HattTu ypabHeHHe MOBEpXHOCTH, KAXJIaa TodKa KOTOpoH Bapoe
Gmke ¥ Touke A(2;3;0}, yem k Touke B(—2;0;0).

AononunrtensHule 3apaqn

5.1.34. Kakaa KpuBas ONnpenendeTca ypaBHeHUIME

+yi+22—6z=0,
y—2=0?

5.1.35. Kakune KpHBLIE ONPEIENAIOTCA YPABHEHHAMU:
1) {:r =0,
y=10
2) y-3=0
z+2=0;
3) {:r2 +y% + 2% = 36,

T =47
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5.1.36. Hafltu ypapnenne ceprudeckoll NOBEPXHOCTH ¢ UEHTPOM B TOUKE
C(2;1; —4), npoxomsunedt yepes rouxy A(5;3;2).

5.1.37. HaliTu ypapHenue JTHHHE nepecedeHus MI0CKocTH Oz H chepsl ¢
HeHTpoM B Touke ((2;2; 2} n pamuycoM, papHbIM 3.

5.1.38. HaiiTu reoMeTpHYecKOe MECTO TOYEK, PABHOYHAJNICHHBIX OT IBYX
nanHmx Touek A(1;0;0) w B(0;1;0).

KonTponibHbie BONpocsl v Gonee Cnoxubie 3agaqum

5.1.39. H3z rouku M (2;6; —5) npoBeneHsl BCEBO3MOXKHBIE JTYYH OO0 NMEpece-
4eHuaA ¢ INOCKOCThI0 Orz. COCTABUTL YPABHEHHE r€OMETPHYECKOI0
MECTa CepenuH OTPe3KOB iy yelt or Touku M 10 TOuKH mepeceueHns
¢ nnockocThio Oz,

5.1.40. Halttu reomeTpuyeckoe MECTO TONUCK, PABHOYIANEHHBIX OT JAHHON
TOMKH W NAHHOH NMIOCKOCTH.

Yxasanue. [loMecTHTE HAYATO KOOPOAMHAT B CepelHHE TepIeHIH-
KYJISpa, ONYUIEHHOTO H3 TOMKH Ha TJTOCKOCTS.

5.1.41. BsieecTu ypapHeHEe NOBEPXHOCTH, CYMMA KBAAPATOB PACCTOAHHI
ot kax o Touku kotopott 1o Touek Fi(—a;0;0) u Fa(a; 0;0) pasua
nocToAHHOMY 4ucay 4a’.

5.1.42. DriBecTH ypaBHEHHE NOBEDXHOCTH, MOAYJE PAa3HOCTH PaccTOSHMH
OT KaxKa0# TOYKH XoTopo# o Touek F)(0; —5;0) u F3(0;5;0) pa-

Bet §.
5.1.43. Kaxkyo JUAKIO Oftpenender CUCTEMA Y PABHEHHN
2 2
z
+ 4 =1,
r
z=c?

5.1.44. Kakyio noBepxHocTh onpenesseT ypaphenue 2 + y? — 2y = 07
5.1.45. Jlexar jm Touxu A (Q; —4;8), A2(—1:2;2) na moeepxHOCTH z =

2
=x5’+%?

§2. NNOCKOCTbL B NPOCTPAHCTBE

PaznuuHuie BugLl YpaBHeHWs NNOCKOCTW

Kaxnan naoexecms B npocTpancTee OTy2 ONpenenseTca JuHeHHbIM an-
reDpanyecKuM ypesnenueMm nepaotl emeneny ¢ mpema neuseecmunimu. 1 na-
000poT: kaKaoe nuHeliHoe ypapHeHMe MepBOrO AOPANKa C TPeMs Heu3BecT-
HEIMH onpenenseT HEKOTODY IIJIOCKOCTD B IIPOCTPAHCTBE.

1. VYpaenenue naocxocmu, npoxodsuet! wepes mowxy Mo(To; yo; 20) nep-
nenduryaapro eexmopy 7 = (A; B; C):

Alx—zp)+ Bly —yo) + €z — 29) = 0. (2.1)
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YpasHeHne (2.1) HA3LIBAKT TAKKE ypaenekues nywxe {cesanu) naocxocmeti,
YpaBHeHNe MydKa NIOCKOCTEH, MPOXONAIMK Hepe3 NPpAMYIo, 00DAIOBAHAYIO
nepeceyendeM miockocrell Ayx + Biy + Chz + D1 = 0 u Asz + Boy +
+ Coz + Dy = 0 uMeer BUT

Ajiz+ Biy+Ciz+ Dy +)«(A2:E+B2y+02lz+D2) =10, (2.2)

roe A — YHCJIOBOH MHOMHTEID,
2. Ofuee ypaeHeHUe NAGCKOCTIU:

Az +By+Cz+D=0 (A2 +B®+C% #£0). (2.3)

Beaku#t HenyneBoll BekTOp, NEpNeHANKysApHBIN AaHHOR NNOCKOCTH, Ha-
BLIBAETCS HOPMAALHIM GEXMOPOM TOR NTocKocTH. B 4acTHOCTH, BEKTOp
fni=(A; B; ') — HopMansHB# BEKTOD IJIOCKOCTH, 3aJaHHON ypaBHenuem (2.3)

Yacreie caydau ypashenus (2.3):

Az + By + Cz =0 (D = 0) — n710CKOCTH OPOXOOMT YEPes HAYAIIO KOOp-
JIMHAT;

Az + By + D =0 (C = 0) — nmnockocts napaniensaa ocd Oz {anano-
THYHBIY CMBICK HMEOT ypasuenusa Az + Cz + D =0, By +Cz+ D = 0);

Az + By = 0 (D = C = () — njockocTs TpoxoguT 4yepes ock Oz
(Ar+Cz+ D =0, By+Cz+ D = 0 — yepes oce Oy v Oz COOTBETCTBERHO);

Az + D = 0 (B = € = () — niockocTh NapasiiesbHa miockoety Oyz
(Cz+ D =0, By + D = 0 — napasunensno mnockocty Ozy w Orz coOTBET-
CTBEHHO);

Az = 0, re. g = 0(B = C = D = () — MI0CKOCTE COBNAJALT C
nnockocteio Oyz (y = 0, z = 0 — ypaBreHus nnockocreit Ozz n Ozy coor-
BETCTECHHO).

3. Vpaanenue naocxocmu 8 ompesxex:

r Yy oz
— 4 =4 -= 1 2.4
a b o v ( )
rae ¢, b, ¢ — abCumcca, OPUAMHATA H ANrUIMKATA TOUEK MePeceveHHs ANoc-
KOCTBIG KoopauHatHelx ocelt Oz, Oy n Oz COOTBETCTBEHHO.
4. Vpasuenue mnaocxocnu, nporodawedl wepes mpu Oannse owxu

Mz v 21), Ma(xoiye; 22) u Ma(za;ys; 23)

Ir—In ¥y—1un 2=
To—2y Y2—1 22—z =0. (2.5)
Tz—T1 Ya—%N 23— 2

YpabHeHue (2.5) ¢ sexmoproil fopme UMeeT BUR
(F—F1) - (Fa — 1) - (F3 — F1) = 0, (2.6)

toe ¥, ¥1, F2, T3 — PammMyc-BeKTOpHl Touek M (z;y;2), My, Mo u M3 coor-
BETCTBEHHO.
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5. Hopamaanroe ypaenente niocxocmy:
zcosa+ycosf8+ zeosy —p =0, (2.7)

e p — ANVEA nephenaukyaspa O K, ONyileHHOrO B3 HauaJsia KOODIOMHAT HA
[JI0CKOCTD; &, , v — YIibl, 06pascBaHHble €ONHNYHEIM BEKTOPOM €, HMEH0-
Wwero HanpasieHne nepunenaukyaspa OK (puc. 51}, ¢ ocamu Ox, Oy u Oz
(cos® a+ cos? B + cos? vy = 1).

z

Puc. 51 Puc. 52

¥Ypaerenue (2.7) e eexmoproli Popme HMeeT BHO
F-e—p=0. (2.8)
(Qbmee ypasHenue NMIoCKocTH (2.3) NpHUBOOWTCA K HOPMABHOMY BHIY
(2.7) myTeM YMHOXEHUA Ha HOPMUPYPOUll MHOHCUMEND
1
A== : (2.9)
+VA2+ BT+ C?

3HAK nepel Apobbio GepeTca MPOTHBONOMONHBIM 3HAKY cBOoBoAHOrO wiena D
{B OBUIEM YPABHEHHE MJICCKOCTH).

5.2.1. MocTponTh WI0CKCCTH, 3a0aAHHBIE YDABHEHUAMMY:
N2y—-5=0
2)z+2-1=0;3)3z+4y+62-12=0.
Q 1) Nnockocry 2y — 5 = 0 napamiensha IiockoeTn Oz
{cm. {2.3), yacTHBIE CciIy4al); OHa OTCeKaeT Ha ocH Oy OTpe3oK,

paBHBIH % H MMeEET BRI, K300paKeHHbIN Ha puCcyHKe 52.
2) Maockocts 2 + 2 — 1 = 0 napannensra ocn Oy (cM (2.3));

OHa, NMepecekaer miockoctb Oz no npamolt z + 2 = 1, oTcekas Ha
ocax Oz u Oz orpesku, paenble 1 (puc. 53).

181



5.2.2.

5.2.3.

5.2.4.

182

Puc. 53 Pne. 54

3) O6wee ypasuenue nnockoctu 3z + 4y + 6z — 12 = 0 nepe-

numenM B prge (2.4): 3z + 4y + 62 = 12, r.e. % + % +% =1. 9ta

IJIOCKOCTD OTCekaeT Ha ocax Oz, Oy, Oz otpeakn, pasuble 4, 3, 2
COOTBETCTBEHHO {puc. 54).

CoCTaBUTh YpaBHEHHE IJIGCKOCTH, TpoxonAuel Hepes:

1) Touxy M{—2;3;1) napannensro nnockocrn Ozy;

2) Touxy M u och Oy.

MocTpenTh 3TH MAGCKOCTH.

CocTaBuTh YPABHEHHE IJIOCKOCTH, Npoxonameii yepes:

1} rouxy A(5; —4;6) nepnerapkymapao ocu Ox;

2) Touxky A M OTcexalowel PaBHLIE OTPE3KM HA MOJIOKUTEIbHBIX
KCOPIUHATHBIX MOTYOCAX.

IMocTpORTH 3TH IIOCKOCTH.

Ypaenenne nnockoetn 2z — 6y + 3z — 14 = () npupecTyn K HOpMaJIb-
HOMY BHAY.

Q YwmuoxuMm ofie YacTM ypaPHeHMs HA HOPMHDYIOMMH MHOXM-
Tenb (2.9):

1
A= ,
V22 +(—6)2 + 82
Ilepen kKopHeM B3AT 3HAK «ILTIOC», T.K. cBOOOmHBIN unen C' = —14
33JaHHOTO YDABHEHRA OTPRIIATENEH. Humeem:

1 2 G 3

S, e Sxr——oy4+52-2=0.

2 T. € ?n: ?y + 7z 0

3neck p = 2, T.e. paccroaune ot Toukk O(0;0;0) no niockocTn

paso % coso = cos 3 = 6 cosSy = 3
7 STy 98TE3g

4 36 9
2 2 2., — _ [l
(cos & + cos® 8 + cos 7—49+4g+49 1). ®

1
-

%(2x—ﬁy+3z—14)=0-



5.2.5.

5.2.6.

5.2.7.

OnpegennTs HATPABIAIOLINE KOCHHYCH PAANYC-BEKTODA, NIEpIEH-
AWKYJIAPHOIO K miI0CKocTH 3 — 4y + 52 — 10=10.

Hanmcars ypaBHeHNE IJIOCKOCTH:

1) napannennsHoit ocu Oz i1 npoxonamed gepes Touxn M (3; —1;2)
n My(-1;2;5)

2) mpoxopauwelt uepes Touky M) NepNEHAMKYJIAPHO BEKTOPY
MM,

(9 1) YpaBReHMe IJIOCKOCTH, Napasie/sbol ocu Oz, nMeeT BHA
Az + By + D = 0 (cm (2.3), vacTHeie cayvan). Tak kax nIOCKOCTh
IIPOXOOUT Yeped ToukH M n M, TO KOODAMHATEHI 5TRX TOYEK YIC-
BJETBOPAIT YpapHeHuio miockoctd. IloacTapeM HX B ypaBHeHRe
Az + By + D = 0. Tlony4aem opa ypaBHEHHA

3A-B+ D=0,
-A+2B+ D=0

¢ Tpema HenasecTHriMK A, B, D). Bripasnm HenspecTHble Koaghgu-
nHeHTH A 1 B uepez [} yMHOXHB NEpBOE YPAapHEHHE HA 2 U CJIo-

JHB IIOWIEHHO YPaBHeHHd, HaxomnM 34 + 3D =0, 1.e. A = —%D;

Torpa B=3- (—%D) +D,1.e. B= —%D. IMoncrannas HalloeH-

Hele 3HaueHna A u B B ypasnenne Az + By + D = 0, nonyqaem

—%Dz + (— gD)y + D = 0. locne coxpanienns Ha (— %D) ypaB-

HeHMe NCKOoMOH nnockocTn npuobperaer eng 3z +4y — 5 =10.

2) Ucnonssyem ypapnenme (2.3) mnocxocrn. Bektop MM,
umeer xooparaare My M, = (-1-3;2—(-1);5-2) wm MM, =
= (—4;3;3). Tax xak UCKOMAA NJIOCKOCTh NEPIEHINKYJIAPHA, BEK-
Topy My My, oH ABndAeTca ee HOPMAJIBI H, C/IEIOBATE/ILHO, IHAYE-
Hua mapamerpoe A, B, u ' B {2.3) pasusi —4, 3 u 3 coorsercTaeH-
HO. ¥YpaBHEHUe NJIOCKOCTH, TAXUM 0BDa30M, HMeeT BUI

—4r+3y+3z+ D=0

Touka M, (3; —1;2) no ycnoenio 3agaqm JexXHT B I1ockocTH. Coe-
JIOBATENILHO, JNOOCTAHOBKOA KOOPIMHAT TOYKH M, B ypaBHeHHe
TLIOCKOCTH ITOJTYYRM TOKIECTBO!

-4-3+3-(-1)+3-2+D=0.
OTtcona naxoguM, yte D = 9. YpapHeHne HCKOMOM IJIOCKOCTH:
—4r+3y+32+9=0. ®

Cocrasnte ypaBHeHme [UIOCKOCTH, NpoXonsmeh dvepes TOUKY
Ma(2;3; —4) n napannensuoit BekTopam @ = (—3;2;-1) n b =
={0;3;1).
(Q Bocnosbayemcs ypasnennem (2.1) muockocru. Hmeem
Alz-2)+Bly—-3)+C(z+4)=0.
183



5.2.8.

5.2.9.

5.2.10.

184

Hafimem A, B u C. Tax xak ILMOCKOCTb MAPATIETHHA BEKTOPAM

@ u b, To B KavecTBe ee HopMasibHOTO BekTopa i = (A4; B;C)
MOXHO B3ATL BeKTOp i = & X b. Haxonum mexTop 1 no dopmy-
_ i)k
dedxb=la; ay a,
by b, b,
i 7 k _ ~
fi=|-3 2 -1|=2{-9k+3i+3f =5+ 35 —9%;
0 3 1
3Ha4nT, 4 = 5, B = 3, ¢' = —9. HexoMoe ypaBHeHHE TUIOCKOCTH

ecte 3z —2)+3Hy-3)—Hz+4)=0,Te 5c+3y—92:—-55=0.

3amevanue. llpmBemem BTOpoe pemenne sagaun. Ilycre
M (z;y; 2) — npon3sonbHaz TOUKA MCKOMO#H mutockocTh. CocTaBuM
Bextop MoM = (x — 2;y — 3; 2 +4). Tak xak pexropst Mo M, an b
KOMILJIAHAPHDI, TO BX CMENIAHHOE MPOU3BEICHHE DABHO HYJIO, T. €.

z—2 y—3 z+4
-3 2 -1|=0.
0 3 1

Packpripas onpene/HTesn, nouydaem 5¢ + 3y —92—-55=0, @
Hanucarh ypapHeHMe IUTOCKOCTH, NPOXOOAMEH 4epes TOYKH
M;(2;0; -1}, M3(-3:1;3) napannensro sexropy § = (1;2; —1).
Hamucare ypaBHeHHE INIOCKOCTH, MNpOXonsmel 4epes TOUKy
M(1; —1;0), mapannensso sektopam @ = (0;2;3) n b = (—1;4;2).
Hamncars ypaBHeHRe IUIOCKOCTH, TPOXOOAINEH depes Tpu 3anaH-
Heie Toukn M({1;0; 1), M3(2;2;3), M3(0; -3;1).

(Q Tpu Touxu, He Nexanne Ha OAHOH NPAMOH, OTIpENENAOT B NPO-
CTPAHCTBE §AMHCTBEHHYIO OCKOCTh, Ee ypabHeHue 6yIeM UCKaTh
B pune (2.3). Tak xak rouku M), My n M5 nexar B ogHo# mnoc-
KOCTH, peKTopbl M M, u M| M, taxxe nexar B weil (cM. puc. 53)

7

Puc. 55

BexTopHoe mponseenenue pektopee MM, 1 MM, nepnen-
IMKYIAPHO MJIOCKOCTH ¢, B KoTopoit omu nexar. Crenosarenb-

HO, B Ka4decTse HOPMAaJaH n K IUVIOCKOCTH ¢ MOXKHO B3ATh BEKTOD



5.2.11,

5.2.12.

i = MM, x M; M;. HaxomuM koopaunaTei BekTOpoB M;M,,
M]M3 n
MM, =(2-12-0;3-(-1)) = (1;2;4);

MiM; =(0-1;-3-0;1—(-1)) = (-1; -3;2);

L i J k
R MM, x iMs=11 2 4]=
-1 -3 2

H{4—(=3)-49-F1-2-(-1)- )+ k1 (-3)-2-(-1)) =
16i - 67 —k; 7= (16;-6;—1).

Taxnm obpazom, napamerpnl 4, B n C' nmockoceTn, 3anannod ypae-
nHenueM {2.3) paBrnl 16, —6 1 —1 COOTPETCTBEHHO. YPABHEHRHE HC-
KOMOH MJI0CKOCTH, C/IEA0BATENILHO, UMEET BUI

16x-6y—2+D=0.

Touxa M,(1;0;—1) no ycnoBri JexRHT B MIGCKOCTH. Cnemopa-
TeJIbHO, NOACTAHOBKA KOOPIMHAT TOYKHM M| B ypaBHenne msmocko-
CTH oOpaTHT €ro p TOXAecTBO. MMeeMm:

16-1-6-0—(-1)+D=0.

Otkyna raxonmyM, yto ) = —17. ¥YpaBHeHMe NNOCKOCTH, IPOXCAA-
meft yepes 3anaHuble ToukH My, Mo u Ms, ameer pag 16x —6y—2 —
-17=0.

Samevanue. [IpHpegeHHOe pelIeHne 3A0A4H [0 CYTH FABNAETCA
obocropannem opMyas (2.5). @
CocTaBuTh YPABHEHHE IUIOCKOCTM, NPOXOOAUEH <epes TO4YKH
Mi(-2;0;0), M2(0;4;0), M3(0;0;5).

CocTapuTh YpaBHeHME ILIOCKOCTH, NpOXorsmeil uwepes Touky
M(1; —-2;3) n nuHM0 NepecedeHns mockocTel 2z —y+22-6=0
Hdr+2y—z+3=0.

(9 JInens nepecevenns nnockoctelt — npamad. Buibepem Ha nelf
JBe NpOM3IBOMBHBE {HECOBNAIANIINE) TOUKM M CBEAEM 3Alady K
npenwinymei — onpenesieHne YpapHeHNA LIOCKOCTH, Tpoxonsamed
Yyepes TPU 3alaHHBbIe TOUKH.

KcopauHaTh Touek NpAMO#H, 3a0aHHOM NepeceyeHHeM IIIOCKO-
ctH 2z —y+22—-6=0mu 3z +2y — 2+ 3 = 0, — aro pemennsa
CHCTEMBI

2r—y+2:-6=0,

{3I+2y—z+3=0.
BrifpaTe OBa pelieHHA 3TOH CUCTEMEI MOKHO PA3TUIHEIMA CHO-
cobamn. IlocTyruM Tak: NpACBOMM OAHOH M3 MepeMeHHEIX duxcH-
POBAHHCE 3HA4YeHHe {4TC-HHOYIb [IPOCTOe, HANPUMEp, PaBHOE HY-
JI0 RITH €0MHUIE), A 3HAYSHAS OCTAJIBHEIX IEPEMEHHBIX HAfifeM na
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5.2.13.

5.2.14,

obpazylomeiica cucremut. Ilycts, Hanpumep, ¢ = 0. Toraa cucrema
ypaBHenuit mpumer sun

-y +2z=6,
2y —z=-3,

pewmenue koropoli y = 0, z = 3. Hrak, onna Touka Haligena. O6o-
sHaunM ee Mo, Koopawnarh stolt touxu M2(0;0; 3).

i HAXOXIeRus BTOPO# TOYKH NOCTYNHM aHAJIOTHUHBIM of-
pasom. [Iycrs Teneps x = 3 (noacrapka z = () npupoaRT K ApOG-
HBbIM pelleHHsSM, YTO CJeTKa YCamkHaeT aprdMeTuieckne Hpole-
oypsl). Hexonnas cuctema ypabHeHHE IDMMET BUT

6-y+2:—6=0,
9+2% —2+3=0,

pelleHre Kotopolt ¥y = —8; z = —4. Haligena propaa Touxa Ha
npamoit (06o3naunM ee Ms), koopaouHaTtH KoTopolt M;(3; —8; —4).
Teneps ects Tpu Touxa M (1; —2;3), Ma(0;0;3) u M;(3; -8; —4),
OUpENeNANNME B NPOCTPAHCTEE IWIOCKOCTh. e ypapHeHue Haxo-
AUTCA cnocofoM, NTOKA3aHHBIM b pelieHny 3agaqu 5.2.7. Y pannenue
uckomolt nnockoctu: 14z + 7y — 22+ 6= (. @
HafiTy ypaBHeHHE IVIOCKOCTH, Mpoxoasmed yepes Touky M(1;1;1)
NEPNEHOMKYJIAPHO K JIMHHH [I€PECeYeHMH OBYX IWIOCKocTel
z—y+22-3=0u2cr-2z+4=0.

HaiiT ypapHeHHe ILTOCKOCTH, MPOXonswel yepes JuHMIO mepece-
4YeHHs OpyX maockocreft £ —2y+ 32 -4 =0nz+y—-524+9=0
M napanniensuoit ocu Oz,

HAonanHutensHule 3agaqn

5.2.15.

5.2.16.

5.2.17.

5.2.18.

5.2.19.

186

Haittn 0GbeM mHpaMAIL], OFPAHHYEHHOH IMOCKOCTRIO & + 3y — 52 —
— 15 = 0 B KOOpPOIMHATHBIME IJIOCKOCTAMH.

Haliti naury nepneHanKynsapa, ONYHEHHOTO U3 HAYAJIA KOOPOH-
HaT Ha nnockocTs 20z — Sy 4+ 42 — 210 = 0 u yroa, o6pasosaHHbIfl
ITHM NEPHEHANKYJIAPOM ¢ ocbio Oz,

Ha#itu mnockocrs, 3nasa, yro Touka M(2; —4;4) cayxur ocroBa-
HUEM NEPIEeHAHKYJIAPa, ONYIIEHHCrO N3 HAYama KOODOHHAT HA 3Ty
THIOCKOCTD.

Hafitn reoMeTprueckoe MECTO TOUEK, DAPHOYIANEHHBIX 0T TOWEK
M1(2;1;-2) m M2(-2;3;4).

HafiTu ypapHeHMe NJIOCKOCTH, OTCEeKaiomell Ha oTpHUATENbHOIt

MOy OCH Oy OTPE30K, paBHBIH 4, M nepneHaukyaapHoli BexTOpy
= (3; —2; 4)



5.2.20.

5.2.21.

5.2.22,

5.2.23.

5.2.24.

5.2.25.

5.2.26.

5.2.27,

CoCTaBATh YPABHEHHE TUIOCKOCTH, OpPOXOmANEH dYepes TOUKM
M1(4;2;3) uw M2(2;0;1) » nepnenankysapHol XK TNIOCKOCTH
z+2y+324+4=0.

CocTaBuTe YPABHEHHE TJIOCKOCTH, OPOXOsmeHd depes TOYKy
M(1;0; 3) n nepnenaukynapaol K nockocTaM z+y+2—8=0m
2r—y+4z4+5=0.

CoCTaBNTh YpABHEHHE IUIOCKOCTH, NpOXoiawmel ¢epes TOYKH
M1(1; 2; 3) u M2(—2; —3; 4) u nepecexaromwedt ocu Oz 1 Oz B TOUKaAX
C PABHBIMHA H TIOJIOKHTEIEHBIME KOODIWHATAMH.

HafiTn paccrosHue 0T HaYaia KOODOMHAT JO MJIOCKOCTH, KOTOPA
nepecexaer ocr Oz, Oy, Oz B TOYKAX ¢ KOOpAMHATAMHU a4 = —6,
b=3,¢c=3.

Hatiti ypapHeHnse nIoCcKoCTH, Tpoxoasmeit vepes oCHOBAHUA TiEp-
HNEHINKYIAPOB, ONYIMMEHHBIX B3 Touku M (2;2; 2) Ha koopauHaTHBEIE
IJIOCKOCTH,

CocTaBUTh YpaBHEHHE TIOCKOCTH, MpPOXOAANeH Yepes TO4KY
M(2; -2;5) u orcexawmelt va ocix Oz u Oy srpoe Gonbune OT-
peskH, YeM Ha ocu Oz.

CocrapuTh ypaBHERME [JIOCKOCTH, Mpoxomamelt yepes Touxky M,
IeplneHanKy/IapHe BekTopy M Mz = i — j — 3k, 3Had TOuky
Mo(2; -8; -1).

Hailitn TOuKy nepecedeHns ¢aeaywmux maockocted:
1)z-3y+2:-11=0,z-2y+2-7=0,2z4+y—2+2=0;
)3 +y+2-5=0,r—-4y—-224+3=0,3z-12y—624+7=0.

KonTponcteie BONPOCL ¥ Bonee cnoxnbie 3apavv

5.2.28.

9.2.29.

5.2.30.

5.2.31.

JoxazaTe, 4TO ypaBHeHME IFIOCKOCTH, NPOXONsAWel depe3 TOUKY
Mo(zo;¥0; 20) mapannessHo OByM BexTOpaM & = (Mi;ni;p1)
¥ b = (ma; ny;pa), MOXeT OBITH IPEACTABJIEHHEIM B BAIE

T—Xo Y—Yo f— X
my n n |=0
ma g b2

Cocrabuth ypaBHeHHe IJIOCKOCTH, NpoBedeHHOM uyepes TOUKY
Mo (20; yo; 20) mApAIIEIBHO BEKTOPY & = (Gy; Gy; G;) W NEPIEHAR-
KyaspHo miockocTH Az + By + Cz + D = 0.

CocTapdTh ypaBHEeHHE IJIQCKOCTH, NPOXoadmed Yepes HA4ano Ko-
opaunar, touky Mp{—1;2;1) n Touky nepeceueHms niaockocreit
20 —4y+52=21,2-324+18=0,6z+y+2-30=0.
Inockoetne =0,y =0, 2z = 0n 3r+y—22—18 = 0 obpasytor Tpe-
yroaeHY 0 napaMuny- Haltte 06bem ky6a, BINCAHHOIO B IHPAMHIY
TAK, 970 TPH €50 IPAHH JIEXKAT Ha KOOPAKHHATHBIX IVICCKOCTAX, OAHA
H3 €rc BEpPIIMH — Ha nocsented mrockoetn (3r+y— 22— 18 = 0).
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5.2.32. Hailtw 104Ky, CHMMETPHYHYI0 HA4YaNTy KOOPOHHAT OTHOCHTEJILHO
mockocT 10x + 2y — 112 + 450 = 0.

5.2.33. Yemy pasHa mIOWAanb TPEYroJbHHKA, OTCEUEHHOrO IICCKOCTBIO
2z — 9y + 6z — 12 = 0 or koopaunartHoro yria Ozz?

5.2.34. Kakopo ypapHEeHme IJIOCKOCTH, npoxoaamed yepes rouky (1;2;3)
EPIEHAMKYIIAPHO BEKTOPY @ = (3;2;1)7

5.2.35. Kakoe nz coenyiommx ypapHeHHH INTIOCKOCTH fIBJSETCA HOPMAJb-

sbim 1) %zz—%z—f‘»:o; Dz+y-2=0;3)y+1=0;4)2—1=0;

5yc+8y-Zzr2=07

5.2.36. [Ipexomut s urockoeTs 2z — 4y + 2 — 3 = 0 4yepes omHy M3 cne-
mywomux Touek: A(2;1;3), B(0;2;10), C(—3; -3; -3)7

5.2.37. Halitu TO4KN nepecedeHHd MICGCKOCTH T + 2y — 32 +6 = 0 ¢ ocamn
KOOPOHHAT.

Yron mexpgy ABYMA NNOCKOCTAMW, YCNOBUA NapannenbLHOCTY
U NEPNeHRUKYNAPHOCTU ABYX NNOCKOCTel; paccTosHue oT
AAHHOA TOYKW A0 AAHHOA NNOCKOCTH

YrooM MexAy MIOCKOCTAMM B IPOCTPAHCTBE HA3BIBAETCA YIOJT MEKIY
HOpPMAJIBHEIMHM BEKTOPAME 2THX nnockocredt. Ecnu ase nnockocru ¢h v Q2
3agasel ypapHeHaaMu A 2+ Biy+Ciz+ Dy =0 Apz+ Boy + Coz+ Dy =0,
TO BEJINYHHA YIJI4 ¢ MEXAY HAMM Bhraucsderca no Gbopmysne

AA+ BB+ Cng
VA2 + B+ C\JA3+ B +

cos =

(2.10)

Be,nn'-mﬂa HAUMEHLILE20 T3 IBYX CMEXKHBIX YILJOR, 06pa.30Ba.HHbIK ITHEMH
IJICCKOCTAMM, Haxoaurea no dopmysne:

AjAr + B1B: + C1Ch

Cosp = (2.11)
\/A%+B§+Cf-\/A§+B§ +C3
Yeaoeue napansesvrocmu dsyc naockocmets (1 u (2 ¥MeeT BHA
A] B1 Cl
a2 2.12
As By (e (212)
YCAOBUE TLEPTIERFUKYARPHOCTIIVY
AjAs+ BB+ C1C =0, (213)
NAOCKOCTIUY coenaaawm, KOroa
a_B_G_ D (2.14)

A, B; C; Dy
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Paccmoanue & om mowxu Mo(zo; yo; 20) 00 naccxoemu Az+By+Cz+D = 0
HAXOOHUTCA IO PopMyJIe

. |Azg + Byo + Czp + D]
VA2 + B2+ (C?

EcH n/10CKOCTh 33JaHa YpapHeHueM Tcosa + ygeosJ + zcosy — p = 0, TO
paccrodHme oT Touku Mp{zo; yo; 20) OO IVIOCKOCTH MOXKeT GuITh HaMAEHO MO

opmyne

d

(2.15)

d=|zgcosa+yocos 3+ zgcosy—p|. (2.16)

5.2.38. CocrasuTe ypaBHeHHE IUIOCKOCTH, OpoXonduell dYepes TOHMKy
M(1; —3; —2) napannensto niaockocta 3z — 2y + 42 —3 = 0.
(9 Hmewm ypapnenwe miockocty B pune Az + By +Cz+ D =0
(aro BRA 2.3). Hpe napanenbHble HIOCKOCTH UMEKOT OOILYI0 HOp-
Masb, Koopaunars HopMain 3anansofi nnockoctn 7t = (3; —2;4).
CnenopaTeNbHO, yYpaBHEHMe HCKOMOH NJIOCKOCTH WMeeT BHE
3z -2y+424+D=0.
Toura M(1; —3; —2) mo yCIOBMIO JIEAKHT B HCKOMOH IIJIOCKOCTH.
CnenoBaTeNbHo, IOACTAHCBKOH KoOpanHAaT M B ypapHeHHe nioc-
KOCTH MOJIyYHM ToxmecTro: 3- (1} —2-(=3)+4-(-2)+ D =0
Otrcrona naxooum, 4toe D = —1. Ypaprenre nckomolt riockocTH
umeer BRO 3z — 2y + 4z —-1=10. o
5.2.39. CocrapuTb yYpaBHEHHE INIOCKOCTH, NpPOXOmsed uepes TouKY
M(—4; -3; —2), napanensHo wiockocty ¢ + 2y — 32 — 6 = 0.
5.2.40, CocrapuTh YpaBHEHHE IJIOCKOCTH, OPOXOAAMEH 49epes TouKy
M (0; —3; 2) napannensHo IUIOCKOCTH, BPOXOAAER Yepes Tpa ToY-
ku M1(0; -2; —1), Ma(1; —3;4), Ms(1;1;-1).
5.2.41. HalfiTi pesiHuNHY OCTPOTO YIN1a MEXIY IJIOCKOCTAMM:
1) 11 -8y —7z2-15=0ndec - 10y + 2 -2 =0,
2)2r+3y—424+4=0mbz-2y+2-3=0.
Q 1) Bocnonssoeapmmcs dopmysofi (2.11), nomy4aem

[11-4-8.(—10)—7-1

COs ¢ = =
Y= /21164149 - V164 100+ 1
T vt V2
V234117 V2-vmT 27
il
(‘D_Z'

2) MoxHO 3aMeTHTh, UTC BHIIOJHAETCA yciopue (2.13) nep-
NEeHARKYJIAPHOCTH mytockocTel, Tx. 2-54+3-(-2)—4-1 = 0. Cre-
IOBATENBHO, NJCCKOCTH B3ANMHO TIEPIEHINKYIIAPHEL, ¢ = % ®
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5.2.42.

5.2.43.

5.2.44.

5.2.45.

5.2.46.

5.2.47,

190

Haltty BenvuuHy OCTPOrO YIVia MEXLY ILIOCKOCTIMH:
1}z+y—-224+5=0n2zc+3y+2-2=0
22z -2y+2=0u2=0
Hanncare ypapHeHHMEe IUIOCKOCTH, NApasijleNIbHOR INIOCKOCTH
z — 2y + 2z + 5 = 0 n ynanennofi or touxu M{3;4; —2) Ha paccro-
Anue d = 3.
Q VYpapHeHne MCKOMOH TJIOCKOCTH HMIIEM B BHIE T — 2y + 22+
+ D = 0. Hajinem 3raqenue D. Tak kak 1ouka M ynasena or
uckoMolt nnockocTH Ha paccroanue d = 5, 10 no dopmyne (2.15)
3annchHBaeM

5:|3—2-4+2-(—2)+D| . 5=!.D—9|1
V1i+4+4 3

re. 15 = £(D - 9}, orkyma D = 24 w D = —-6. ¥Ycnosmo 3a-
OAYH YOCBIETBCPAIOT ABE INIOCKOCTH T — 2y + 22+ 24 = 0 u
z—2y+2:-6=0. ®
HalfiTit paccroanue Mexay napasiiesbHbBIMKE MJIOCKOCTAME:
z+y—2—-2=0u2zc+2y-2:2+5=0;

222 -3y+62—14=0n2z-3y+62+42=0.

Haittn paccroanne ot Touku My(5;4; —1) mo nockocTh, npoxona-
meh yepes roaku Mi(0;4;0), Ma(0;4;-3), M3(3,0;3).

CocTaBUTh YpAPHEHHE NJCCKOCTH, TpoxondAmed uepe3 TOYKH
Mi(-1;3,(0) u M3(2;4;—1), nepneHIUKYJAPHO IUIOCKOCTH
r—2y+3z-10=0.

(Q Hmewm ypapHerme miockoctd B Bupe Ar+By+Cz+D =0.
Toukn M; 1 M; jnexar p uckoMoli INIOCKOCTH, CAEHOBATEIIBHO,
pexTop M), M, Takxe nexwur B Heli. Ero koopownare:: Mi M, =
=(2-(-1);4-3;,-1-0) = (3;1,-1).

Tak Kax 33[aHHAA ¥ NCKOMAA TIOCKOCTH NEPIeHINKYIADHE],
BEKTOP-HOPMAJIL 3aJAHHON MIOCKOCTH JeXKT B nckomoit, Koopou-
HATHI BEKTOpA-HOpMATR 3anantolt miockoer: & = (1; —-2;3).

Hopmane 7; k MCKOMOH IVIOCKOCTH HAXOOMM KAK BEKTODHOE
[DPOMZBCHCHHE JIEKAUIMX B HEH HEKOJIMHEAPHLIX BEKTOPOB:

i J ok ~
Ai=MMxa=1{3 1 -1=i3-2)—-jO0+1)+k(-6-1);
1 -2 3

7y = (1; -10; —7). ¥YpasHenue HCKOMOH IUTOCKOCTM HMEET BHI
z—10y — 7z + D = 0. IloacTapnas KOOpDOMHATH TOMKH M) =
= {-1;3;0} (mmm M), nexawell B IVIOCKOCTH, B 3TO yPABHEHUE,
HaxomuM, 4to D = 31. ¥papuenne nckoMoft IZIOCKOCTH MMeeT BUI
z—10y—-T7z+31=0. ®
CocTapuTh YpaBPHEHHE INIOCKOCTH, GPOXOZAMEN Yepe:s HavYado
KOOpOHHAT M Touky M(2;1;—1) nepneHInKyAApHO IUIOCKOCTH
2r-32=0.



AononHurenshuie sagaqm

5.2.48.

5.2.49,

5.2.50.

5.2.51.

5.2.52.

5.2.53.

5.2.54.

5.2.55.

5.2.586.

5.2.57.

YCTaHOBUTH, KaKHe U3 CHIENYIRMX Nap I0cKocTel ARNAITCA na-
panIeJbHBIME, KaKie — TePIeHINKYIAPHBIMU!

1} 3z+4y—2+8=0uber+8y—22-3=0;
2)3z-6y+3z-12=0mn-c+2y—2+4=0;
3)r+2y—52+1=0u2r+4y+22-7=0.

COCTAaBHTL YDABHEHHE IUIOCKOCTH, NPOXOOALEH 4Yepes TO4Ky
M(4;0;2) n nepneHnuxkynsApHo#t mnockoctaM z +y +z = 0 g
y—2z=0.

Hafity xoopouHaTel TO4YKE Ha ocu Oy, paBHOYIAJEHHOH OT OBYX
nnockocTe T+ 2y —224+6=0u2x+y+22-9=0.

Hana nupamana ¢ sepmunamu A(2;2 —3), B(3;1;1), C(-1;0; -5},
D(4;-2;-3). Halitt onuny BHICOTH, onyweHHOH U3 Bepmuas D
Ha rpase ABC.

CocTaB¥Th YpaBHEHHE MJIOCKOCTH, PACIIOIOKEHHON HA pacCTOAHNY
yeThIpeX enuHYUL 0T nJiockocTy 31— 6y — 22+ 8 = 0 v napasIensHO
e

HoKa3aTh, 4To MApaJLTEJIENHIEN, [PAHH KOTOPOTO JISHKAT B AIOCKO~
crax 8x—4y+52z—-7=0,3z+y—42+13 =0, 11 +4Ty+20z4+2 = 0,
ABJHAETCA NPAMOYTONBHBIM.

Ha#itu oGbeM ky0Ga, OBe TpAHH KOTOPOrO JIEKAT HA IUIOCKOCTAX
132+ 5y + V22— 5=0u 13z + 5y + v/2z + 23 = 0.

Jauer ypasHenus Tpex rpadelt napanienenunena z +4 =0,
y+2z—5=0,z—3y+42—12 = 0 u ogna u3 ero sepwun (4; —3; 2).
HaliTy ypapHeHHA TpexX ApYrax rpaHeli napasiefennmnens.
CocTaBuTh ypapHeHWe NNOCKOCTH, NPoXonsAitelt yepes JIMHEIO Ie-
peceyeHnd miaockocTed 2r —y— 122 -3=0uds+y—-7:-2=0
MepneHnuKYIApHO InockocTn 40 — 2y + 25 = 0.

OnpenennTe ypapHeHMe MNOCKOCTH, NpoxogsAelt yepes ock Oy U
cocTapnsiomedi ¢ mWIOCKocThIo & + 6y — z — 3 = 0 yroa 60°,

KoxrponuHuie sonpocw u Honee cnoxHeie 3agaqn

5.2.58.

5.2.59,

5.2.60.

CocTaBUTh YpaBHEHMA IUIOCKOCTell, JeslAMX onoiaM JEYTpaH-
HBEIE YTUIbI, 00pa30BaHHble NIAOCKOCTAMH 2T — 2y + 2+ 5 = 0 u
z+2y—-22-3=0.

Hanucats ypasHeHHe MUIOCKOCTH, PACTIONOXKEHHOH Ha PABHOM pac-
CTOAHHM OT JBYX JAHHBIX TApPaJIeJBHBIX miockoctel 4x — 3y +
+2-2=0ndr - 3y+2+8=0.

Hanucars ypapHeHHe TIJIOCKOCTH, Mpoxondwed uepes gBe TOYKH
Mi(0;0:2) m M5(0;1;0) u oBpasylomelt yrom 45° ¢ NJIOCKOCTBIO
Oyz.
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5.2.61. Cocraputh ypaBHEHHE [LIOCKOCTH, NPOXOOAmell yepes IMHHUIO Ne-
peceyenus nuockocrel Ajz + Biy+ Cyz+ D, =0u Ayx + By +
+ Caz + Dy = 0 1 Havano KOOPOHHAT.

5.2.62. Halitu ypapreHune niockocty, napannenshol ocu Oy ¥ npoxons-
weli vepes Touxu My(ay; by;er) u My(ay; bo; ).

5.2.63. Hpu xaxux 3Ha4eHuAX o ¥ § ypapHeHns OyIyT ONpeseNsaTh Ia-
pannebHBIE MIOCKOCTY:
DN2r+ay+32-8=0ufr—06y—6z+4=0;
2)oar+2y—-32+11=0udc-5y—-B62-2=07

5.2.64. Onpesenuth, MPH KAaKUX 3HAYEHHAX ¥ CIleAyOllide Taphl ypaBHe-
HUi GyOyT oNpene/aTh NePIeHINKYJIIPHBIE MIIOCKOCTH:

N4 —Ty+22-3=0u -32z+2y+v2+5=0;
Dz—vw+z=0u2c+3y+yz-12=0.

5.2.65. [Ilepecekawrca jd nnoCKoCTH 2T — Y+ 2 — 140 =0, z — z = (),

z+5y—-2z4+1=07

§3. NPAMASA B NPOCTPAHCTBE
Pasnuunbie BUgbLI YpPaBHEHUA NPAMOA B NPOCTPAHCTBE

1. Kanonuvecxue ypaenenur npamol, npoxomgamel yepes JAHHYI0 TOYKY
{9, Yo, Zo} NApAJUIENIBHO BEKTOPY & = (M, N, P), HMEIOT BHI
T—To Y-—Ya Z— 2%
m 7 P

; (3.1)

Beskuit neHyieBoil BexTOp, napasiiessHeI gaHHOl NpaMol, HasslBaeTc Ha-
npagARou UM sexmopom amoti npsamoti. B wactHocTy, BexTop @ = (m,n,p} —
HanpasnAomud Ia npaMol, sanaudoli ypasHenuamu (3.1). OfpaweHue B
HYJIb ONHOC 83 3HaMeHaTenelt ypabnenus (3.1) osnauaer ofipainenue B HyJIb
COOTBETCTBYIOINETD TUCIHTEN.

2. Hapemempurecrue ypaeneHUR npasot:

T = Tg +mi,
¥=1%o + ﬂt, (32)
z=2zp+pt,

rae £ — nepementbif napamerp, t € B B eexmopott gopse ypasrerue (3.2)
HMeeT BHA
F = Fg + 5, (3.3}
rae Fo = (Zo; Yo; 20}, 3 = (m;n;p).
3. Ypaenenue npssmot, npovodawett uepes dee mouwxu M {x);p;21) 4
Ma2(x2;y2; 22), THE T1 # X2, 1 # Y2, 21 F 22, MMeECT BU

r—T  ¥y—n F = (34)
T2 — X Y2—h =2

192



4. Obwee ypasuenue npasol:

(3.5)

Aiz+Biy+Ciz+ D, =0,
Asz+ Bay+ Cez+ Dy =0

(xoaddbunrenTe Opu nepeMeHHEIX He nponopunoHanessl). Hanpasnsmouwmh
BeKTOP NpAMoii (3.5} naxoautca no dbopmyJe

T. e.

5.3.1.

13- 2361

i j k
5=1 X Tis HIH s=\4 B, ), (3.8)
A By %
-_{|Br G|, (A& Ci| |4 By
S=EUB, Gl 4 Clt|4Ar B|)

(0uee ypasHeHse TpIMoit

r+2—-324+2=0,
2x -2y+2-5=0

npeodpa3zoBaTth K KAHOHUMECKOMY BUIOY W ONPEIEJIHTH BeJIMYHHBI
YIJIOB, 0Opa3oBaHHLIE TOH NpAMOR ¢ KOOPIWHATHEIME OCAMH.

(Q Onsa pemenus sTofl 33434 HAJO SHATH KAKYIO-JMBO TOUKY
npsaMofi u ee Hanpasasomwuil sekTop 3. BrifepeMm Touky Ha nps-
Molt cenylomum oOpa3oM: TOMOXKHM, HApuMep, z = {J; Torna ana
onpeneneHus abCONCCsl T W OPOIHHATHL ¥ Y T0H TOYKH IOJTY4HM
CHCTeMY ypaBHeHni

T+2y+2=0,
20 -2y —-5=0,
u3 koropofi Haxonum z = 1, yy = —%. Wrak, Ha npamolt napecTHa

TOYKE (1; —%;O). Hanpapnaowmii BekTOp npamoit HaxomuMm no
dopmyne (3.6):

- (2 -3
5=

-2 1
Torma, cornacho dbopmyne (3.1},

1 -3 [ 2 - L.
,—|2 1l,|2 _2D T.e. §=(-4;-7;-6).

x—l_y+%_

-4 -7

z—-0 _ _z
6 " T4 "7 "%

—- MCKOMOE YPaBHeHHe NMpAMOi.
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5.3.2.

5.3.3.

5.3.4.
5.3.5.

194

amevanue. Kanonnveckoe ypashenune NpaMolt MOXHO MoJry-
9UTh, 3HAA OBe TOMKHU 3TOH npamoli. B xawecTe kKoopauHAT 9THX!
TOYEK MOMHO BIATH IBS JIOOBIX pelleHds NAHHON CHCTeMBl ypap-'

nenufi. Hanpumep, (%;—%;1) u (0;—14—3;-—3). Torna HckoMoe
ypaBHeHue HalizeM, ucnosnesya gopmyns (3.4):
-5 _ ¥+ 3 _z—1
5 _12., 1  _3 '
0-3 -%+3 —3-1
T.€@
-3 y+3 z-1 HJm:r:-—%__y+%:_z—1
5  _3 . _5 = =
-3 "5 3 4 7 6

Hanpapnenue npAaMoii safaer sextop § = (4;7; 6). On obpaay-
er ¢ KoopauHaTHhIMK ocamu Oz, Qy, Oz yoaw a, 8 u y — coor-
peTcTBeHHO. Haxonum aTH yrnkI mo usBecTHBIM opMyIam

a a a
cosa=—, cosf=—L, cosY=—.
lal |a |2
Honyqaem
4 7
s = —————— | 08 = ————,
V42 + 72 + 62 V42 + 72 + 62
6
o8y = ——
VE+ 7+ 6
HAH COS@ = i 088 = —7— cos’y——-fj—
V101’ viol’ V101

B3ameTuM, /18 KOHTPOJIA, YTO PABEHCTHO €0s? a+cos® B+cosy =1
BbINOJHAETCA. ®
Hatttn Hanpabaaomuil BEKTOpP NPpAMOi

T =2,
z=+4.
TIpuBecTd ¥ KAHOHHYECKOMY BHOY NPAMYIO

r+2y+4z-8=10,
6z +3y+2z-18=10.

Haiitu HanpasasOlIge KOCHHYChI npAMoli I'g‘g' = y—02,5 = 2:41.

CocTanuTs napaMeTpUYeCKHe YPABHEHMA MPAMBIX, NMPOBENEHHBIX

qepes Touky Mp(2; —1; —3) B xadK0OM ¥3 CNEAYIOWAX CIYYAED:
z=-1+2¢,

1} npaman napajiiesibHa NpAMOR < y = 2 — 4¢,

z=1



5.3.6.

5.3.7.

2) npaMaa napamnenssa ocu Oy,

3) npsamas nepneHOUKyJIAPHA NJocKocTH 3+ — 2 — 8 =10.

Q@ 1) Tak xak NpAMble MApAn/ebHb, TO OHE HMEIOT OHMH M
TOT ¥e Hanpasnsawuwmii Bektop § = (2; —4;1). Cornacno dopumy-
Jam (3.2) uMeeM HCKOMOE ypABHEHHE NPAMOH

=2+ 2t
y=-1-4t,
z==-3+i

2) B ka4ecTBe HANPABJIAIOMETO BEKTOpa ocd (Y MOKHO B3AThH
BekTop 3 = (0; 1; 0), conapatomputi ¢ oprom j. HckoMoe ypapHeHue
npamMofi ects

r=2+4+0-¢, y=-1+1-¢, 2=-3+4+0-1,
r =2,
T. € y=-1+¢,
z=-3

3) Bexrop @ = (3;1; —1) mepneHAMKYNApEH IJIOCKOCTH 37 +
+ y—2z—8 = 0. CnienoBaTe/IbHO, B KAYECTBE BEKTOPA § MOKHO B3ATh
BeKTOp T, T.€. § = (3;1;—1). Torna napamMeTpH4ecKkue ypaBHeHH:
npaMoi, TepNeHINKYIAPHON IOCKOCTH 3r+y — 2 — 8 = 0, npaMyT
BHI

=243t
y=-1+1t, ®
z==-3-1

Hafitn napamerpuyeckue ypaBHeHHA NPAMOIL:

1) npoxonsameit uyepes touxky {1;0; —1} u napasesbHOR BEKTODY
a=(2;3:0);

2) npoxongamel vepes touxu {2;2;2) u (6;2;1).

CocTapdTh KaHOHHYECKYE YpaBHeHus npaMof, npoxonsiuedt yepes
Touky My(4; 3; —2) napannensno

1) sexTOpY & = (3; —6; 5);

r+3y+2z-6=0,

2r —y—4z+1=0.

(Q 1} B kauecTse HaNpasIAUErc BeKTopa NpaMofi, npoxons-
el yepes Touky My BoabMeM BeKTOD § paBHbIl BEKTODY &, T.€.
5 = (3; —6;5). Toraa, no ¢popmyse (3.1}, kaHOHUYECKHE ypABHEHHSA
NpAMON NPUMYT BHI

2) opamoli

r—4 y-3 2412

3~ -6 5
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5.3.8.

2) Hanpasnaomuii nexTop 5 IaHHOM mpaMoh HJXOLUM TIO
dopmynam (3.6):

i i Ok
_ 43 1 - 1| -}1 3
5 1 -4 1 —4 2 -4 2 -1
= -11i + 6j — 7k,

T.e. § = (—11;6; —7). Tak kak JaHHAA NpAMAA 4 HCKOMAA ADAJ-
JeNIBHBI Mexcay coboft, TO B KavecTBe HANDPABJIAIMLUErD BEKTODA §
UCKOMOI NpAMOYt MOXHO B3IATH BEKTOP 51, T.e. § = §1. [loayyaed
KaHOHHYECKUe YDABHEHUA

r—4 y-3 242

-1 6 =7 g
Hafitu ypasrenue npsiMoit, npoxonsame#i uepes touky (3; —2; 5%
1} napannensuo ocu Oz;

r—y+z—-1=40,

2} napannensHo npsamoii
) nap P {21‘+y—4z+3=0.

DononuuTtensHole 3agaun

5.3.9.

5.3.10.

5.3.11.

5.3.12.

5.3.13.

5.3.14.

5.3.15.
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[IpoBeputs, nexur Jn Touka M(1;—3; 2) Ha npamoit
3z -2y +2-11=0,
2x+5y+62+1=0.

Mposepnth, JexaT 1% HA oAHOK OpaAMOH TPM AAHHbIE TOYKH
(_3§ 3; 4): (2;4;6)! (2; 14;6).
IIpupecTs K KAHOHMYECKOMY BUOY YPABHEHHe NpsMoi
r—y+22+1=0,
z+y—z—-1=0.

Haitts Tou9KY nepeceuenus npamoft L= 3_yt2_z-5 4

1 2 5
OPOHHATHBIMH NNOCKOCTAMY.
Hailitn ToukH mepeceueHHdA NpaAMob

r+y+z—-4=0,

20 -3y—4z+2=0
¢ KOOPAYMHATHBIMH TUIOCKQCTAMH.
Hafitu ypasHenue npamolt, npoxonamet uepes touxy M(—4;2;2)
" nepecexaomelt ock Oz nog DPAMBIM YLJIOM. i
CocTaBUTE ypaBHeHHe mnpaAMOH, Npoxondamed «epes TOUKY
M(1;-1;2) u nepnenauxyiapHoli pexTopaMm @ = (2;2;3) u b =
={-2;5;0).



5.3.16.

5.3.17.

5.3.18,

5.3.19.

CocTaBUTh KAHOHUYECKUE YPABHEHEA NPAMON, TPOXomAwed yepes
rouky M(1;3; —2) u oGpasyiomell ¢ ocamu Oz, Oy, Oz yras: 120°,
60°, 45° COOTBETCTBEHHO.

ITpu kakux aHauenuax [} npaman

dr—6y+Tz+ D=0,
2r +5y —3z-10=0

nepecekaeT ock Ox?

Jaup pepumun Tpeyroachnka 4(—3;2;8), B(—T;0;3), C'(3;4;5).
CoCTAapUTh TAPAMETPUYECKHE YPABHEHHS €r0 MERUAHBI, [IPOBSHEH-
HOH U3 BepmuHbl A.

Jasn npe BepmuHn napasuenorpamma ABCD: A(8;1;5) n
D(=3;0;4) u Touka nepeceyennsa muaronaset 0(2;4; —2). Halitu
ypabreHue cTopodsl BC.

KoHTpONbHbIE BONPOCH N Donee CNOXHbIE 3aQAYN

5.3.20,

5.3.21.

5.3.22,

5.3.23.
5.3.24.

Hannr  Bepmmaebsl  TpeyrombHuka A(3;-1;-1}, B(1;2;-7),
C(—5;14; —3). CoCcTaBATE KAHOHMYECKHE YDABHEHUA BHCCEKTPHCEH
€ro BHYTPEHHEro YIJI& Npn BepiunHe B.

Halitu cooTHOmMEHNA, KOTOPEIM JOJDKHEL YAOBJIETBOPATL Koaddu-
OMEHTHl NpAMOit

A1x+Bly+Clz+D1 =0,
A2x+Bgy+ng+D2=0

ANdA TOrG, 9T00B NPAMA:

1} npoxoansia 4epes HAYMANO KOOPIUHAT,

2) 6ona napansensHa ocu Oy,

3) nepecexana ock (Oz;

4) coenagana ¢ oceo Oz,

Hality ypapHeHus NNOCKOCTeH, OPOSKTHPYIOWMX OPAMYIO

z—-0y+22-4=0,
2x4+y—-224+6=0

Ha KOOPHMHATHLIE TJIOCKOCTH.
KakoBo ypapsenne ocu Ox?
Hanucats napaMerpuyeckue YpaBHEHUA NpAMoHR

r+y+2z=0,
r—-y+2:2=0
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Yron mexay AsyMa NPAMbLIMW; YCNOBUS NapannensHoCcTv
¥ NepneHVKYNAPHOCTM NPAMLIX; YCNOBNE KOMNNAHAPHOCTM
ABYX NPAMBIX

Nycte npameie Ly u L, 3apaser ypaBHeHuaMH

T—rn ¥-Wn _ z—-2 T—Fy Y—WY2 _E— i

my ny n Mg Ty fip:

Ilon yrnom Mexoy NpAMBIME MOHHMAIOT YTOJA MEXOY HAIDAB/GIOLINMY BeK-
TopaMu @; = {(my;ny;p1) W @2 = (ma;ne; pe). BennvuHa yona Mexay nps-
MmbiMH Ly w Lo onpemenserca uz dbopmy sl

mim; + ming + pipe
Jm?+nd +p7fm 40 + o

JL1s HAXOKASHUST BEJTMYUHEL OCTPOTC ¥Iig Mexay DpAMuiMi Ly 1 Lo unciu-
TeNL NMPABol YacTH GopMyJist (3.7} chenyer B3ATE NG MOIYJIO:

cosy = (3.7

|mima + ninz + pi1p2|

cosSip = : (3.8)
\/m? +nd + gt - \fmd + 03+ 3
Veaosue nepnendunyanprocmu npasviz Ly m Ly umeer sun
mymg +nna +pi1pz = 0. (3.9)
Yeaosue naperreavrocmuy (UM COBIANEHASN) NPAMBIX —
m_h_h (3.10)

meo g P2

Yenopuem, mpu koTOpOM dee npasmbic Ly u Lo aeocam 6 odnoii naockoemu,
ABIIACTCH PABSHCTRO

Iz—X1 Y- 22—
mi ™ ™M =0 y (311)
My N2 i)

IIPH 2TOM, ecrn &, Y @z, To npamsie L; u Ly nepecexawrea.

5.3.25. HaliTu BeNMYHAY OCTPOTC YIVIA MEXNY NPAMBIMA

r—4 y+1 _ z-5 . r—-y+2z2-8=0,
-3 1 = -2 2x+y—-z+3=0.

(Q Hanpasnswumii sexTop nepsoii npsamoft ects 5 = (-3; 1; -2).
Haxonam Hanpapasomuit BeKTOp 52 BTOPOH NpAMOA:

- _f|F1 o2f ho2|fr 1
2741 -1 T2 -1l 1

) , T.e & =(-1;53).
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5.3.26.

5.3.27.

-dlo dopuyne (3.8) maxonum

[-3-(-1)+1-5-2-3| _ V10

cosyp = = ,
Y ri+4-/i+m+9 8
NOITOMY {p = Arccos Y10 (= 85°). @

35
HafiTs BeTu4uHY OCTPOrO YIMia MEXIY IPAMbBIMU:

1)£=g+1=z-1 g =4 _ ¥ _z+1,
11 8 7 7 —2 g8

2) T—y+2=0, " z4+y+z-—1=0,
2r+y—z—-6=0 r—y+3z+1=0
YeTaHOBUTE B3AMMHOE PacIoJICKende IIPpAMBIX:
r=25—84,
zT—2 _Y¥_z+1 —4_
1) I T 3= Ty Hqy=4-6t
z =3+ 44
z_y¥—1_ 242 z+4_y+3 _z-1
De="mm=a"ny v T

(Q 1) Bumuuem HanpabasolMe BEKTODH Nepsolt  BToOpo# npa-
MmpIx: ) = (4;3;-2), 5 = (—8;—6;4). Kak BHOHO, KOODOMHATH
3THX BEKTOPOB [IPONOPUMOHAILHEL

4 3 -2

-8 -6 4
CrenoBaTenLHo, JaHHbIE MPAMLIE MAPAJUIesIbHBI HIIH COBNANAIOT.
Bo3smem Ha neproft npaMoil Kakyio-HUOYIbL TOYKY, HAPAMED TOY-

Ky (2;0; —1). IloncTaBum ee KOOPOUHATH B Y pABHEHHE BTOPOH nps-
Modt:

2="5—8t,
0=4-—6t,
—1=3+4¢

Honyyaem ¢ = % — 43 NePBOTO ypaBHeHnd, t = % — H3 BTOPOTO,
t = -1 — us Tperberv. JTo 03HAAET, 4TO Touka (2;0;—1) He
NpPHHALNEKNT BTOpo TpAMOlt; NIpAMble HE COBIAZAIOT, 3HAYUT OHU
HNapayyIebHET.

2) KoopnMHaTh HANPaBAAOMMX BekTOpoB §; = (2;-3:1) 1
Fa = (3;2;4) nmauunix npAMBIX He NponopuuoHasbHel. Clenona-
TeNBHO, IpAMBIe NHG0 Nepecexkalompecsd, JHOO CKpeypalomueci.
NMpopepum BemonHenue ycnosust (3.11) npunaprexuoctn BYX
NPAMBIX ONHOH TMAOCKOCTH, TMPeIBAPHTELHO BHINHCAB KOOPOHHA-
Tel TOwek M, u My, Yepes KOTOpble NMPOXONAT JaHHbIE TPAMbIE:
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5.3.28.

5.3.29.

201

M1(0;1; -2}, M3(—4;-3;1). meem

—4-0 -3-1 1-(-2)| |-4 -4 3

2 -3 1 =12 =3 1|=
3 2 4 3 2 4
31 2 1 .12 -3
--al3 el Aol 31
= —4-(-14)+4-5+3-13 =115 £0.
CﬂeﬂOBaTeJTbHO, JAHHEIR npAMLlE — CermHBalom,HeCﬂ. .
BI:JHCHHTB B3AHMHOE DACTIONOMEHHE NPAMEIX!
— 18t
1 {2:;—3;;—3:;—9:0, i * \or
y = 10t
—_— 2 et
z-2y+z+3=40 v —34 9t

2)L=y+30=z—2,5 q 1l _y—-7_z+4
-1 5 4 6 2 -1
Haiitn ypasuenue npamolt, npoxonsmel wepes rouky Mi(—2;3;4)
M NepneHAMKYJIAPHM NpAMBIM

r—-2 y+1 =2 x y+2 z-1

1 12 % 2777 3

O YpasHeHHe ncKoMol npaMo#t nMeeT BuO
r+2 y-3 z2-4
m n  p

Haitnem m, n 1 p — KOOPOMHATHL HATIPABJIAICUIErO BEKTOPA § 310
npaMolt. Henoneaya yenoene (3.9) nepnenaux yaapHOCTH OPAMEIX,
MOJKHO 3aIHCATh!
m-1+n-(-1)+p-2=0,
m-2+n-1+p-3=0.
IMo npaBwiy peuieHns CHCTEMBI ABYX JIMHeHHbIX OJIHOPONHEIX YPaB-
HeHU#t ¢ TPeMs HEM3IBECTHLIMH HAXOMMM:

-1 2 1 2 1 -1
=1, 3t——5t, = 3t—t, p—|2 1‘t—3t.
¥Ypasnenusa uckoMolf npamofi ecTb
r+2 y—-3 _ z2-4 - z+2 y—-3 z-4
-5 t 3t -5 1 = 3

Jamevgrua: 1) Cuctemy ypapueuuii

m-n+2p=0,
2m+n+3p=0



5.3.30.

5.3.31.

MOMKHO NepennucaTs b BHIC

m_n42=0,

o Fn

28 4 =2 4 3 =0.

p+p+
OTcmna%=—%,%=%’r.&.m:n:p:-S:1:3,1103T01uy

m = —5¢t, n =t, p= 3t e t — 4HCHO,
2) B ka4ecTBe BEKTOpA § MOXHO HCIIOJIL3OBATH BEKTOp §) X 52,
T.K. ICKOMA# [PAMAS NepPNeHINKYIAPHA, JAHHBIM IpaMbIM. Toroa

=-5+j+3k, mTe m=-5 n=1 p=3

2

I
b = o
o b A

7
-1
1

®

CocTaBPuTh KAHOHHYECKHE YpABHEHHS MpAMOl, nexamedl B mmoc-

KoctH Oxy, npoxonanielt Yepes Ha4YAIO KOOPOHHAT M HepleHIuKy-
1_y+2 _2-4
-2 3 -

CocTaBuTh ypasHeHme mpaMofi, npoxonsmed uwepes TOUKy

M(1;-2;3) u nepneHaHKYy.IApHO# K NpAMBIM LT 9 _ ¥—-2 _

3 1
_z2=3 z+2 _y+4_z-1
To=2 2 7 =5 4 -

nApHo# k npamolt £ T

AononHutensyuie 3agaun

5.3.32.

5.3.33.

5.3.34.

5.3.35.

Halitn paccrosume or toukn M{—5;4;3) no upamo# :.c__—2 =

_y=3_z-1 '

3 2 -
HafiTn paccTosHne Mexay NapaseNbHuIMM NPAMBIME L 32 =
¥+l _z x-7_y-1_2-3

4 2 3 4 2
Vxasanue. Boconibsosareea dopmynoll Sa = %|& x b|.
MpoRepHTS, NEXKAT MK NPAMbIE

{x—2y+8=0, u {3x+22-3=0,
y+2z2—-6=0 T—3y+9=0

B ONHOH MUTOCKOCTH.
B ypapuenuu npamod I—Il = y:;—2 = % HaliTu mapameTp n, IpH

KOTOPOM 3Ta NPAMASA NepeceKaeTcs ¢ npaMolt % = %4 = E{—l,

HAHTH KOOPOHHATHI TOUKHM HX mepecedeHus.
201



5.3.36,

5.3.37.

5.3.38.

5.3.39.

[okazark, YT0 NpaMan

T = 2t,
y =3t
z=t
NEPNEHINKYIAPHA K NPAMOR
y+z—-8=0,
z—2+4=0.

Hanucars ypaBHeHFe NEpNEHONKYJApa, ONYUIEHHOTO M3 TOUKH
M(=3;2;7) na:

1) oce Ox;

2) nnockoets Oyz.

OnpegenuTh BeM4MHLL YIIIOB MEXK/Y OCAMH KOOPIAMHAT H MPAMOM
z-2 _y+4_z-1
-1~ T

Haiiti Benu4nHY TYIOCO YIVIA MEXIY [PAMBIMH

=23, r= -2
y=-3+3t, =n y=1+2t
z=4-1 z =1

KoHTponbHbie BONpocy) u Gonee cnoxdwie aapaqm

5.3.40.

5.3.41.

5.3.42.

5.3.43.

5.3.44.

5.3.45.
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Ha#iTH KOOpANMHATLI TOYKN NEpeCceuYeHHA NpPAMBIX ‘T—Il = y;—z =

—2z=3,z+2 _y+1_ 242
4 3 -2 4

Haitti PacCTOAHNe MEXIY CKPEUIHBAIOMNMHCA IIPDAMBIMH

_ Y-8 _2-2 z-8_¥y-7_2—1
0 3

T—5 _
-2

2 -2 3 -
Haittn ypaBHeHHe NeprieHANKYAPa, 0OWIEro K ABYM CKPEIHBAIO-
LWHMCH [TPAMBIMH

= - t
24 _y_z-4 z_32:"
2 1 "3 y=43-5
z=—-1+1.

Haiitn xpaTuyafillee paccTOsHEE MEXIYy AHATOHAJBIO Kyba C pe-
6poM, paBHBIM 1, H Henepecekaloniell ee QUATOHALIO TPAHH.
HaitTH ypaBHeHVe NepNEHOMKYNApA, ONYNIEHHOTO W3 TOYKH
M(2; -1;-3) ra npamyio zgl = 51! = z_;%

r—6 _y+1
3 -2

z—1_y—-7_
2 1

ITepecexaiorca sin npsAMble = % H

—2—=0%
T



5.3.46. HaliTh ypapHeHHA NpAMBIX, NPOXOAAMAUX 4epes Touky (1;1;1)
a) napannenasso oci Oz;
6) nepnenankynsapuo ocu Oz.

5.3.47. Hanucars ypabpueHne npasolt, no koTopoit nnockocts £ —2y+1 =0
NEPeCceKaeT KOOOPOHHATHYO miockocTs Oxz.

§4. NPAMAA U NNOCKOCTEL B NPOCTPAHCTBE

Beanunna yeas memwcdy npsmot (L) £ ;11?0 =Y ;yo = Z ;zﬂ Y fAoC-
xoemww (@) Az + By + Cz + D = 0 onpenenserca no dopmyne
A Bn +C
sing = [Am + Bn + Cpl {4.1)

Vmitni+p? - JAR+ B AC?

Yeaoeue napaaseavrocmu npamod (L) v naocxocmy () nmeer Bug

Am+Bn+Cp=0; (4.2)
YEAOBUE UL REPREHOUKYARDHOCTIIU!
A B (C
==, (4.3)

m n p

Jns noxoscdenus mowku nepecenenus npamoll « nacckocmu yaobHo Boc-
NOJIB30BATHCA NAPAMETPHYCCKUMHE YPaBHEHIAMH NpPAMOH

T = Tg + mi,
¥ = yo +ni,
z = zo+ pt;

KOOP&UHG?TIN MOYKY NEPECENEHUL HAXOOATCA U3 CUCMEMDL ypaeﬂeﬂuﬁ

T=xg+ml, y=yo +nt, 2= 2z + pt, (4.4)
Ac+By+Cz+ D =0. ;
Veaoeue, npu xomopom npamas (L) aexcum e naocxocmu Q:
Am+Bn+Cp=Q, (4.5)
Az + By +Cxp+ D =0. '

(Ecnu Am + Bn + Cp # 0, T0 npamas nmepecekaeT IIOCKOCTh] ecnu Am +
+Bn+Cp =0u Azg + Byy + C2 + D # 0 — npamaa napannenbHa
MIOCKOCTH. )

5.4.1.  HaiiT KOOpAUHATEI TOUKY, CAMMETPHUHO# Touke M (3;4;5) oTHo-
CUTENLHO IIIOCKOCTH £ — 2y + 2 — 6 = 0.
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5.4.2.

5.4.3.
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Q Touxa M, cummeTpuuHas TouKe M| OTHOCHTEJBHO ILJIOCKO-
CTH, HAXOONTCH HA TIEPIIEHARK YJIAPE K [LIOCKOCTH U ABJIAETCA KOH-
noM orpeska My My, ana koroporo cepenunott 6yger Touka N ne-
peceveHns npamoit My M; n naockocty. Hanpapasmowmnil BexTop
NepPNeHTHKYIAPA K IIOCKOCTH — 3TCO BEKTOP-HOPMAJE 3TOH nJ10C-
koctH 1 = (1;—2;1). YpapHeHMe [eplIeHIHKY.IIpa K MJIOCKOCTH,
NMPOBEOEHHOTO Yepes TOYKY JM;, HMeeT BHI

r=3+¢,
r—-3 _y-4 2-5 _ _
T3 T3 (=t) nnn y=4-2t,

z=5+1¢.

Koopaunarsl Toukn N nepecedyeHHs NEPHEHAMKYJAAPaA C IJIOCKO-
CTLIO HAXOOMM, pewras cucteMmy {cM. (4.4))

z=3+t, y=4-2t, z=5+1,
g—-2y+z—-6=0

I3 papencrsa (3+1) — 2{4—2¢) +(5+t) — 6 = 0 BBITEKACT PABEHCTBO
6t—6=0,Te t=1.Cnenoparensho, z =3+1=4,y=4-2=12,
z=5+1=6, r.e. N(4;2;6) — T0uKa nepeceyeHus npamoil u
ILNOCKOCTH. A Tak Kak N — cepenmnna orpeska M Ms, 1o

_ Ty 2 _Ym T UsM _2M, t+ 2,
IN=——F—>, YN=""T—F, IN=——pf.

2 2 2
Hueem

3+ Tar 44+ yar 5+ 2z

4= 2 IM: g _ZTUM, g DT IM;
2 2 ’ 2

Orciona Haxomum Ta, = 5, yar, = 0, 2p, = 7, T.e. Touka My
nmeet xoopauHath (5;0; 7). ®

Hatttu koopauHaTh TOUKH, cuMMeTpuaHO# Touke M (2; 8;0) orHo-
1 _y+3_2-3

3 1 -1

CoCTaBUTh ypABHEHHE IMOCKOCTH, OpOXOIAmedt uepez TOUKY
M(2; -3;0) u npamyo

2r+y—6z4+3=0,
z—y+2z—-6=0.

CHTembHO mpaAMoft L=

(Q Omun u3 cnocoboB pellenua 3TOf 3aTa9M MbI ye TIPHBOMNIIH
(cM. 3agmagy 5.2.12). PaccmoTpuM apyroit nooxomn K pelieHHIo.

CocTaBHM ypaBHEHHE NY4KA IUICCKOCTeH, NpoXoJdmux depes
JAaHHYIo pamMyio: 2z +y—6z+ 3+ Az —y+22-6) = 0 (cm. (2.2)).
Brizenum cpemm HHX IUIOCKOCTH, TPOXOAAINYK Yepe3 TOUKY
M(2; —3;0), noncTapus ee KOODOWHATH B ypaBHEHHE 1Ty 4Ka:

2:-2-3-6-0+3+A2+3+2-0-6)=0.



5.4.4,

5.4.5.

5.4.6.

5.4.7.

5.4.8.

Orcioga 4+ A - (-1) = 0, m.e. A = 4. U3 ypaBnennsa ny4ka npu
A = 4 HaxomuM ypaBHEHHE HCKOMO# IJIOCKOCTH

2r+y—-6z+3+4dz—-y+22-6)=0,

T.e. 6z —3y+22-21=0. ®
CoCTaBHTE YPaBHEHHE IJIOCKOCTH, NPOXoOAmes 1epes npaMyo
z-3w+5=0,
2c+y+:-2=0

" Touky M(0;1;2).
CocTapuTh ypaBHEHHE IJIOCKOCTH, NPOXONAuUeH Yepes TOYKY
M(4; -3,6) nepnenmukynapso npamott £ 5 3_y—1l_z+3

1 -2
Hafitn pesuunny yria mexny npamoft L n 3 - 316 = z;|-27 n
nnockocTeio 4z — 2y — 22 — 3 =10.
(Q Hpumenas bopmyny (4.1), Haxogam
oo 41-21-2.(2) 6 _1
YT A+1+4-V/16+4+4 Ve va 2
Snaunr, g = % ®

HafiTi penuuyuny ocTporo yrna Mexny mpamob
r—y+z2=0
2c4+y—-2-3=0

H IockocThio 22+ + 22 — 5= 0.
YCTaHOPUTD B3AHMHOE DPACTIONOXEHHE MPAMOH U ILAOCKOCTH:

T =2-4t,
1) {y=t, ubr—6y+2:-10=0;
-2
2)1?;1:3;_1 =Z-£4 n3z+y—4z-15=0.

Q 1) Umeem 5 = (—4;1;2), @ = (5;-6;2). Kak Bugso xoop-
AHHATH HAIPABJIAIONIETO BEKTOPA & NPAMOH H HOPMAJILHOTO BEK-
TOpa I IVTOCKOCTH He IPONOPHUOHANBHEL NPAMAas He NepIeHIn-
Kynsapua maockoctr (cm. (4.3)). Hailoem 3uadenre BelpameHns
Am + Bn + Cp:

Am+Bn+Cp=5-(-4)-6-142-2=-20—-6+4=-22#0.

Yenopne (4.2) mapannenbHOCTH NPAMOHR H IJIOCKOCTH He BBHINOJ-
HAETCA. 3HAUNT, NPAMAA nepecexdem MI0CKOCTS.
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5.4.9.

2) Bnecs §F = (3;-1;2), © = (3;1;-4), Mo(-1;2;-4),
Am+Bn+Cp=3:34+1-(-1}-4:2=9-1-8 = 0. Crne-
OOBATENILHO, JAHHAA MPAMAS aPaNJie/bHa NIOCKOCTH HIIN JIEXKUT
Ha Hell. [Ipoepum ycnosua (4.5) NPAHALAEKHOCTH NPAMOH TLIIOC-
KOCTH:

Ao+ By +Czp+D=3-(-1)+1-2-4-(-4)-15=0.
Venobua (4.5) BHIMOMHAIOTCA, TOBTOMY MIPAMAS AEHCUM § NAOCKO-
cmu. ®
¥CTaHOBHTS B3aHMHOE pPacnosioxkeHre npamoit L u mockoctn &
1){x—y+4z—6=Q

B2+y—2+3=0

2) 2=t _ 24T 1y usr-2=4(Q)

(Lyn3z—y+62—-12=0(Q);

HononuvrencHuie 3agauv

5.4.10.

5.4.11,

5.4.12.

5.4.13.

5.4.14.

5.4.15.

5.4.16.

5.4.17.
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Hanncark ypaBHeHHe IUJIOCKOCTH, NPOXONAmEed 4Yepes NpAMYyC

T :02*5 = ¥ ‘i‘ 3 _z +32’5 M TEpNeHOMKYJIAPHOA K MJIOCKOCTH

3z+4y-52-6=0.
Hamncars ypabBHEHHE IINIOCKOCTH, npoxonAmedt yepes napannens-
HH¢ NPAMEIE z+1 _ y—1 _z+2 u r—-2_ y+3_ 2

-2 3 -1 -2 3 T -1
HaiiTn KOODAMHATHI TOYKH MepecedeH s NpaMolt & E 1 941-_2 =

=—z12 ¢ MIoCKoCThio 32 —y + 2z + 5= 0.

Ha#itn xoopaunarsl npoekmun tovxn M(2;2; —2) Ha ma0CKOCTh
d3z-y+z-13=0.
HalitTn koopaouHath npoexuun Touxk M (—3;0;2) Ha npamyio

T=95—-1t,

y =2t

z =3t
ITpy KaKOM 3HAMEHHH T MpAMAA & -:-1110 =Y E 7_ zj—ﬁZ napan-
JenbHa I0CKOCTH 52 — 3y + 4z — 1 =07
Hpr kakux 3Havenusx C n D npaman & 5 3 - ?'%3 = % JIEHCHT

B rnaockocTu 22 —y + Cz + D =07
HanmcaTh ypaBHeHue NEpneHIMKY/ApA, OMNYMIEHHOTO H3 TOYKH
M(1;1;6) va opamyo

x=-1+ 3¢,
y=2t
=1t



5.4.18.

5.4.19.
5.4.20.

5.4.21.

5.4.22.

5.4.23.

5.4.24.

5.4.25,

CocTapuTh ypaBHEHME TLTOCKOCTH, NPOXONAMEH Yepes NpsaMyo
T+ —z+2=0,
Ir-y+z-5=10

TapaeNnbHO NPAMOH

z=1-14,
y=-2+2i
z=1+2tL.

z—-1_¥_2
-2 7471
Mpaman L npoxomut 4epez touxy M(3; —4;0) n Touky mepeceye-

Halitu paccroanue ot rouxu M(3; 5; 5) 1o npamo#t

HHA TMpAMOi % = % = % CcmocKoCTEIO T+ Y — 2+ 2 = 0.
Hatttn BenuunBy yria, oOpasopadHHOro npaMofi L ¢ mIocKoCTbiO
2r+y+22—-5=0.

HaiiTi ypaBHeHHe niockoCTH, npoxonamelt wepes oce O n ofpa-
3yomel ¢ MI0CKOCTEI0 V22 + § — 2 + 2 = 0 yro, papHsIH %

BailitTi ypapHeHHE LNOCKOCTH, NPOXoaAmed epea npamMyo

2r-y+z-3=0,
z+y—3z2-1=0
1 orcekamueli Ha ocn Oy oTpe3ok, paBHbiit 3.
Hafitn paccroanne d Mexny napafije/sHEIMA TPAMBIMH:
1) TH+z=1, " r+z=1,
y+22=0 y+2z=1;
2)$=y—5_z—lﬂx—2=y+3=zil

1 -2 -3 4 -8 - 12
ITnockocTs o npoxonuT yepes Toukn My (—6; 1; —5), Ma(7; —2; —1),
M3(10; —7; 1). HaliTu Touky, CHMMETpHUHYI0 Touke (3; —4; —6) oT-

HOCHTEJILHO IIJIOCKOCTH .

HaiiTn paccTofHHe MeXIy NpPAMBIMU ‘B__Sg = % = % H
T+5_Yy+5_z-1
3 2 -2

Kontponsiinie sBonpocks n Gonee cnoxHoie 3agauv

5.4.26,

5.4.27,

5.4.28,

HaiiTn ypasHeHne npoekumn npamoii % = % = z;|-31 Ha [I0C-

KOCTb, 3aJAHHYX0 ypaBHeHHeM 22 — 3y + 2 —4=0.

3anucarb ypaBHeHHe IJIOCKOCTH, NpOXonamell 4epes JaHHYI0 TOY-
Ky NapajUleNibHO ABYM JAHHBIM IPAMSIM.

Ha nmockoctn z — 2y + 42 — 28 = 0 uafitn Touky Mp, cymma
paccToaHnt 0T KoTopo#t 1o Tovek Mi(4;2;1) n Mj(-1;1;1) 6rina
6Bl HaRMeHbIE#H.
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5.4.29. HaliTn ypaBHeHNA ILTOCKOCTH, NPOXOAAMEH Yepes JNHHHIO Oepece-,
YeHHA NJ0cKocTeil

T+dy+z=0,
y—-z2+4=0

K obpazyiomelt yron ¢ = % € OCKOCThIO T — 4y — 8z + 12 = (.

5.4.30*%. okasaTh, uTo Kparyaiiliee pacCTOAHME MEXOY NPAMBIMM T =
= Fy + &t u F =y + 5zt Moxer OvlTh BRIMACTEHO 110 opMyTIe

d= [{F2 — #1)51 82
|§1 X §2| ’

5.4.31. MoxHo /1 yepe3 npamyo £ ':;' 2_¥ E 6_2 j'31 IIPOBECTH TIIIOC-

KOCThb Mapanensio nnockoetu 122 -y + 10z — 3 =07

5.4.32. Kakoso ypaBHenue npsmoli, npoxoname# yepes touxky O(0;0;0)
NEepIEeHINKYIAPHO K IVIOCKOCTH £ + 4+ 2z + 1 =07

5.4.33. Jlexnr nH npaman “13 = % = —;7‘—7 B miockocTy 3z + 2y + 2 = 07?
A smnockoctu 3r + 2y +2-1=107

z—1_ y+2 _ -3
3 -4 P
NePIeHANKYAAPHS IIIOCKOCTH 6z + By — 32 +1 =07

5.4.35. Ilpu xakom 3navennn A mockocrs Ar — 2y + 42 + 5 = 0 napas-

JenbHa npamoit
y—z=0,
T+y=07

5.4.34. [Ilpu xaxkux 3HadveHnax p u B npamas

§5. MOBEPXHOCTW BTOPOIo NnOPAAKA

Ecnw B npocrpanctee B® pBeCTH NpAMOYTrONBHYIO CHCTEMY KOODIMHAT
Ozyz, TO KAKOASA TMOGEPTHOCTRL ONPEOLIIACTICA HEKOTODLIM YpaeHeHueM
F(z,y,z) = 0, (z,y,2) — xoopamHater awboii Toukn nosepxnoctn. Ecan
F(z,y,z) — Muozovwaenst ne enwe émopotf CTeneHy OTHOCHTENIbHO COBOKYII-
HOCTH [EPEMEHHBIX T, ¥, 2, TO ypaBHenne F(x,y,z) = 0 Haamezemea ypas-
HEHUEM 6TROPO20 NOPROKE, & IOBEPXHOCTS, W300paXkaeMas 9THM ypABHEHHEM
HA3BIBAETCHA NOGEPLHOCTILIY SIMOPO20 NopAdxa.

Ecnn nopepxHOCT: HMEET Creltdnueckoe pacnonokedne OTHOCHTEIRHG
CHCTEMBI KOODOMHAT (HAIpHMEpD, CHMMETPHYHA OTHOCHTEILHO HEKOTODLIX KO-
OPIMHATHEIX TJIOCKOCTEH, HIIH HMEeT BEpIIHHY B HaYasle KOOPAMHAT H Mp.)s
TO €¢ YPABHEHHE HMEET OOCTATOYHO NPOCTOH BUI, KOTOPLIA HAILIBAETCA Xd-
HOHUMECKUM,
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KaHOHU4YeCcKWiA BUg, ypaBHeHWiA NoBepxHOCTeR BTOPOro
nopagka. Neomerpuuecxoe nsobpaxenuve

1) Cdepa paguyca R ¢ ueHTpoM B Hauane xoopouHar (puc. 56)

ot +y% + 22 =R

Puc. 56

Vpaenenue (x — x0)% + (y — v0)° + (2 — 20)? = R? usobpaxaer cdepy

panuyca R ¢ uentpom B Touke My{zg, Yo, 20)-
2) Saauncoud ¢ NOAYocAMH a, b, ¢ M UEHTPOM B Havasne KOOPIMHAT

{puc. 57) " ) /7 . 2 _,
a? ¥

Ilpy @ = b = ¢ = R saauncoud npespamiaerca B cdepy paguyca R.

- .
o s

Puc. 57 Puc. 58
209
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3) Odnonosocmnnitl 2unepbosoud ¢ nonyocamu a, b, ¢ u ocerr Oz (puc. 58)

$2 + y2 32 1
Ztyp-z=h
CequHﬂ rl—lnepﬁonomla. NOPH30HTAJALHBIMA ILTOCKOCTAMH 2 = h apndaoT-
CA 3JNJIAANCAMHA
I2 y2 h?
— + == 1+ =
a b ¢

Ceuenna runepbo/I0MIa BEPTUKANBHBIMH IIOCKOCTAMU £ = h unu y = h
ABMATCH THITEPGOTAMH.

y_:_§=1_h_: um ﬁ-é:l—ﬁ.
b ¢ a a ¢ b
4) dsynoaocmnundt eunepboaoud ¢ nosyocamu a, b, ¢ u oceio Oz (puc. 59)
2?2 2
po R R
Cevenns rHnepGONORAA FOPH3OHTANIBHEIMYU IJIOCKOCTAMHA 2 = R, |h] > ¢
ABJISOTCA 3JTANCAME 22 ¢ R
ETETa

Cevenna runepbo/IonOa BEPTHKAALHBMH IVIOCKOCTAME & = hunn y = h
ABAAKTCA CHNEpOoaaMu.
y2 22 h2 2 22 h?

T
S —-—==—5—-1 wm -5 - =———1
2 a® a 2 b

Pnc. 59 Puc. 60

5) llapabosoud annunTHyecKnil ¢ napaMeTpaMH ¢, b, p ¥ BEpIINHOI B
Havane koopauHar (puc. 60)

(X}

+ 5 = 2p=.

le 8,
%
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Ceyenna napabosonga FOPpHIOHTANLHBIMA N7IOCKoCTAMH 2 = h (A > 0
npu p >0, h < 0 npu p < ) ecTb 2IHICEH

2 2
T
—+g—2=2ph.

Ceuenns napabonouaa BEPTUKAABHBIMY NJIOCKOCTAMU £ = h win y = h
ABAAIOTCA napabosaMi.

]

2 2 2 2
Y h T h
?=2pz—? HIH ?=2pz--b—2—.

6) ITapaboaoud zunepfosusecxuil ¢ NAPAMETPAMA a, b, p 1 BepIMHO# B
nadaJje xoopaneat (puc. 61)

Puc. 61 Puc. 62

CeueHns napafo/ioNIa TOPHIOHTALHBIME IIOCKOCTAMYU 2 = A npencTa-
BJIAIOT coboit runepboni

I2 y2

- _ ¥ 1
2a’ph  2b%ph

Cevuenns BEPTHKANLHBEIMH IUIOCKOCTAMH & = it U y = A ABNAIOTCA Oapa-
BosamMu 9 N 2 B2
y———2pz+$— n x——2pz+—

b? a? a? b
7) Konye arrunmuseckudl ¢ BepImMHOH B Havate KOOPOUHAT H 0CBI0 (2
{puc. 62)

L]
[+

2
F
=LY

Z% =0

GMIN
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Ecav @ = b, 1o xoHyc kpyraeli nnm kpyroeodt. Ilepeceuwenue xonyca,
TOPHIQHTANbLHBIMU IVIOCKOCTAMYU ABJIAIOTCA SJIJTHICAMH

.'.62 y2 h2

—_ D =
a> ¥
(mpu b = 0 9AMHNC BRIPOXIAETCA B TOUKY).
CeueHuA KOHYCA BEPTUKAJIBHLIMHE GCKOCTAMHA £ = b u y = h ABnAoICA

runepfonamMu

2 2 2 2 2 2
Y z . z h
¥ E T E & Z ¢ ™ AEO,
HJIH [TAPOH NEPECeKAWNX NPAMBIX
2 2 2 2
] z T z
?—?=0 H ?—c—2=0 IpH h=0.

K noBepxHOCTAM BTOPOro NOPANKA OTHOCATCA LMAHHADHI, HANPABJIAK-
e KOTOPbIX — JIMHHM BTOPOro NopAaka. Mel OrpaHHYAMCH NePeMHC/IeHHA-
eM IMAMHAPOB, HANPABAAIOIIHME KOTOPLIX PACMOOXEeHH B MIOCKocTH Oy, a
obpasyiomue — npAMble, NapaiiensHsle ocH Oz,

8) Uunuuapst:

(1) Srnaunmunecxud (puc. 63)

1172 N y2 _q
a® ¥
/ZT\ z
\5—/ /
1
! i
e — H ..
-~ :Q S ! y
r 1 b i
,,a’ Y i’ /
i
A e | T -y

LY
Ll
My
)
L]
1
k) -
tak
-
I
4

Puc. 63 Puc. 64

Ecnu a = b= R, 10 nunnuap — xpyrosoit #° + y* = R.

{2) TNunepioaunecxutt {puc. 64)
2y
@ ¥
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3) Haﬁdlﬁoﬁuuecxuﬂ {puc. 65)
y? = 2pz.

Ipumenanue. Ecn B KaXOOM M3 mHpuBe-
OEHHBIX KAHOHWYECKHX YypaBHeHMH 3aMeHHThb
r=21 — %oy, Y= — Y, 2 =21 — 2, [NE
(Z0, Yo, 20) — DURCHpOBAHHBIE YUCJA, TO HOBbIE
ypaBHeHHA NpelCcTaBIAI0T TE XKe IOBEPXHOCTH U
OHM JAHMMAIT B CHCTEME KOOpAMHAT O1X 312
TAKO0E XKe MOJIOXKEHAE OTHOCUTENBHO MLIoCKocTel Puc. 65
Iy = Tg, 1 = Yo, 21 = Zp KAK TOBEPXHOCTH,
3aJaHHbIE KAHOHUYECKH OTHOCHTEJBHO KOOPIH-
gaTHeIX mnockocTeit £ = 0, y = 0, z = 0. Opyrumn csioBaMu, npuBedeH-
HblE GOpMyIBI IPEICTABIAIT TAPAJINENBHBIH CUBAL [IOBEPXHOCTH HA BEKTOD
OM = {0, yo, 20).

MeTtopg, napannenbHbIX ceMeHuH

Ecnu 3apaHo ypaBHeHHe ToH unH MHOH TOBEPXHOCTH, TG BOZHHKAET 33-
Jada HCCIIGIOBaHHA ee (POPMBbI M PaClOJIOKEHHA OTHOCHTEBHO KOODOMHAT-
Heix ocelt. Ina pemenna 3Tofl 3amaqd OOBIYHO NPHUMEHAIOT MeTOd Hapal-
JeNibHBIX CedeHHI: MOBEPXHOCTh NMEPEeCceKaeTCA HECKOJBKHMH IIJIOCKOCTAMA,
napanfefsHLIMH IIOGCKOCTAM KOOpaHHAT. PopMa u PasMep NOJIYYEHHBIX ce-
4eHU# IO3BOAKT BRIACHUTEL MreOMeTpUdeckyo dopMy CaMOll OBEPXHOCTH.

MepeceyeHue NosepxHOCTN C NAOCKOCTLIO

JIuauo B npoctpancTee R? MOXHO ONpeaesUTL KaK MepecedeHHe ABYX
nopepxrocTell. Takum ofpazoM ypaBHeHHe JIMHHMH MOXKHO 3alMCATh B BHOE
CHCTEMBI

F](:'B,y,Z) =9,
Bz, y,2)=0.

s uccnenopanns aTolt AUHUM yA0GHO BOCHONBIOBATRCA UUJIHHAPOM, TIPO-
eKTHUPYIOEM €€ HA TY WM WHYI KOOPAWHATHYIO MAGCKOCTh. ECau, Hanpu-
Mep, MPOEKTUPYEM JIHHMIO HA MJIOCKOCTh 2y, TO MCKJIIOYMM Z H3 CHCTEMBI
M nonyuum ypasrenne p{z,y) = 0. Ono nzobpaxaer HAIPaBJIAIOLIYIO TIPOEK-
TPYIOMEre UAJMHAPA Ha MN0CKocTh Oxy. B sapucumoctn ot Toro, Gyaer au
wlz,y) = 0 snuancom, runepbonoi, napabonol, napoll npaMeix — u3zy4dae-
Mas JIMHUS COXPAHAT COOTBETCTBYIOIISE HA3BAHMe.

5.5.1. Cocraputh ypasHeHue cephl ¢ ueHTpoM B Touke Mp(—5;3;2) n
Kacamefica muockocr 22 — 2y + 2 —4=0.
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5.5.2.

5.5.3.

5.5.4.

214

Q asa cocTapnenns ypapHeHns chephl HyXKeH ee pagnyc. B nan-
HOM ciyuae R — paccroanne or My 00 NJIOCKOCTH:

5):2-2-3+2-4 _
V2242241 '

Hckomoe ypaprenne: (z +5)2 + (y — 3)2 + (z — 2)% = 36. ®
Cocrasuts ypabHerue cdeps! ¢ uenrpom B Touxe Mp((s; 4;0), ecnn
OHa Kacaercd IOCKOCTH 22 + 6y — 32 — 3 = 0.

CocrapuTh ypabHeHHe cdepsl, KacalomeHcsa IBYX NapasyIesbHBIX
mnockocTe 6 — 3y —2: -3 =0nbzx -3y —224+63 =0, eco

ee LIeHTP PacloJIOKeH Ha npamolt & _611 = yj—:;t = "’j’23.

Q 1) Onpenenum touxn M, u M; nepecedenns: npamolt ¢ mioc-
KOCTAMU {3aMETHM, 4TO NPAMAA [EPIEHIAKYJIAPHA IIJIOCKOCTAM).
Jna sroro mapaMerpuvecKHe ypapHeHHMs npamoli z = 11 + 6t
y = —4 —3t, 2 = =3 — 2f noncrapnaeM b ypapHeHUsA TIOCKOCTEl,
HAaXOIHM tn BOIBPAINASMCHA K 9THUM YPABHEHNAM.

o =

6{11 +6¢) —3(-4-3t) - 2(-3-2t)-35=0,
t=-1, M5 -1,-1).

Ananornuno Haxomum M,(-7,5,3).

2) Uentp ccepn My — cepemina orpeska My Mq: Me(—1,2,1).
Pamnyc cheput R = MoM; = /36 +0+4=1.

3) Vpasrenne cheprl (z+ 12+ (y— 22 +(2-1)2=49. @
Cocraum ypasHedue cdepnbl, Hpoxondueit yepes yeTbipe TOUKH
0{0;0;0}, A(2;0,0), B(1;1;0), C(1;0; —1).

(Q Vpapaenue cephl MIIEM B BHOL

(z-af+ @y —b)?+{(z-c)’ =R?,

rae (a,b,¢) — xoopauHATH neHTpa U B — pagHyC HeM3BECTHBIE.
KoopaMHaThl DaHHBIX TOYEK NPEBPALIAIOT ypaBHeHHe chepsl B Bep-
HbI€ pABEHCTBA, T. €.

a® + b+ = R,
(2 - a)? + b+ = R,
(1-a)®>+(1-5)%+c?=R?,
(1-a)®+b%+ (1 +¢)? = R%
[ocne BosBemenns B KPANDAT, NPUBENEHHS NOJOOHBIX CIAraeMBIX

MOJIY4aeTCa cHcTeMa, u3 kotopolta=1,6=0,¢=0, R = 1.
Omeem. (- 1)* +y° +2° = 1. @



5.5.5.

5.5.6.

5.5.7.

5.5.8,

5.5.9.

5.5.10.

CocTaBuTE ypaBHEHMe C(hephl ecIH:

1) Touku A(3; —2;6) u B(5;2; —2) ABIATCA KOHLAMH OOHOTO M3
€€ OUaMETpoB;

2) umeer penTp B Touke Mp(5:0;3) ¥ mnpoxommr depez TOUKY
A(4;1;-1);

3) umeer ueaTp B Touke Mo(2; 1; 3) n kacaerca nnockoctu z = 6;
4) umeer ueHTp B Touke Mp(5;2; —1) u kacaeTca nIOCKOCTH 2 —
—y+324+23=0

5) ona cuMmeTtpuuna chepe (z — 1)+ (y - 3)* + (2 + 4)? = 46
OTHOCUTEJILHO MJIOCKOCTH 3% + ¢ — 22 = O

6) oma npoxoauT Yepes touxu A(l,—6,-2), B(4; -3;2),
C(—3;-3;9) u D(4;1;6).

[~

2

2

HaltTu To4KH nepecedeHnd NOBEPXHOCTH T—ﬁ + yg - ZT =1 u np=-
r_ Y _zt2

Mol ] =3 yat

(Q MMapamerpuueckue ypapHenMsa mpamol z =4t, y = -3¢, z =

= —2+4¢ noAcTaBUM B YpaBHeHHE OOHONOJIOCTHOTO rHnepGosionaa

2 2 _ 52
H ONpeOennM 3HaueHue i lfé + 95 £4t—42L =1,(-12=0,

t1,2 = 1. Cnenopazensuo, £ = 4, y = -3, z = 2. [Ipamas umeer ¢

runepHOIONAOM J8€ COBIIALAUIE TOYKHY TIEPECENEHNA, T. €. NpA-

Mad KaCcaeTCs NOBEPXHOCTH rHrepbononna B Touke M, (4; -3;2).
®

Tlpu KaKuX 3IHAYEHUAX MAPAMETPA P IVIOCKOCTh 22 — 2y — 2 = p

kacaerca cdepnt z° + y% + 2% = 817

Q Ecsm nnockocTs kacaeTcs cdephi, TO paCCTOAHKE OT €e LEeHTpA

[2-:0—2.0—0—p]
O IJIOCKOCTH PaBHO uycy cdeprl, T e. =
n p panaycy céep Tl
Orciona |p| = 27, T. e. p = £27.

¥YCTaHOBHTE IIPH KAKHX M INIOCKOCTH ¥ + M2 = 1 nepecekaeT npy-
nosnocTHb runepbonong 22 + y? — 22 = —1:

a) no aAaunCy,

6) no runepbose.

YCTAHOBHTDB PH KAKHX 1M IJIOCKOCTb MY + 2z = 2 nepecekacT -

2 2
$_+L-

AHOTHYeCKH# mapabononn y = 3 5

a) Mo BIHICY,
6) no napaGone.
MeTomoM napannenbHbiX ceqeuﬂﬂ Hccnenonan MOBEPXHOCTD, Ol

o2
16+9 T L.

2 2
Q 1) [lepenumem ypapreHne B BHJIE + ¥ = z_ — 1 ¥ nepece-
9 -

penendeMyio ypaBHEHHEM

KaeM NOPEPXHOCTL MJIOCKOCTAMH z = h. napannenbnumn KOOpOu-
HaTHOH nockocTH Ory.
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2
B CeYenrax noy4yalTca JIHHHH C YPaBHEHHAMH —6 % =
- b _
=9 )
IIpu |h| < 2 oTu ypaBHeHus He UMEIOT M300paxkeHus (MHU-
Mble aanuncet) npu kB = +£2 ouu msobpawator Toukn (0;0;2) u
2

{0;0; —2), a npx |h|% > 2 nosyyaroTca annunCH ﬁg + 30 =1,
2
e c= | JEE

C yeennuenuem |h| yBeMYUBAIOTCA M HOAYOCH 3/IANICOB 4¢ U
3e, T. €. annuncel pacmupsiorca (puc. 66). HosepxHocTs caMMe-
TPUYHA OTHOCHTENBHO IIocKocTa Ozy.

Puc. 66

22 2
2) Mepenminer ypabHeHHe NOBEPXHOCTH B Buge L, — 2

16 9
= -L — 1 u mepecedeM ee BEPTHKAJILHBIMH IUIOCKOCTAME ¥ = .
Mpu K&)K,ELOM [ € (—00; +00) COOTBETCTBYIOIINE Y PABHEHHS ONNCHI-
BaloT runepbonnl. B yactHocTH, npu | = 0 monydaem ranepbosy,
% - % = —1, pacnonoXeHHyio B mIockocT Ozz.
3) CeueHnst NOBEPXHOCTH MJIOCKOCTAME T = r Takxke ranepbo-

JIbl

y2 2 1,,2

= ——=-1-—.
9 4 16
Ho u3 nn. 1) 1 2) yxe MOXHO CIENaTh BHIBOI 0 CTPOEHHH MOBEpX-
HOCTH: OHa COCTOMT K3 3JUIMICOB, «HAHU3AHHLIX® HA rumepbosty
2 2
% - % -1 (I = 0). Mockoneky Opa cedeHust, napansesb-

ueix Ozz u Qyz — runepGonel, a onHo — napasnnenstoe Oy —



5.5.11.

5.5.12,

SJLTHIC, TO IOBEPXHOCTE HA3RBACTCSH TUNEPOONOUIOM SILTUNITHYE-
CKHM; ANA YTOUHEHUA — ABYTIONMOCTHeIR, HG0 COCTOMT U3 ABYX OT-
AenbHbIX vacTell (Ham u non miockocTeix Oxy). ®
YeTaHOBUTE THII 3A0AHHBIX NOBEPXHOCTEH B NOCTPOMTE MX.

2 2 2
2 ¥, 22
DT +Ete=b
2) 2? +y? -4t = -1
3) 32% + ¢ = 2a(z - 2);
2
4) =2 -5

5) 4% = 15z;

6) z=5-1"—y%

7) 2% - 9y® = 427

8) 22 = 5y — 1;

9) 22° —dx + 3% — 6y — 2% = 0;

10) 22?2 — 7y% + 1122 = 0

11) z + 2 = * — 3y + 322 + 6z;

12) 2% = yz.

Ornipere/UuTh NUHHIK NepecevdeHls NOBEPXHOCTEH

(x-42+-712+{(z+1>’=36 n 3z+y—-2-9=0.

(Q Ileppas noBepxHOCTbL — 3TO cepa, BTOpaA — MJOCKOCTh. OHH
NepPEeCeKarTCH WIIH [0 OKPYXHOCTH, UM B OXHOW TOYKe, WM BOBCE
HE EPEeCEKAIOTCH.

Hattnem paccroaaue d ot ueHtpa chepnt My{4; T; —1) mo nnoc-
koctn 3z +y—z—9=0.

_Ba+7+1-9 11 _ o
V3 +1+1 V11

Hockonbky d < R (R =6 — pamuyc cdepnr), TO ILI0CKOCTD Tiepe-
cexaeT cepy o OKpPYKHOCTH.

Ientp O(z1;y1; 21) 9TOH OKPYXHOCTH PACTIONIOKEH HA NEPIEH-
naxynaspe MpO, onyieHnoM u3 ueATpa cdephi Mp Ha 3aIaHHYI0
mockoeTs {puc. 67).

Ypasuenne neprenoukynapa My B napamerpudeckoi popme
UMEeT BHI

d

r=4+3t, y=7+t z=-1-g.

INoacTaBuM 5TH PABEHCTBA B YpaBHEHHE ILIOCKOCTH ¥ HAX0NUM
L34+ +(T+)—(-1-8)-9=0,t=-1.

INonctasuM t = —1 B NapaMeTPUYECKHe YPABHEHNSA NePOEHIH-
xkynapa MpO. Haxonum: z = 1, y = 6, z = 0, . e. (1;6;0) —
LEHTP OKPYHOCTH nepecedeHHd chephl M II0CKOCTH.
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5.5.13,

218

W3 AOMp A (puc. 67) naxommm r2 = R%—d?, 2 = 36—11 = 25,
r =235

Puc. 67

Taxum 06pasoM nONYHeHO, YTO KPHBAA

(-4 +H-71*+(z+1)? =36,
3x+y—2-9=0

npexcrabasfer cobBoll OKPYKHOCTL PAgHYCa 5 ¢ UEHTPOM B TOYKE
0(1;6;0). ®
CoctapuTh YPABHEHHH KaCATENBHBIX INOCKocred K cdepe
(x -2y + (3,{ + 12+ {z - 31)2 = § B TOYKax ee IepecedeHHs ¢
r—1 _ -

NpAMOH 1 ——_y—l_ 5

(Q Touxu nepecevenus npsMolt co cepolt mOTy4aOTCA HOACTA-
HOBKO# papenctB z = 1+¢, ¥y = —£, 2 = 1+ 2¢ B ypasHeHue cdepni,
onmpeIeseHHEM | H MOACTAHOBKOH OOpATHO B ypaBHEHHA TPAMOLN.
Hmeem (1+£—-2)2+ (—t+1)2+ (1+2¢ - 3)2=6,6(t - 1) =6,
th =0,t; =2 Haneez; =1, 4n =0, 21 = 1, 22 = 3, yo = -2,
zz = 5. Uraxk, M;(1;0; 1), M2(3; —2;5) — TOUKHM nepecedeHHd nps-
moft U cephil.

CocraBuM ypaBHeHHe MEepBOH KACATENBHOH IJIOCKOCTH, IPO-
xonamed uepes M;(1;0;1). Fe nopmanehuii sextop MoM,, roe
Mo(2; —1:3) uentp cepo: MoM, = (-1;+1;-2), a ypaBHeuue
mpockocTd: —(2 —1)+y—2{z-1)=0nmz—y+2: -3 =0

‘VpaBHeHHe BTOPO#H IIOCKOCTH, IO AHAJIOTHH: T—y+22—15 = 0.

Ionyuennnle MIOCCKOCTH NapasifeNbHEl MOTOMY, UTO OaHHAA
NpsaMas MPOXOmHT depes neHtp chepst Mg(2; —1;3) (nonyuaerca
npu t = 1). L




5.5.14.

5.5.15.

YCTaHOBnTb, YTO MAOCKOCTh ¥ — 2 = 0 mpecekaer »mmncoun
z2 + y_ L2 22
16 8 9
(Q Tlepecevenne AByX NoBepxHOCTe# B NPOCTPAHCTBE NMPECTABJIS-
€T HeKOTOPYIO MMHUK, TPHHANLNEXANLY KAk OnHOl Tak H Apyrok
NOBEPXHOCTH. Ypanﬂeune 9700 NUHHH B HamweM CJIydae MMeeT BU

= 1 no anauncy. Haii'tu ero nonyocu ¥ Bepinuabl.

v, 2
16+8+9 1,

y—2=0

TlopcrapuM ¥ = 2 B eppoe YpAPHEHHE U NOAYYaeM E + 29 %

310 ypaBHEeHHE BIUTHICA, PACIOJIOXEHHOTO B IOCKOCTH i — 2 = (.
Tlockonbky KaHOHHYECKOe YDPaBHEHUE MOJMYYEeHHOTO BIUNCA HMe-

2 2
eT Bun, % + éf—E = 1, T0 ero noAyocu pasHbl @ = V8 u b = /4,5
¥

(¢ = a® — ¥, ¢ = +/3,5), a BepIIMHB B/IHNCA PACTIONOKEHbI
B Toukax A1{—v8;2;0) u A»(8;2;0) — na GosnbmeM QuaMmeTpe,
B (0;2; —/45) u B»(0;2;+/4,5) — na menpinem oupamerpe. ®

2 .2
Hccrenonars IO nepecetieHns runepGosionaa G- + % -22=1

¢ MNOCKOoCThIO 4 — 3y — 122 — 6 = 0, DONB3YACh ¢ MpPOEKUHAMH
Ha KOOPAMHATHBIE MJTOCKOCTH.
(Q JInuua nepecewenns runepbosIONaa ¢ MIOCKOCTBIO ONPEISs-
erca cucremolt 2 2
ol 2o
g 4 ’
4r—3y—12: -6=10.

Bripasxkaem u3 BTOPOro YPaBHEHHA

_do-dy-6 5 _ 1622 + 9y° + 36 — 24zy — 482 + 36y

- 12 B 144
H NOACTABNAAEM B NEPBOe ypapHeHHe. [lonydaem

9y° + 8xy + 16z — 12y — 60 = 0.

D10 ypaBHenne NpOEKUMH HA INIOCKOCTE Ty JIMHHA nNepecede-
HUA ranepbosonga ¢ mMNOCKOCTLID. BMecTe ¢ TeMm 3T0 ypaBHeHne
LINHHADHYECKOH OBEPXHOCTH ¢ obpasyomel, napasnensHol ocH
Oz, HAUPABAKIAA KOTOPOH eCTh HUCCIemyeMan JMHUA. Y paBne-
Hide 370l NUHIU CNeTYeT PHBECTH K KAHOHHYECKOMY BULY U3BECT-
Heimi bopmyaami npecbpa3zopaHia KOOpIUHAT (MOBOPOT Ocelt 1
casur). B gaHHOM c/lyuae METONOM DPaifioXeHUs Ha MHOXHTENH
MOXKHO noayuuts (y + 2){% + 8z — 30) = 0, 1. e. Hama JuHAA
NpEeOCTABIAeT napy npaMeix y+2 = 0 1 8xr + 9y — 30 = 0, koTopsie
NEPECEKAINTCH B TOYKE

y+2=0,
8z +9y-30=0,
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T. e. M,(6;-2).
Ilo anamOruu ¢ 3THM, NPOEKTHPYEM HCKOMYIO JIHHHIO HA MLJI0C-
kocth Ozz. [Tonyyaem napy npaMux 2—3z = 0u 5z -9z -12 =,
KOTOpble nepecekares B Touke Ma(6;2).
Hakonen, Ha nnockocTs Oyz UCKOMAA JMHUA HPOEKTUPYETCA
B npamble ¥ + 2 = 0 u 5y + 8z — 6 = 0, xoTopble MepecekanTCa B
Touke Ms(-2;2).
Ecau npoekuMn #a KOOpOMHATHBIE NJI0CKOCTH JAHHOH NMHANK
SIBJIAIOTCA TIEPECEKAIDUIMMACA NPAMBIMHI, TO CAMa 3TA JIHHHA Npen-
CTaBJIAET Napy nepecekatomuxca B Touke M (6; —2; 2) npamex. Ko-
opoMHaTHl M nonyuawrcda M3 KOOpPOWHAT ee mpoexumit M, M.,
M;. @
5.5.16. YCTaROBHTH KaKue JIMHHH ONpeNeATCA CHCTEeMAaMH YpaBHEeHNH:
0o @=1  (y+1)
3 6

1)
3t —y+6z—-18=0;
_@-1?  w+1?
2) 2z = ) g
c—-2y—1=0;
(z-1P°  @+1* _ 22 _
{1 +tog ~®-Db

Oz -6y +2:-43=0.
2

5.5.17. Hax runepbonnuecknii napabonoun 22 — 94— = z W OOHA H3I €To
KacaTeseHbIx ockocTel: 10x — 2y — 2 —21 = (. Halirn ypapHeHuMA
Kax a0l ¥3 Tex JByX NPAMBIX, N0 KOTOPOH MAOCKOCTh KACAETCH C
napaboaouaomM.
(Q YpaBHeHMus HCKOMBIX NPSAMbIX 3a[a0TCs cHCTeMO ypabHeRuH,
KOTOpYIO NOCNENoBaTENLHO NpeobpasyeM.

10x—2y—2-21=0, z=10x — 2y — 21,
2 o 2
xz—% =z :02—%=10;r:—2y—21

-

o z=10zx — 2y — 21,
(22 -y—-6)2c+y-14) =0

10r -2y —2-21=0,

5.1
{29:—3;—6:0 61
W0z —-2y—2-21=
Oxr—2y—=z 0, (5.2)
2z +y—-14=10.

Vpabuenua upameix (5.1) u {5.2) noayvuensl B obmemM BHIe.
Hpueenem (5.1) k kanonnueckomy suny. nsa 3Toro Haiinem npe
TOuKM Ha npsamol (5.1):
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z=0: {10.’1:—21; =2 = M1(3;—3;0);

2z—-y=26 2
10r—2z=21
=0: "= Ma(3;0;9).
y {2:1:—6:0 a( )

CocraguM ypasHeHHe NpAMOH, npoxoasuel depes Touku M;
u My MM, = (%;3;9) = %(1;2;6). Npamasn (5.1) umeer Bug

3"1;3 = %’ = % HAM napaMeTpHueckd: £ = 3+ £, y = 2,

z = 9+ 6t. (YpaBHeHHEe OPAMOH ONpemenaeTca HEOAHO3HAYHO:
HanpuMmep, npu t = 2 HAXODWM Ha 3TOH npaMolt Touky &g = 5,
o = 4, 2o = 21, a DOTOMY €e ypasHEHME MOMKHO 3ANNCATE H TAK

£ T 2 = ¥ g 4 -z _621)' Mo awanoruu, npamyw (5.2) MoxHO
NpHBECTH X BHOY % I 5 — y_—24 =z 1421. °

RononnwrensHuie sapaqwn

5.5.18.

5.5.19,

5.5.20,

5.5.21.

5.5.22,

5.5.23,

5.5.24,

CocrapuTh ypasHeHHne cdepbl pagnyca R = 9, npoxonsieit uepes
Toukd A(-5;10;-1), B{1;-2; -1}, C(-8; ~2;2}.

Cdepa npoxomur 4epes 1pn Touxkn A{-2;4;1), B(-5;0;0),
C'(3;1;-3), a ee UEHTD NEXKHT HA IJOCKOCTH 22 +y — 2+ 3 = 0.
CocrasuTe €e ypaBHerue.

CocrasnTte ypasaerde cdepsl, HPOXOOALIEH 4epes YeThipe TOUYKU:
A(1;-2; 1), B{4;1;11), C(-8;-2;2) u D(-5;10;-1}.
YeTaHOBUTH Kak pacnosiomena Touxa A(2; —1;3) orrHocHTENBHO
Kaxaoit cheprl — Ha cdepe, BHYTPH Hee HJIH BHe:

D) (z-32+ g+ +(z-12=4

2) (z+ 14)2 + (y — 11)% + (2 + 12)* = 625;
3N(x-62+y-1)2+(2-2)?%=25.

Onpenennts ueHtp My(Zo;yo; 2o) H PATHYC OKPYKHOCTH:

{(:z: -3+ (y+2) + (2 — 1)? = 100,
2r—2y—2+4+9=0.
CoCTaBHTh YPABHEHHE NNTOCKOCTH, NPOXONAIEH Yepe3 JUHHK 1e-
pecedeHna a8yx cdep.

20 + 25 + 2% +3x - 2y+2-5=0

Py -z +3y-224+1=0.

CocTaBuTh ypaBHeHHE Cephl, Npoxondliel yepes Ha4ano KOopas-
HAT U OKPY&HHOCTB:

2 +y% + 2% =25,
2r-3y+5z-5=0
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5.5.25.

Meromom napanienbHBIX cedeHHH MCCNENOBaTh rEOMETPUYECKYI)
chopmy moBepxHOCTEl 3a0AHHBIX ypABHEHHAMH;

2 ¥ 2.
Dg+tig-m=b
2 v 2.
2L+l =
2 2
A A
NG+t -T=1
_ 2ty
4)Z—T+9,
2 2
5) =% - &
2.8y,
&) T+ ¥ =1
2 2
7)%—%:1;
8) 2 = 2y.

Bonee cnoxHele 3apaqv

5.5.26.

5.5.27.

5.5.28,

5.5.29.

5.5.30.

5.5.31.

222

OnpenennTh, KAK pPacnoOXKeHa NPAMAS OTHOCHTEJBHO cgepbl —
MEPECeKART JIM, KACARTCH WIH NpoxoauT sre ee. [Ipaman v cdepa
3aJAHB! CAEAYIOIHME YPDABHEHUAMM:

7

1 x_—22 = y—:|;2 = 241'2,x2+y2+z2—4yv3z+%=0;

2)x =5+3ty = 2t, 2 = -25-2¢, 2 +y° +2% -4z —6y+22-67 = 0;

3) 2z -y+22-12=0,
2z —4y—-2+6=0,

Haiitu kpaTualimee paccToanue 0T TOYKN A 10 cdephl ¢ 331aHHbIM

YPaBHEHHEM:

1) A(~2;6;3), 22 + > + 22 =4

2) A(;-1;3), 2 +4° + 22 62+ 4y~ 102 - 62=0.

CocTaBuTh ypaBHEeHHe IIOCKOCTH, KacaTeNbHol X cdepe 2 +3° +

+ 2% = 49 B Touxe M, (6;-3; -2).

Hoxazats, 410 mnockocts 2z — By + 3z — 49 = 0 kacaerca cheprt

22 + % + 2% = 49 H BLIYACIHTL KOODAVHATH TOYKH KACAHHA.

CocTaguTh yPaBHEHHS IUIOCKOCTel, xacaTensHex K cdepe z° +

+ 3% + 2?2 = 9 u napaneNBHBIX INOCKOCT T + 2y — 2z + 15 = 0.

Jlokazare, 4TO B KAKAOM H3 YKA3aHHBIX HIDKE CIIYyYaes 3a/]aHHbIE

MOBEPXHOCTh M TLAOCKOCTE HMEKOT OOy ODINyI0 TOYKY M HalTi ee

KOOPOHHATHI!

2 2
)5 +5=2%2-2-2-10=0,

P4+ -2+ 29+ 42-43=0.



L

2
)% F‘T_%=——1,5x+23+5=0,
2 2
)I_ y_ §—1_13$ 12y —42+54=0.

5.5.32. ,Il,oxasamb, 4YTO IJIOCKOCTE 4:?: - 5y — 10z — 20 = 0 nepecekaeT on-

e
HOMONOCTHBIH runepbonous = 55 + Ii% T= = 1 no npaMonHHeliHbIM

obpazylomem. CocTapATL YPABHEHHS 3THX 0DpA3YIOWIAX.

5.5.33. Hoxasarb, uto naockocts 2& — 12y — 2 + 16 = 0 nepecekaer ru-

nepGommueckutt napabononn 2z = x° — 4y? no NPAMOSMHEHHBIM
obpazyonmumM. COCTABUTH YPABHEHHA STHUX MPAMBLX.

KOHTPOJNTbHAA PABOTA
Bapmaur 1

1.

Hauano otpeska AB naxonutesa B Todxe A(2; —3;4). Touka M (-1;2;5)
OTCEKAET OT HETO 4eTBepTyr 9acTs {AM : AB = 1: 4). Halitu xoop-
AMHATH TOUKH B.

Kaxne nopepxHOCTH ONPEOeNAIOTCA ¥ PABHEHHAMH!
Dzl +y’+22-10z+8y—8=0;
2) y = 42°?

. COCTaBHTE YPAaBHEHAA MJOCKOCTH, NPOXOOAWeil Yepes:

1) ock Oz n Touky A(2;—3;4);
2) touky A napannensno nnockoct Oxy.

Tpeyronpiuk ABC obpasopan mepecedennem nnocxoctd 2z + 3y +
+4z — 12 = 0 ¢ xoopauHaTHeiMEA ocaAMH. Hafitu ypaBHenus cpenneii
JHHUH TPEYTOAbHHKS, NapanneNsHol naockoeTn Oy,

HaliTu ypapHenns nepnesaukynapa K mnockocTy  — 2y+z—9 = 0, npo-
x0fAmero yepes rouky A(—2;0; —1), u onpenennTs KOOPAUHATHI OCHO-
BAHHA 3TOrC repneHaHKynapa.

Bapuant 2

1.

2,

3.

Ha ocn Ox naliTe TOYKY, PaBHOYOATEHHYIO OT apyx Todek A{3; —1;2)
u B{4;1;-1).

2 +y? + 2% =64,

22 +y? + 2% - 20 =58
1) abemmcea xoropoli pasHa 4;

2) annankara xoropolt pasHa 2.

Ha nunuu { HAlTH TOUKY:

CoCTaBATL ypaBHEHME KacaTenbro# mnockocrd k chepe (z — 1)%+
+(y +2)2 + (2 — 2)% = 27 B Touxe Mp(2; -1;-3).
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4. Jlaubl TpH rnocnenopaTeNbHbe BEPIIHHLI Tapainenorpamma: A(2;4;3),

5. Halirn paccroanne ocu Touxu A(0; 2; 5) no npamoti 3’_—"'1 = 311 A 3_

B(-3;0;6), C{—4;2;1). Halitn ypaBHenna ctopoubl AD v anaronanm
BD.

2 3

Bapwanr 3

1.

Haiitn uentp wapa paaumyca B = 5, KOTOphI pacmonoKeH B IATOM
OKTaHTe H KacaeTCa BCeX TPeX KOOPDIMHATHERIN IJIOCKOCTEH.

2. Haiitn ypaBHeHHE reOMETPUYECKOIO MECTa TOYEK, PABHOYIAJIEHHEIX OT
npyx touex A;(3;2;1) u Aa(—4;-2;1).

3. Hadity yron Mexay niaockocTsio T+ ¥ = 0 ¥ I0CKOCThIO, NPOXonAmel
gepes Touxy M(3; —1; —1) u comepxkamyw ock Ox.

4. Yepes touky M(2;1; —4) npoBecTH NpAMYI0, NAPAJITENEHYIO OHCCex-
TpUCE KOOPAMHATHOrO yraa Oyz.

5. Haitte mpoekumo Toukn A(2; —1; 3) na nnockoers S — 2y + 2+ 15 = 0.

Bapwanur 4

1. Orpesok AB pasnenen Ha 5 papuwIX uyactell Touxamm C, D, E, F
(AC = CD = DE = EF = FB). Haittu xoopansatel Touex D u
C, ecnu wseecTHe! Toukn A{2;2;5) w B(—3;1;0).

2. CocTaBHTh ypABHEHHE JIMHHH TEpecedeHns NJIOCKocTH Oyz u cdepsl,
LUeHTp KoTopol Haxonurca B Touke C(4; —3;2) u paguyc paeen 10.

3. Ha ocu OF naltti TOUKY, paBHOYIaIeHHY0 0T Toukn A(l; 2v/2;0) u ot
maockocTn £ +y — 5 = 0.

4. CocTapUTb KAHOHHYECKHE ypaBHEHHs NPAMOH, Npoxonsmel Yepes to4-
Ky M({5; —7;9) napannensHo npamoh

z—3y+2z-6=0,
2t—y+424+17=0.
5. HaitTH paccrosiHHe MeXIy NpAMbIMH L 5 3 - y_+13 = £ ; 6

z+5 _¥y+3 _ 246
8 —4 12 -




rnasa 6. ®YHKUUUN N NPEAENLI

(

§1. @YHKUUU U UX TPADUKN
Onpepenenve yHkuwn

Bezge manee B 3TOM naparpade nog MHOKECTBAMH OVIYT IHOHMMATHCA
qHCIOBBIE MHOXKECTBA, T. €. MHOMECTBA, COCTOAME U3 BeRCTBUTENBHBIX Y-
cen.

MHuomecTBO Beex neficTBUTENbHBIX 4ucen Oyaer o6o3HavaTeca Gykeoit R

= Hycrs kaxaomy yHCny T U3 HEKOTOPOrO MHOXKECTBA X MOCTABJIEHO
8 COOTBETCTBUE OOHO H TONBKO 0AHO 4HCH0 y. Torna roeopat, 4ro
Ha MHO:XKecTBe X 3alaHa Gynxyus.
Criocob (mpasuno), ¢ OMOIIBIC KOTOPOTO YCTAHABMHBAETCH CO-
OTBETCTBUE, ONpeHeNswinee JaHHyK0 OYHEUMO, obosHaualoT Tol
nnn ukoit 6yxeolt: f, g, R, ¢,... Ecid, Hanpumep, BriOpana Gyxsa

f, To nHmyT v = f(@).

HGPEMGHHM I IPH 3TOM HAIHMBASTCH HeIABUCUMOT nepeMeH-
HOit (WM apzymeninoM), a IEPEMEHHAA Y — 3a8ucuMoil.

Muoxecteo X Ha3blBaeTCA 064GcMb0 ONpedesenus DaHHOU
dbyurmyn u oboznaqgaerca D f), a mHOKECTBO Beex 4ices ¥, cOOT-
BOTCTBYIOIMHX PAZNHYHBIM 4HcNaM & € X, — ofaacmow snavenul
atolf dbyukuan u obosnavaerca E{f).

> Ecnn ancny z¢ n3 obnacrn onpenenennss Gyukuma f(x) coorser-
CTBYET HEKOTOPOR HUCIIO Yo M3 OOJIACTH SHAYeHHH, TO Yy HA3BIBA-
ercd snavenuem PynKyuu B TOUKE Tp (UM PU & = Zp).

I'pacbux Ppyukynn

= Iycth 3agaHbl NPpAMOYLOBHAA CHCTeMa KoopanHaT Ozy i PyHK-
unsa y = f(z). Fpaduxom dynxyuu f{r) HaskBaeTCA MHOKECTBO
BCEX TOYEK MJOCKOCTH ¢ Kooprunaramu (z; f(x)), toe = € D(f).

MHOXECTBO TOYEK HA KOOPAMHATHOH MNOCKOCTH ABnAeTca rpadhHKoM He-
KOTOpOH HDYHKIHH B TOM H TOMBLKO B TOM CAYYae, KOTAA KaXKNasd BEPTHKAIb-
Han (T.e. mapannensHasa ock Oy) npamas nepecekaeT ero He Bonee 4eM B
OIHOR TOIKE.

Ipadux dbyrrumn ¢ = f(z) 324acTyi0 MOXKHO MOCTPOHTE C MOMOIIBID
npeoSpasopannii (copur, pacrsmxenne) rpadHKa HEKOTOPOR yXKe H3BECTHON
DYHKIAM,
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B wacTHocTH:

1. I'padpux dyuxupn y = f(z} + a nonyyaerca uz rpadrka GyHKIIR
y = f(z) cneurom spone ocn Oy ua |a| eqwnnn (Beepx, ecnn a > 0, 1 BHM3,
ecan a < 0);

2. Ppaduk dyurkunu y = fir — b) nony4aerca m3s rpadura QyHKIHY
y = f(z) capurom Boons ocH Oz Ha |b| exunun (Brpano, ecrm b > 0, u BReso,
ecnn b < 0);

3. I'padbux byuxkuun y = kf(z) nonyuaerca us rpabuka byaxuun
y = f(x) pacrmokendem (cxartuem) saones ocw Oy B k pas {1/k pa3), ecnn
k>1(ke{0,1));

4, T'pacpux ynxuun y = f(mzc) nonyuaerca ns rpadmuka yHKUMM
y = f(z) cxarvesm (pacTikenden) no ocut Ox 8 m pas (1/m pas), ecmmm > 1
(m € (0,1));

5. Upaduk dbyukumu y = — f(x) mony4aerca us rpadmuka GyHKIHY
y = f(r) cHMMETPHYHEIM OTPAXKEHHEM OTHOCHTENIBHO OCH O;

6. 'pacdux yuxupn y = f(—z)} monydaerca mu3 rpaduka GyHKIIH
¥ = f(T) CHMMeTPHUHBIM OTpaKeHHeM OTHOCHTENbHO ocu Oy.

HeTHOCTb, HEYETHOCTL U NEPUORNYHOCTD (hYHKLMN

> QYHKUUA HAZBIBAETCA “emnHoil, ecyu:
1) muoxecTeo D(f) cuMMeTpHdHO OTHOCHTENBHO HYTA (T.0. V2 €
€ D(f) = -z € D(f));
2) nns mwboro x € D(f) cnpasennupo pasencreo f(—zx) = f(x).

I'pvacduk yetHolt byHKIME CHMMETPHYEH OTHOCHTENLHO OCH (Y.

= Oyuxunua f{z) HaselbaeTca nevemuot, ecnu:
1) muoxecTno D{f) CHMMETPHUHO OTHOCHTEALHO HYAS;
2) nna nwboro £ € D(f) cnpaepennuso pasenctso f(—x) = —f(z).

Tpadux HedeTHOM dDYHKIME CHMMETPHYEH OTHOCHTEALHO HAYAIA KOOP-
JIHHAT,

DYHKUHA, He ABAAIOWAACA HI 9ETHOR, HH HEUeTHOH, HASBIBALTCA PyHx-
yuedl obwezo euda.

3 Oyuxuns f(z) HasbpaeTcs nepuodureckotl, €CAN CYMECTBYET UH-
cno T # 0, yro naa mobora £ € D(f) cipapeannBsl yCIoBA:
DVz+TeD{f),c—Te€ D{f),

2) fla+T) = f(=).

Yucno T naswipaercsa nepuodom dbyuxunu f{z). Ecnmu T — nepuon byuk-
unn f(z), To uncna T, £27T, £37T,... TaKKe ABIAOTCA MEPHOTAMA 3TOR
dbyuskuun. Kak npasuno, non nepaogoM GyHKUHA TOHAMAIOT HANMEHBIIHH 13
€€ OO UTENBHBIX TIEPUOIOB (ochoanot nepuod), eCIH TAKOBOH CYIIECTBYET.

Ecnu dbynxuua f(r) nepuonudeckasn ¢ nepuonom T, To ee rpaduk nepe-
xomuT cam B ceba npa capure saoabL ock Oz na T eNHHHIL BJIEBO WK BIIPaBO.
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CnoxHana yHkyma. 3nemeHTapHble pyHKumMn

= Mycts o6nacte 3wadennit byuxkuny y = f(z) conepxkurca s obna-
crn onpenenenvs dhyuxmun g{y). Torna dyHxua

z =g{f(2)), = € D(f)

HA3BIBAETCHA cAoHcHol dynxyuel il xomnosuyuett Gyurkumlt f n
g ¥ obosHauaeTca g o f.

Ocnoennimu (UIH Npocmefiiuumu) 3AEMEHMOPHIMY PYNKYUAMU HA3D-
BAIOTCH: ROCTNOKHNAR PynRyus y = ¢; cmenennon Pynxyus y = %, a € K
nokazamenvher gynkyua ¥ = o, a > 0, aczepudmuveckas dynnyur y =
= log, =, a > 0, a # 1, mpuzonomempunecxue fynxyuu y = sine, y = cosz,

¥y = tgF, y = ctgr, y = secx (rne secr = cols;c)’ § = cosecz (r,u,e
cosecT = _5_1%5)’ obpamusie mpuzonoMempuneckue Pynxyun y = arcsinz,

Yy = arccosx, ¥ = arctgr, y = arcctgr.
Ha pucynkax 68,¢ u 68,6 npueeneHsl cOOTBETCTBEHHO rpadukH dyHKUMH
y = arcsinz ¥ y = arctgz.

. ¥ ¥
N N
N AN
L] AL
Voxl Y .
IS : £
i Y =arcsin t
H H y=arctgr
it L
v 10 T (9] z
i i .4
[ 1 2z
-
T 2
|
N
[ 6
Puc. 68
> Dnemenmaprsimys PYHEYUAMU HASKIBAKTCA (YHKIHH, KOTOPLIE
MOJYHAIOTCA H3 OCHOBHBIX 3JIEMEHTAPHEIX (hyHKUHU ¢ MOMOIIBID
KOHEYHOTO 4Mcsia apudmernyeckux omepauuit (+, —, -, 1) B KOM-

nosuupi {T. . OOPA30BAHKA CHIOKHLIX DyHKIMIE).

MoHoToHHan, obpaTHas n orpaimdeHHan yHkyus

= Oyuxuua f{z} HasulBaerca neybmaawuetl (resoapacmmowetl) Ha
meokectee X C D(f), ecoin nna nwbeix sHauenndt #q,30 € X
TAKUX, YTO ) < T3, COpaBesnuMao Hepapenctso f(z;) € f(z2)
(cooTBercrBenno, f(z1) 2 f(xa))-
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> DyHkuHs f(T) HASBLIBAETCA MOHOMONNKOY, €CJIH OHA HEBO3PACTAIO-
nad UK HeyObIBAIOIAA.

= Oyuxuusa f(z) HaseiBaeTca aospacmarowett (yomaawiyedl) Ha MEO-
sectee X C D{f), ecnu nna nwobGeix 3naveHuit £,z € X taxux,
4T0 Z) < T3, CIPABEANMBO HepabeHcTBO f(%;) < f{z2) (coorper-
creeHHo, f(x) > f(z2)).

= Oyukuua f(T) HAZLIBAETCA CMPO20 MOHOMONHON, €CIU OHA BO3DA-
CTalomasa WA yobIsanomasn.

= [Iycte pna mobblx pasnvyHeix 3HadeHul ¢, cp € D(f) copasen-
auBo, 4to f(x1) # f(xa). Torna ana nwboro y € E{f) nakinerca
TONBKG OOHO 3HAaueHHe r = g(y) € D(f), raxoe, uro y = f(z).
Dyuxuua ¢ = g(y), onpenenennan ua E(f), wassisaerca ofpam-
noti gns pyukunn f{z).
Otmerum, uto E{g) = IX{f).
Ecnu dynxuma f(r) umeer obpaTHyo QYHKUHIO, TO KAXIAA TOPH3OH-
TANBHAA NPAMAA § = ¢ nepecexaet ee rpacduk He Gonee yem B OnHOH TOUKe.
HOycrs bynkuua z = g(y) (Meorna ee obosznagawt ¢ = f~1{y)) — obpar-
Haa gna byuxuuu y = f(z). Ecan ofoaHauuts aprymenT sToit dbynkumu
Yyepes 1, TO ee MOXKHO 3aMMCaTh B Buae y = g(x). Torma
9(f(2)) = = nna soex 7 € D(f),

flg(2)) = = ana scex ¢ € E(f).

Nueimu cnosamu, ecnu dyrkumus g(z) — obpatnaa ana bywkuuu f(x),
1o byukuna f(z) — obparuan nns dbyukums g(x); nosromy obe 3T byHKURN
HA3HIBAIOT €lE 63GUMO0TPAMHBIMI.

ITycre dyukuma y = f(z) sripactaer (yObiBaer) Ha orpeske [a;b]. Toroa
na orpeske [f(a); f{b})] (coorBeTcTBOHHO, [f(b); f(0)]) onpenenena sospacta-
wmas (yboisawomas) dbyuxkuus g{z), obparnaa nna byuaxuun f(2).

I'paduk byuxuun g(z), obpartoit ana dbynxuua f(r), cuMmeTpuieH rpa-
duky f{z) oTHOCHTENBHO NpaAMOl ¥ = 2.
= Qyuxiua y = f(x) HasbiBaeTCH ozpanurennod ceepry (cnusy) no

muooiceemee X C D(f), ecnu cywectsyer Taxoe uncno M, €to
flz) € M (f(x) 2 M) ansascex z € X.
= Dynkuna y = f{T) Ha3BIBAGTCA ozpenudennoll He MHOMCECTREE
X C D{f), ecnu cymecrByer Takoe uncao M > 0, 9to
If(z)| € M onsa scex © € X.

fwnepbonnyeckune hyHxuymn

Funepfosuneckumu dyrnryuimu Ha3bpIBAITCA cneaylomde yerslpe byHK-

HWH;
1) sunepboauneckud cunyc y = shx, roe shz = % (rpadpuk sTol

HeueTHOH BospacTaiwmell GyHKuE H300paxkeH Ha puc. 69,a);
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T —&
2) eunepboaunecrkudl xocunye ¥y = chx, rae chx = % (rpadpux

aToH werHolt dbyukuuu cM. Ha puc. 69,6);

she _ e —e~°
chz 7 e 47T
{rpacphk aT0it HeweTHOH pozpacTaolelt byHKUMM cM. Ha puc. 69,8},

che _ 2 +e”"

shx = g% —e~ T
{rpadlk 910l HeverHoll yOrpatomeRt yHKIMA cM. Ha puc. 69,2).

3) eunepbosuneckutt manzene y = thz, roe thx =

4} zunepbosuvecxutl xomanezenc y = cthz, roe cthr =

Y Y
y=shzr
y=chz
9] z 1
O x
o []
¥
S |
y=thz
O z
............ ot SN
8 2

Puc. 69

Hnsa runepbonudeckux byHkuMi HMewT MecTo HOPMYNEl, AHAJIOTUYHBIE
(¢ TOMHOCTBIO 0O 3HAKA) COOTBETCTBYIOWHM (POPMYJIAM I01A OBEIYHBIX TPHTO-
HOMETPUYECKHX QyHKUHH:
ch?z ~sh’z = 1, ch2zx= ch’z +5h2$,
ch{z £ y) =chzchy £shzshy,
shizrt y) =shzchytcheshy wura

HensHbie 1 napameTpuyeckn 3apaHHsie hyHkywn

Dopmyna y = f{z) onpenenaer asurili coocod 3aganis dyaxkumd. OnHa-

KO BO MHOTHX CJYYasX NPHXOOHTCA HCMOJIB30BATL HESBHBIN C1rocod 3a1aHus
byuxmuH,

229



Iycre nanmasa ¢yukuma onpenenesa Ha mHoxecrse D). Torma,
ecnd Kaxpoe 3HaueHne T € D W coOTBETCTBYIOUIEE €My 3HAa4ve-
HHe DYHKIVH ¥ yAOBJIETBOPAIOT HEKOTOPOMY (OOHOMY H TOMY Ke)
ypasrennio F(z;y) = 0, TO roBopAT, 9410 312 dynnyun sadana ne-
aeno ypasrenuem F(x;y) = 0. Cama GyHKUHA B 3TOM Ciyyae Ha-
IBIBAETCA HeRaNol dynxyueil.

I'paguxom ypaarenus F(z;3y) = () HASLIBAETCA MHOXKECTBO BCEX
TOYEK KoOpAMHATHON nnockocT OTY, KOOPANHATEI KOTOPbIX YI0B-
JIETBOPAIOT 3TOMY YPABHEHHIO,

Ilycte Ha wekoTopom mumkectee X C R 3amane gse $yuxuan © = z(t)
1y = y(¢). Toroa MEOMKECTBO BCEX TOUEK HA MNOcKocTd iy ¢ KOOpmMHA-
tamu (z(t),y(t)), roe £ € X, HasniBaerca kpusofi (Wnu nuHueld), sadarnod
napamMempunecK.

Ecau kpupad, 3a0aHHaA NapaMETPHYECKH, ABIAeTCA TpabUKOM HEXOTO-
poit byukuan y = f{z), To ara byHKIUA TaKke HAILIBACTCA Pynxyued, 30-
darnott nepemempurecky (UM TAPaMETPUYECKH 3a0aHHOR).

6.1.1.

6.1.2.
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Haittn obnactn onpenenenns ¢GyHKIHIL:

1) f(z) = S+

2) f(z) = V5 -3z

3) f(z) = In(z + 2).

Q@ 1) Opobs %‘E—t—% OnpeaeneHa, €CI ¢ 3HAMEHATE b He pa-

ped Hymo. [osromy obnacte onpegenesna nanHol pyHKuMH Ha-
XOOUTCA U3 yotobus z2 — 1 #£ 0, T.e. z # x1. Takum obpasom,
D(f) = (=00; —1) U {~1;1) U (1; +00).

2) Oyuxuua f(z) = /5 — 3z onpeneneHa, ecny NOAKOPEHHOE
BBIDAXKEHHE HEOTPULATENBHO, T.e. 3 — 3z 2 0. Orcropa ¢ £ -g—, H,

suaunt, D{f) = (—~oo; %]

3) Buipaxenne, crofuiee [OI 3HAKOM JOrapudma, NODKHO
OBITh NONOKUTENEHEIM, T03TOMY (PYHKUHA In(r+ 2) onpenenena 8
TOM H TONBKO B TOM cnydae, korga £+ 2 > 0, .e. ¢ > —2. 3nauur,
D(f) = (-2 +00). ®

Hatitu obnactn onpeneneHns ¢y HKIi:
1) f(z) = 2% + arcsin £ ; z,

2) f(z) = %%:3 — 7cos2z.




Q 1) ®ynkuma a®, a > 0 onpenesiena npa BCex AeHCTBHTENILHBIX
3HAYEHMAX Z, N03TOMY DYHKUMA 23 OmpedeseHa B TOYHOCTH IpH
TeX 3HAYEHNAX T, IPH KOTOPLIX UMEeT CMBLICTT BHIPAKEHNE %, T. €.
npu z # 0.

Hanee, 061acTh ONpegeNeHda BTOPOTO CAraeMON0 HAX0 MM 3
ABoltHOro HepaBeHCTBa —1 € 1%12 €1 Orcrona -3 €x+2<3,
Te. -0 gl

ObnacTs onpenenerus gyakunu f(z) ecTsh nepeceuenue obna-
cTeit onpenesienus obonx cnaraembix, orkyaa D{ f)=[-5; 0)u(0; 1].

2) Oynxuna 7 cos2z oupenesieHa npH BCeX OeHCTBHTENIBHBIX
3HaveHHnAx z, a byuknna st—z — JMIUb OPH TEX 3HAYEHH-
T — T

AX T, NIPH KOTOpbIX 22 — 22 # 0, T e.mpu z # 0, £ 2.
Taxum obpasoM, D{f) = (—o0; 0) U (0; 2) U (2; +00). ®

Hatimu obagcmu onpedeaenus dynnyui:

6.1.3.

6.1.5.

6.1.7.

6.1.9.

6.1.11.
6.1.12,
6.1.13.

fz) = %ﬁ—‘i'—‘lt. 614 f(@)=sinprls.

+
f(z) = logz(—x). 8.1.6. f(z)= ¥z? -7z + 10.
f@z) =22 + gz 6.18. flz)=vVz-7+/10-=2.

Inz

= — 4 1
f(I)— m 6.1.10. f(:l?)— \/$+2+m.
f(x) = V™ log, (2 — 32).

f(z) = arccos(z — 2) — In(z - 2).

Hafiti MaoxkecTBa 3navdenuii GpyHkumit:
1) fz) =2 +42 + 1;
2) f(z) =27;
3) f(z)=3 - 5cosa.
Q DTakkak 22 +4z+1=(2+2)?-3,a(z+2)? 2 0 ma
Bcex 3HaueHHB =, T0 f(x) = —3 mna Bcex z. [lockonbky K TOMY
xe ynkuna (z + 2)? npunnmaeT pce sHauenua ot 0 1o oo, TO
E(f) = [-3; +00).

2) E(z?) = [0; +00), nosTOMY MHOXKECTBO 3HAYEHHH dyHKRNUR
pal COBNANAET C MHOXKECTBOM 3HaveHMit ¢yuxumn 2° mpu z > 0.
Orciona E(f) = [1; +00).

3} E(cosxz) = [-1;1)], otkyna E(—5cosz) = [-5;5]. Tax kax
f(z) = —5¢cosx + 3, 10 E(f) =[-2;8]. ®
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Hadimu muoocecmeo anaxenud dynxyud:

6.1.14. f(z) = 2% - 8z + 20. 6.1.15. f(x)=3"7".
6.1.16. f(x) = 2sinz —7. 6.1.17. f(z) = % +4.
6.1.18. f{z)= —arctg::: 6.1.19. fz)=+/5-z+2

6.1.20. na byukumu f(z) = —;CQ—-L:; HaliTH:

1} f{(0); 2) f(-2);

3) f(V2) 4) f(-e);

5) /(1); 6) fla+1);

7) f(a)+1; 8) f(2x).

Q 1)-3). Ioncrasnas snatenne T = 0 B AHAJTHTHYECKOE BBIPaXe-
Hue nna nanHo# dhyuxknun, monyuum: f(0) = 6024__31 = —3. Ana-
JIOrHYHO Haxomum f(—2) = ﬁg‘% = % V2 = %/—§)+_—31
=v2+3.

4)-6). Hza Toro, 4yrobu Halite f{—2), Hago GopMasIbHO 3aMe-

itk ¥ B hopmyne aas f(z) va —z. Torma f(—x) = —Lt9_ =

(—2) -1
3-3 1 it3 _32’4s
=7 Touro Tak xe nalimem f(E) = (1)2_1 L =57

_(a+1)+3_ 4
fla+l) =gy aaii’a

N +1=2 “"'3 +1= “a‘"f‘{Q.

6.1.21. dna bynknuu f(x ) = :v:3 - 2% pafiTh:
1) f(1); 2) f(-3)
3) f(—V5); 4) f(-x);
5) f(3a); 6) £(1);
I Ty 8) f(b- 2).
6.1.22. [na byuxumn o{t) = @ HatTu:
1} p(-1);
2) (-5);
3) w(3);
4} p(z + 3}
5) p(2t —1).
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6.1.23.

6.1.24.

6.1.25.

Kakne w3 caenyrommx byaknuit deTHnle, kakHe He4eTHBIE, a Ka-
KHe — obmero Bnga:

1) f(z) = 21

2) f(z) = 2* - 5lz};
3) f(z) = .‘3’E —26‘3;

4 fm=miz2.

Q 1) D(f ) = (—00;4+00), #, CTANO BHTH, OBMACTL ONMPEUEIICHUA
dbyHrnUs CHMMETPHYHA OTHOCHTENBLHO Haqana KoopanHar. Kpome

—z)?® 3
Toro, f(—z) = = T— = —f(z), T.e. naunas ¢PpyHK-

)+ 1 @41
A HeyeTHas.
2) D(f) = (—o0;+00) 1 f(—2) = (—2)* - 5| — 2| = =* - 5|z| =
= f(x). CnenopaTenbHo, GYHKIUA YETHAS,
3) D(f) = (—oo;+00) u f(—z} = e * — 2% # xf(x), T.e
danuasa GyHKUHA 0fmero puaa.
4) D{f) = (-1;1), T.é. obBaacTb ONpeAeTeHHI CHMMETPHYHA

-1
oTHOCHTENIbHO Hysa. K Tomy xe f(-z)=In %"“"'_ln(%;:‘;) =

l—x = — f{z), 1.e. byHruna HeueTHAS. ®

l1+=x
Kakve n3 cnenyiomux ¢byuxnuii weTHbIe, Kakue HEYETHBIE, a Ka-
Kne — obumero suga:

=-—In

1) f(z) = 902,
2) f(a) = 2% +32° - 5
3) f(z) = V&

4) f(z) = arcsinz;
5) f(z) =sin2:+cos:r:;

8) f(z) = |z -
7) f(2) = o2
8) f(x)=x-¢€.

Onpepenuth, ABNAeTCA JIH HAHHAA (DYHKUNSA NEPHOLHYECKOH, R
HaltTH ee HauMeHbmMH MOMOKHTEILHBEI! TIEPHOI, €C/M OH Cyle-
CTBYET:

1) f(z) = sindzx;

2) f(z) = cos’ 5z;

3) f(z) = tg &;

4) f(x) = sin 2z + cos 3x;

5) f(z) = x2.

Q 1) HanmeHbIIMM NONOKATENBHBIM NEPHOOOM (PYHKIHHM Sin z
apanetca 4ucao 27. [lokaxkem, YT0 HAUMEHBIINH NOIOKHTEbHBIA

nepuon sin 4z — 4YHCIO %Tﬂ = %
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6.1.26.

234

HeficTeuTenbHO, sin4(a: + %) = sin{4x + 27) = sindx, T.e,
T = % — nepuon nanHo#t dymkuun. C ppyrol CTOPOHBI, €Cyy

T, > 0 — =xaxoli-;smbo mpyrolt mepuon »Toi dyHKnHMH, TO
sind(xz + T1) = sindz mna scex z, T.e. sin(d4z + 477) = sindz,
r € R Orcopa cnenyer, uro 477 — nepuon ¢yukuma sini, roe
t = 4z, u, 3xaunT, 4Ty 2 2r, e. T\ 2 %

Taxum obpaszom, T = % — HAMMEHBIIHN NOJIMKHTEIbHBIN Te-
pHoxn ¢pyHKuMH sin 4z,

AHATOrMYHO MOKHO MOKA3aTH (CM. TakKke 3anaqay 6.1.123), uto
daumeHbmwnli nonoxkurensueti nepuon ¢byukoul sin(kz + b)) u

cos{kz + b) (k # 0) — 3710 9ncIO 2%

2) Tockonbxy cos? 5z = kt-cgs;lﬂn_r’ To nepuos, JaHHo# byHk-

LHH COBOaUaeT ¢ nepuonoM yuxuun cos 10z, Paccyxnan Kak n

B OyHKTe 1}, JIETKO NOKA3aTh, YTO HAHMEHBIWHH [1OJ0XHTe TILHBIH
2r _ 1

nepuon ¢yukuuu cos 10z paben 0= 5 Taxnm oOpazom, Hau-
MeHBUIAH MoNoKUTENBHBIH nepron dyuxuun f(x) pasen %

3) HarMeRbMHH NONOKHTENLHEIA HepHoa tg T PaBeH 7, HO3To-
MY HGaHMEHLIOHH DONOKHTeNbHEL mepHon PYHKIMHE tg % Oymer pa-
BeH (CM. PacCyKACHHA B OyHKTe 1)) ﬁgj = 37.

4) HaumeHbnue noNOKUTEbHBE Nepronsl GyHkuul sin2r u

€08 3% COOTBETCTBEHHO PaBHBI (CM. MyHKTH 1) 1 2)) 271, T.€. 7,

2
H %ﬁ Herpynuo nokasars (cM. Takxe samaqy 6.1.124), 910 Hau-

MEHBIIHHA NOJIOKHTETLHEE nepnon CyMMul 3THX $yakumil Gyner
PaBEH HAMMEHbLIEMY ODIIEMY KPaTHOMY HX IIEPHOLOB, T. €. YHCILY
27

5) Ilpu £ > 0 pyHKUKA OnpenesieHa H BO3PaCTaeT, NO3TOMY He
MOXKeT BHITh nepHOTHYeCKOH. 3Ha4NT, W Ha HATepBase {(—00; +00)
$YHKUHA He ABAETCA NEPHOMAHYIECKOMN. o

Kakue u3 cnenyomux GyHKUni nepuognyeckne, a Kakne — HeT!
Tam, rae 970 BOZMOXHO, HAlTH HAaHMEHbIKMH NONOKHTENbHEI e-
pron GYHKLMNA:

— o L
1) f(z) = cos &;

2) f(z) = lal;
3) f(z) = tg(2z — 1);

4) f(z) = sin % - ctgx;

5} f(z) = sin3z - cos3z.



HauGonemee nesoe 4HC/IO, HE IpEBOCXomAmee ¢ {T. e. Gk aliniee ciena
HA YUCJIOBOM OCH), HA3HIBAETCA YeAoll wacmuie T M obosHavaercs [r] (wim
E(z)). Hanpuwmep, (7] = 3, (-4,5]= -5 n 4.

Yncno © — [z] HaspipaeTcs dpofnotl wacmer x B obo3Havaerca {x}. Tak
{1,8} =08, {-2,7} = 0,3 u T 1.

6.1.27. Tlocrpouts rpaduk dyuxumu:
1) y = [z];
2) y = {z}.
Q 1) Oyukumsa (7] pasHa n Ha KaXIOM NOYHHTEpBATE [n; 7 + 1),
noaToMy ee rpaduKk HMeeT CJAeAYMHE <«CTYNeHYaThi» BHI
{puc. 70).
' v=tl
T 3 y y={z}
1 —
-3-2-1 i ol
BECBEER '/ yayavs
B LN
S S N -3 -2 <10 1 2 3 4¢7
P "
Puc. 70 Puc. 71
2) Ha kaxnom nosyuntepsane [n;n+1) nmeem: (z] = n, nosto-
My byHKuMa {&} npUEEMAET OOHY U Te XKe HadeHnsa. TaknM obpa-
30M, NOCTATOYHO NOCTPOUTE e rpadpnk Ha [0;1) (3mecy {x} =), a
3aTE€M MAPAJLILILHO TIEPEHECTH ATy YACTh HA BCE OCTAJIBHBIE NPO-
MexkyTKH. B prore nonyuyum rpadwmx, wsobpameHnnit Ha pHCyH-
ke 71, ®
6.1.28. IlocrporTs rpacuk ¢pyHKUHL:

1) y = 2% + 4z + 3;

2) y = —2sin3z;

3)y= l{f} -3

Q 1) Buinenas nonuuiii KBaIpaT b JAHHOM KBAAPATHOM TpeXHle-
ne, npeobpasyemM dynknmo k puny y = (2 + 2)* — 1. Tenepn scuo,
4TO 015 NOCTPOeHHA rpadHKa (DYHKUHM, TOCTATOMHO CHAYAMA CMe-
CTHTb napabosy ¥ = 22 B1eBO Ha 2 enMHHIb oAy YaeTcs rpaduk
dyuxwn y = (z + 2)°%), a sarem Ha 1 enununy sumus (puc. 72).

2) Cixkap CTAHRAPTHYIO CHHYCORAY ¥ = SInZ B TPH pasa K OCH
Oy, nony4ynm rpadpnk byrkoun y = sin3s (puc. 73). Pacranys
nosiyyenneril rpadux B ABa pasa AL ocH Oy, nosy4duM rpadhux
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Pue. 72

dyaxmun y = 2s8in3z (puc. 74 a)}. Octanocs oTpasuTh NoCne-

Hult rpaduk otHocuTeNsHO ock (O, pe3ynbTaTtoM Byaer HCKoMbIf
rpachux (puc. 74 6)).

y=sin 3z

OAN AN
VAvE " Rvaced

Puc. 73
Y .
y=2sin 3z 9 /y=23m3:|:
i
#7 " “
d L]
* "' ‘.
z
\ voilf
[ \
L] H
y=sin3z W
y=—-2sin3x

Puc. 74

3) Onyctus Ha % puu3 rpaduk apobuoii vactu x (puc. 71),

nosty4umM rpaduk byskuun y = {z} — % (puc. 75 a)). Tenepr Te
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Puc. 75

4acTH 31010 rpaduka, KOTOpEIE pacToNoxKenn HmKke ock (b, 0Tpa-
HKAEM OTHOCHTE/ILHO HTOH OCH — B HTOre UMeeM HCKOMBIH rpaduk

(puc. 75 6)). ®
IToempoums zpadury dynwyud:
6.1.29. y=lxr -3 6.1.30, y=2z%-6x+ 1L
6.1.31. y = 3cos2zx. 6.1.82. y=-2+1.

T

6.1.33. y=122"143 6.1.34. y =logy(—x).
6.1.35. = tg|z|. —z+4

y = tg|z| 6.1.36. y=I13.

6.1.37. Haittu cnoxame Gpynxkuun fogn go f, roe
1) f(x) = V=, g(z) = 2%
2) flz) =2° g(z) =2z - L.
(Q 1) Mo onpenenenuio komnosunnk byHxuuii umeem (f o g)(xr) =
= flg(z)) = Va® = |, (g° /)(z) = ¢(f(2)) = (VT)* =2, 2 2 0.
2) Ananoruuso, (fog)(z) = (22-1)3, (go f)(z) = 22°-1. @
6.1.38. Haiitu cnoxubie dyukuun fog u go f, roe
1) f(z) =€*, g(x) =Inzx;
2) f(z) =3z +1, g(z) = 2z - 5;
3) f(z) = Jal, g(x) = cosz.
6.1.39. HaiiTu o6paTHyr QYHKUMIO OIS JAHHOU:

Dy=z-1,
2)y:x+3;
3) y = 7.

(Q 1) ®ynkuma y = x — | BO3pacTaeT HA IPOMERYTKE (—00; +00),
a 3HAYHT, IJIA MOOBIX T # Tz umeem: f(x,} # f(z2). Orcioma
cnenyer, uTo Ha (—oo; +00) o1a dhyHKuuA BMeer obpatHywo. aa
TOTO, 4TOOH HaliTy 2Ty obpaTHYI0 QYHKUIHIO, pa3pelluM ypaBHE-
HHE ¥ = * — 1 OTHOCHTENBHO Z, OTKYHNA T = ¥ + 1. BanucsiBan
NOJTy4eHHy10 QOPMYJy B TPARHIHOHHOM BUAe (T.e. MEHAA T M ¥
MECTAMH ), HAiIeM OKOHYATeNbHO: ¥ = £+ 1 — obpartHasn dyHKOMA
K HCXOOHOH.
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2) Oyukuus y = %4_3 yObIBaeT Ha MHOkecTBe {—00; —3)U
U(—3; +00), ansomelics obaacTeio onpenenenns. [lostoMy v Hee
ecTb OOpaTHAA, KOTOPYIO HAHIEM, PAa3pellasa YpaBHeH e y =
OTHOCHTEJNIBLHO .

Orcwoga nosaydnM, 910 GyHKnua y = % — 3 — obpatnan k

r+3

HCXOOHOH.

3} Oynxuua y = /T BospacTaer Ha npoMexyTke [0; +00} n,
craso 6erTh, HMeet o0paThHyio. Paccyxnas, kak B nynkrax 1) u 2),
HafizeM obpaTryio byRKumIO ¥ = T2, € [0; +o00). OBnacts onpe-
OeJIeHUA 3ToH YHKIHH COBNARAET ¢ 0BIACTbio 3HAYeHHH HCXOn-

Holt dynrLMN y = /I, T. e. ¢ npomeyTROM [0; +00). ®
6.1.40. [oxa3aTs, uTo PYHKINA ¥ = T He MMeeT obpaTHON HA HHTepBaJe

(—00; +00).

(9 Has moboro yo > 0 ypaBHenue Yy = T° NMEET IBA DEMIEHAA

T = /o U Tz = —/Fo (T.e. Kaxaas rOPHIOHTANBHAA NPAMAS

¥ = yo mepecexaeT rpaduk byHKUMM y = 2° B ABYX TOYKax).
Ho ¢yuxnua nmeer oBpaTHYIO TOJNBKO B TOM CJIydae, eCJIH TAKOe
PELICHHE SOMHCTBEHHO, 3HAYHT, DaHHAS (GYHKUHA OelCTBHTENEHO
#e HMeer oBpaTHOH Ha HHTepBane (—o00; +00). @

Kexue uz caedypowur dynxyult umerom obpemnme? Jas maxur dynwyut
nafimu ofpamnse GyHxyUY.

6.1.41. y=23r+5. 6.1.42. y=2z%-2

6.1.43. y=a|. 6.1.44. y=Z=2

Buscnumo, xexue ua caedyroupur Pyuryult S8AR10MCA MOHOTIOHRBIMY, KO-
KUe — CTPO20 MOKOTMOHHMY, 0 KOKUE — 0ZDOHUYEHHBIMU!

6.1.45. f(z) =c. 6.1.46. f(z) =sin’z.

6.1.47. f(z) = arctgz. 6.1.48. f(z) = -z% +2z.

_z+2
6.1.49. f(z)=EE£.

6.1.50. f(z) = [z] (cM. 3amaqy 6.1.27).

6.1.51. BreluucanTh 3HaveHMa runepOofinyecKnx ¢yHxunii:
sh0, ch0, th(}, sh1, ch(ln2).

6.1.52. [JokasaTh TOXKAECTBA:

1) ch2z = ch’z +sh’ x; 2) sh2z = 2shzchux;
3)ch2$=ch2:r;|:1. 4)sh2x=°h2§_1'
2 1 1

5) chz - chy = [ch(z +y) + ch(z - y));
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6.1.53.

6.1.54.

6.1.55.

6.1.56.

8) shz-shy = %[ch(w +y) — chiz - y)};

7)shz . chy = %[sh(:r +y) +shiz — ).
@yukuusA ¢ 331384 HeABHO. BLIpa3suTh ee B ABHOM BULE.
1) 2y = T;

2) 2 +¢4° =1,y £0.

Q 1) Ipu z # 0 n3 manHOro YPABHEHHA MOTYSAM Y =

|~

2) Belpaxkas y H3 DaHHOIO YPaBHEHNA, AMeeM § = —/1 — 22,
o
Oyurnua y 3anaHa HEABHO. TaM, re 9T0 BOIMOXKHO, BLIDA3HTE €
B ABHOM BHzE:
2
2:_-,. —_— L =1
Vg -T=1
)z +lyl=1
3) e¥ —siny = 2°.
Kakue us cnenyomix TOUEK UPHHALEKRAT TpapHKY ypaBHeHHA
y+cosy—z=0
A0), B0, ¢

™ T

E; 5), D{m - L;m)?

Kpnpasa 3agaHa mapaMeTpHYecKH

r=t—1;

y=12+1.
1) Hafitu Toukn na rpadbuke npr £ =0, £ = 1, £ = —/2.
2) Kaxne H3 Cenyiomux ToUeK JIEKAT Ha 3To# kpHBOii:

AL5), B(3=), C@8), DO

HdononHurenshbie 3agaum

Hadimu obaacmu onpedeaenus dynxyudl:

6.1.57.

6.1.59,

6.1.61.

6.1.63.
6.1.65.

6.1.67.

flz) = cge. 6.1.58. f(z)= %
f(z) = arccos3z. 6.1.60. f(z) = lg%

— - v—8—z. _ logzz
fl)=vz+5-v-8-1r. 6.1.62. f(z) 7;?__3
flz) =2, 6.1.64. f(z) = arcsin(logz z).

f(;r)z\/l—a:z-arctg%- 6.1.66. f(:c)=,/2$ﬂ1—f/$;§-
f(x)=cos%+ln($+1)+ v —z.
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Hatimu muoocecmea anavenud Pynxyud:

6.1.68.

6.1.70.

6.1.72.

6.1.74.

6.1.78.

flz) =422 6.1.69. f(z) =z - .
flz) = 2%, 6.1.71. f(z) =In(z® +1).
fz) = e" 228, 6.1.73. f(z) = I%[

flz) =sinz - cosz. 6.1.75. flz) =22 +4.

fl#) =a* -4z + 3,z € [0;5)

Hatimu y(0), y(2), y(%), y(&), 3y(52) dan by y(z):

6.1.77.

6.1.79,
6.1.80.

6.1.81.

6!1!82-
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-1 npux <2,
yz) =2+ 7. 6.1.78. y(z)=< 0 mpuz=2,
1 opuzx>2.

Pemnts ypapuenne f{z) = f(1), rae f(z) = 42® — 4z + 1.
BeiacanTs, Kakue w3 cnenyowux PyHKUNN ABAAIOTCA YETHBIMH,
KaKHe — HEeUeTHHIMH, a Kakne — yHKIUAME 0Bmero Braa:

1) y(=) = L;i;
2) y(@) = |z +1f — |z 1f;
3) o(t) =1t - 2|;

4) z(y) = Ing?;
5) f(z) = {13 npu z 2 0,

¢ npug <
t? t>0,
0 10={_5

npw ¢ < 0;
7) hla) = EEL e,
8) fir) =c

Hana dyukuua f(zr) = z, € [0; +oc). JoonpesesnTs e¢ Ha HH-
reppadie (—oc; 0} Tak, uTobel HoBasA QYHKUHA g{Z), ONpEneieHHAA
Ha uHTepsane (—oo; +o0), Ghua

1) yetHott;

2) HewetHOl;

3) dyukumnett obutero suaa.

BrsacuuTts, xaxue #3 cnegyiomnx dyakuud nepuoauyeckue, u on-
penendTh UX HauMeHbniu# nosoxuTeNbHLIR Nepuon;

1) y =Inlz);
2) y = |cosxl;
3)y =10

— _sindr _
hy= cosdz - 2’



[Tocmpoums zpaunu dynryud:

6.1.83. y=Inz? 6.1.84. y=|z-2/-3|
=Z=2 8.1.86. y=-— 2.
6.1.85. y Y13 Y T+
6.1.87. y = cosecr. 6.1.88. y=1-3In=.
6.1.89. y=ux sinz. 6.1.90. y=2-.
6.1.91. y=|z+1]+|z-2| 6.1.92. y = arcsin ||
6.1.93. y=3LEs 8.1.94. y=2°-322+3z-1.
1 opuz >0,
6.1.95. y =signx (4MTaeTCA cusym ), THe signx = 0 mpuzx=0,
-1 mpuz <0.

6.1.96. Halttu cnoxnsle ynxkuuy fo f, fogu go f, ecrmm:
1) fl2) =2 g(z) =z + 2
2} f(x) = signx (cm. 3agaqy 6.1.95), g{x) = —

3) f@) = ;1g, 9(z) = &
1) f(z) = [:c]g = >

Kaxue ua caedpowur dPynxuyutl umesom obpamnue? Jas moxur dynsyui
Hatimu obpamnme HynKyuu.

—_ €T — 9I-=3
6.1.97. y=1%—. 6.1.98. y=2°"3.

_ 2¢ mpuzxz 20,
6.1.99. y= {—:.r:2 mpu & < 0.

6.1.100. y = signz {cM. 3amawy 6.1.95).

Buacwums, xexue u3 caedyiowus GyHryul MOROMORKNE, KAXUE — CMPo2o
MOHOTRORHBIE, 6 KAKUE — OZPOHUNEHHME!

6.1.101. y=2"%". 6.1.102. y =z - 2.
6.1.103. y = l=l 6.1.104. y=2°—1z.
x
6.1.105, y = SL+35 _ /-3 mpuz<0,
y =5 6.1.106. y=19 ", = 3o
6.1.107. Hexasate TO}K,II.E(iTBa,: )
1) 1-th®z = ; 2) cth®z — 1= ;
) T= ) cth® = g
2
—z'—1. 22 +1,
3) sh(lnzx) = 5z 4} chilnz) = TSt
5) shz + chr =€ 6) chz —shz =e™".
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Hoecmpoums epaguxu ypasreruil:

6.1.108.

6.1.110.

oy = 0. 6.1.109. |z|+|y| =1.

xy = 5. 6.1.111. z2 -2 =0.

Bonee cnoxHele sagadn

6.1.112.

6.1.113,

6.1.114.

6.1.115.

6.1.116.

6.1.117.

6.1.118.

6.1.119.
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NMycrs D{f1} = X1, D(f2) = X2. Hoxasars, yro D(f) = X1 N X,
B JIOBOM M3 CIIEIYIOMAX CIIYYaeB:

1) f(z) = f1(2) + fola);

2) f(z) = file) - fola).

3anncare onnolt opmynol GyHKIMO, 0ONACTL ONpeNesenna Ko-
TOpoli COCTONT 3!

1) ommoii TOUKH;

2) mByx TOYEK;

3) MHOMKECTBa BCEX HEJIBIX HHCET.

IMpupectd npumep dyukuuu f{z), nna koropolt:

1) D(f) = E(f);

2) D(f) D E(f);

3) D(f) C E(f).

Halite MuoxecTBo 3HadeHu# QyHKIHN:

1) f(z) = 1L,

2) f{x} = arcsin $—22$L1;

T
3) 1@) = G
Banncars onuol dopmynol ynxumo, obracth 3Hadenni xoTopolt
COCTOUT u3:
1) omHOM TOUKH;
2) nByx TO4YeK;
3) MHOXECTBA BCEX IIEJIBIX MHCes.
Iycts E(f1} = X1, E(fz) = X». Bepao nm, vro:
1) E(fi + f2) = B(h} N E(f2)
2) E{(fi+ f2) = E(L} VU E(f2)?
Moryr s cymecrBoBarh Takue ¢yrxkumn fi{r} u fa(x), uT0
E(f1} = E(f:) =R, no:
1) E(f + f2) = {1};
2) E(fi- f} ={2)?
OTeer 06LACHUTD.
JokazaTk, 4TO:
1) cymMa, pasHOCTb H MPOMSBENCHHE ABYX YeTHRIX (byHKuuil ecTh
yeTHas QyHKUHA;
2) npou3BeneHHe APYX HEYeTHBIX (hYHKIHHA eCTh YeTHAA DYHKLHUA;



6.1.120.

6.1.121.

6.1.122.

6.1.123,

6.1.124.

6.1.125.

6.1.126,

6.1.127.

6.1.128.

3) cymma npyx HeueTHBIX (yHKUMH eCTh HeweTHAA QYHKUMA;

4) npouspenenne verTHoM H HeueTHOH (YHKIMH €CTh HEYETHAA
$YHKIMA.

BepHo s, 4TO cyMMa 4YeTHO# U HeueTHON dhyHKIUM ecTh weTHAA
byuknua? mevernan ¢pyusuual OrpeT NOACHUTE.

Kakas ¢pyHkumus, onpenenesHasn Ha Beel nelicTBATENLHON OCH, AB-
nAeTCA M 1eTHOW H HeueTHOH onHOBpemenHo? [Tokasars, 4To Takan
DYHKUMA eOHHCTBEHHA.

Iycre f(x} — nponzposbHaa PYHKLUMA ¢ CHMMETPHYHON OTHOCH-
TeNbHO HYAA 06IACThIO onpeaenendd. JokasaTs, 4To:

1) qynakuua f{z) + f{—z) — vernas;

2) dynkmmna f{z) — f(—z) — HeueTHas.

Nycts dyukuna f(x) nepuonuveckas u umeer nepuon T. Moka-
3ark, uro hyakuna f{kz + b), roe k # 0, Taxxke nepuonuueckas ¢
NepHOAOM L.

Nycrs dyuxuu f1(z) u fi{z) nepuonuyeckue ¢ nepuonamu T u
T cooTBercTBeHHO. JOKa3aTh, 4TO JI0bHoe HONOKUTEILHOE YUCJIO,
kparnoe T u T, apaaerca nepuonoM dyuxkmmit fi + fo, f1 - fo.
Qboanaunm uepes D(z} dynxyww Jupuzae:

Dix) = 1 npu panHOHABHEIX T,
T |0 npH MppAIMOHANLHLIX T.

HoxazaTe, 4T0:

1) nepuomom 3rolt QyHKUME ABIAETCA JH060E PANNOHANBHOE YH-
cio, Sosbinee Hyna {mosroMy y arolt ntepuoaudeckoli hyHKIMHM HET
HANMEHBIIETD OJI0KHTENbHOTO IEPHOLA);

2) HHMKAKOe HPDALMOHAJIBHOE YHCIIO HE ABJISETCS NEPHOAOM 3TOH
dyHKUHH.

HJokazaTb, 4TO CTeIyOmNe DYHKINHE HEe ABJAKTCA NePHONHYECKH-
M

1) f(z} = cosx?;

2) f(z) = sin |z];

3) flz) == -sinm

4) f{z) =Incosz.

Haiitn HapMeHbHY Mmomo:KuTENLHLIE nepyron dbyHKuut:

1} y = cos? r — sin? z;

2) y = |sin 2z|;

3) y = sin* % + cos? %

Hoxazare, 4to:

1) rpacuk dyukuun y = | f{z)| nonyuaercs 3 rpaduxa bynkmmn
y = f(z) rak: wacts rpacdbHka, pacnosokeHHaa e Hmxke ock Oz,
ocTaeTcd 6e3s naMeHeHnl, & «HIAKHAA» Y4CTh MpadUKa CHMMETPHY-
HO OTPAXKaeTCH OTHOCHTEIBHO OCH O,
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2) rpadur dyuxuun y = f{|x|) noayvaerca us rpaduka byHEIMEA
y = f{z) rak: npaBas 4acTh rpadmwika (npu x 2 () ocraetca Hes us-
MeHeHH{l, & BMECTO «JIeBOfi» CTPOUTCA CHMMETPHUYHOE OTPaXKEHHe
«IIPaBO» OTHOCHTEILHO ocn Oy,

HHocmpoumy zpadury Pynryud:

6.1.129.
6.1.131.
6.1.133.

6.1.135.

6.1.137.

6.1.138.

6.1.139.

6.1.140.

6.1.141.

6.1.142,
6.1.143.

6.1.144.
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y = cos’ 1. 6.1.130. y =sin*z + cos? .

y = arcsin(sin ). 6.1.132, y =2 +sinzx.

y = sign(cos z). 6.1.134, y=|zi+ |z + 1|+ |z +2]
‘ =t1

y = logs(sinz). 6.1.136. y=(1) .

PewnTe rpadmveckn ypaBHEHNA:

) |z=3-z-1=0

2) B +2r—-4=0;

) Inz+zx=1

Penmnte rpacdbuyeckn HepaBeHCTBA:
1) 23 > »;

2) 22 4z >0

3) sinz € %
Haiitu f(r), ecnn usBecTno, 410
1) fle+2) = =3

-5
2) f(z*) =2+ 4
x—2Y _
3) f(m_3) —z+1
Jokasate, YTO CYHIECTBYET TOMLKO oma dyuxuus f({r), onpene-

JIeHHAs Ha Bcell 4HCIIOBOM OCH, TAaKas, 4TO AMa miobol ¢yHKkIMm
g{z), Taxxe onpesesieHHON Ha BCel OCH, CIIPABENJIHBO PABEHCTBO

fog=gof

Hailitu a1y dryHKIHIO.

Cymecrpyor au yukumn, obpaTtusie cammn cede? Orper obocHO-
BATh.

Yto MoxHO CKasaTk 0 rpadmke Gynxuun, obparHolt camoll cebe?
HoxaaaTh, 4yTo YeTHAS (DYHKIHA He MOXKeET OBITh CTPOTO MOHOTOH-
HOR.

JoKAa3aTh, 4TO:

1) cyMmma apyx Bospactawmux (yobisaomux) dyHrmmii — taxke
BO3PACTAOMASA (COOTBETCTBEHHO, YObIBAIOMAA) hyHKIAS;

2) cyMMa, pasHOCTb M MPOU3PENEHUE OBYX OrDAHMYEHHBIX (hYyHK-
umii — Takxe orpanuueHHas GYHKIMA,



6.1.1435.

6.1.146,

6.1.147,

6.1.148.

Ilokasarh, yTo:

1) yacTHOe ABYX OrpaHHYeHHBLIX (BPYHKUMH MOXeT He 6BITH orpa-
HU4YeHHOl yHKuneH;

2) npou3BEneHNE OBRYX BOZPACTAIOMUX (yHKUUE MOxer He ObiTh
Bospactaiomefi pyHxonel.

TokasaTs, 4ro creayiomye GYHKIHYN OrPaHUYEHb]:

1) fle) = il;

2) f(z) = AL

—cosz
Hoxa3arn, 4To

1) dyukuua y = shz, £ € R umeer obpatiyio GyHKIMIO, pABHYIO
In{zx + v/x2 + 1). Dra obpaTHas GYHKIUMA HASLIBAETCA APEGCUMYC
eunepboatuveckutl u obosHadaerca arsh . Takum obpasom,

arshz = ln(z + 22 + 1);

2) byuxoua y = thz, £ € R uMeeT obpaTHyo, paBHY0 % In }_Lg
Sta DYHKUHA HA3LIBAaeTCA apeamanzenc eunepboaunecxuti u obo-

snavyaercd arth z. Takum obpaszom,

1+2z
1-z°

arthz = %ln

Hcexnwouns napamerp ¢, ABHO BEIPA3NUTh QYHKIHK ¥

1 r=t+3,
y =1t +6t+10;

T = 3cos?t,
2) {y = 2sin’t,

§2. NOCNEQOBATENLHOCTU U WX CBOWCTBA
Onpepenenve nocnegosaTenbHOCTH

=1

Tlycre kamnmoMmy HaTypasibHoMy uucny . (r.e. n = 1,2,3,...)
[0 HEKOTOPOMY 3aKOHY IOCTABJIEHO B COOTBETCTBHE €AMHCTBEHHOE
OelCTBHTENBHOE YACHO T, B 3TOM ciy4ae rOBOPAT, YTO 33JAHA
NOCAeAOBaTMEALHOCTYL: £1, E2,..., Tn,-- .

IMocnenopaTenbHOCTE 21, Ze, . . ., Iy, . . . OyIEM obosHAYATb {1, }.

=

Yucna £y, Ta,..., Ln,... B HOCTEAOBATENBHOCTH {T,} HA3BIBAIOT-
CH YACHAMU TTOCNICIOBATETEHOCTH; T — 1-M 4eHOM MoCJIendBa-
TEJILHOCTH, Tp — 2-M YJIEHOM NOCJEIOBATEIBHOCTH, - . ., Iy — N-M
(9HHBIM) HITH 06UUM HACHOM NOCTIENOBATE/ILHOCTH.

GopMysibl, TO3BOSAKIMIME BBIPAZNTL N-H 4IEH 0CTenopaTeNbHO-
CTH 4Y€pe2 NpenployLINe 4ISHEl, HA3BIBAITCHA PEKypPPenmHbimi.
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CeoiicTea nocnegosarencHoCTer

= ITocnenoBaTeNnbHOCTD, BCE “ITEHEI KOTOPOH PABHEL ODHOMY W TOMY
e YHCJY, HA3LIBAETCA NOCMOKHHOLL

Takum 06pa:30M, A HOOCTOAHHON nocsmenopaTelbHOCTH {.T?n} HMeeM:
1 =g =--"=&yg=... .

> INMocnenoparensiocTs {2,} HasmBaeTca HeyObBawWwed (HeBOs-
pacrasometi), ecim ¥Yn: 2, € Tpyl, T 21 € T2 € - € Ty £

€ Tntl S ... (COOTBETCTBEHHO, Vi Ty 2 Tnyy, T.€. T 2 T2 2 ...
BT ZTap 2.0 )

HerpospacTaoiue u HeyObIBAIOMIKE [TOCIEHOBATEABHOCTH 00 BEAHHAIOT 00~
HIUM TEPMHHOM — MOHOMORNbE TOCTeA0BATEILHOCTH.,

= Hocnenopatensnocts {2y, } HasmiBaeTca eoapacmarulel (ybusaro-
wett), eI Yn! T < Tnyl, T€ T < Ly < Tn < Tngl - .. {COOT-
BETCTBCHHO, VIl Iy > Tnp1, T €. 0] > X2 > 1+ > Ly > Tppl > ... )

Boapacraionnie ¥ yOLIBAlOOIHE HOCTEI0BATEILHOCTH OOLEIMHAIT 00mMHM
HA3PAHHEM —— CINPO20 MOHOMONHBE TOCTIEN0BATEIBHOCTH.

= IocnenoBaTenbHOCTL {,} HASBLIBAGTCA OzpaNUMEHHOU CBEPTY
(ozpanumennoll chuay), ecau CymecTByeT Takoe ¥ucso M, uTo Bee
4JIEHBI TMOC/IENOBATE/ILHOCTH MEHbILe {COOTBETCTBEHHO, Gosbiue),
yem M.

ITocnenoBaTenbHOCTH, OrPAHAYEHHAS CBEPXY H CHH3Y OZHOBPEMEHHC, HA-
3BIBAETCA 0ZPAHUEHHOT.

370 onpeneseHVe PABHOCKHIBHO CENYIOMEMY: NOCTEN0BaTeNbHOCTD {Tn }
OrpaHWYeHa, eClIM CYIECTBYET Takoe 4acno M > (0, 4To O/1a BceX 1 CHpaBel-
JIMBO HEPABEHCTBO |2, | < M.

= TocnenoBaTeIbHOCTE {1y } HASHIBAETCA HEOZPAHUNEHHO, CCIH IIA
awbore M > 0 nailperca Taxoll ee wieH &, 9TO |&,| > M.

AeficTensa Hag NOCNEQOBATENBLHOCTAMM

> Ilycts {#.} ¥ {yn} — OBe HPOH3BONBHEIE MOCAEOOBATENILHOCTH,
Cymumott (pasnocmuvio) nocrenoparesisHocredt {z,} u {y,} Hasbl-
BAETCA MOCJIENOBATEIBHOCT, KAXKILIA Y/IeH KOTOPOH eCTh CyMMa
(COOTBETCTBEHHO, PA3HOCTh} COOTPETCTBYIOIMX YJIEHOB OCJIEN0-
sarensnoctedt {z,} u {ya}.

Taxum obpasoM, {z,} + {yn} = {zrn + ¥n}-
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AHANOrHYHO ONpenensercd NpousPeNeHHe H YACTHOE ABYX MOCIen0Ba-
rermsuocrelt {x,} u {yn}, NpuYeM B cayvae 4acTHOTO, pPA3yMeeTCA, MpPeaTo-
JATAETCA, 4TO ¥, # 0, Vn.

JIpyriMi CI0BAMU, AJIA TOrQ, YTOObI CAGKHTE, BRIYECTh, YMHOKHTL HITH
pasmennThb ABe OAHHBIE NOCTEN0BATENBHOCTH, HAO CJIOKHTh, BEIYECTh, YMHO-
#HTb WM DA3LEINTD HX COOTBETCTBYIOIIHE YIEHbI.

YacTHbIM CAydaeM Onepanyyu YMHOXEHHA TOCTeNOBATeTLHOCTeH (ecyn
OIHA U3 TOCTENOBATENLHOCTEH NOCTORHHA) ABJACTCA GIEDALHMA YMHOKEHHA
NOCJIENOBATEIbHOCTH Ha YHCJIO: AJIA TOrO, YTOOH YMHOXKUTE MOCIEI0BATE h-
HOCTE { Ty, } HA YUHCTO £, HeOBXONMMO KAXKABIK UJeH 2ToH TOCIeI0BATeILHOCTH
YMHOXHTb Ha &, T.€. & - {xp} = {a-z,}.

6.2.1. HanucaTe mepBhie 4eTRIpE 4IEHA NOCTEIOBATENEHOCTH {2, }, econ:
!_1 n
1) z, = n) ;

2) ©,, — n-Il 3HAK B JECATHSHON 3amucH YuCTa €;
Noi=12,=Tn1+2
(@ 1) Honcrasnaa noouepento n = 1,2,3,4 B bopmyny s ob-
Eerg 4JIeHA NOCNeNoBaTesbHOCTH, HallmeMm: ) = —1, 25 = %,
g = —1 _1

3= "3t =y

2) Tockoneky e = 2,71828... 071 = 2,35 = 7, 33 = 1,

ry =8
3) B cooteerctBuM ¢ dopMynolt &, = Tp-1 + 2 nmoayyam:
I2=I1+2=3,1‘3=$2+2=5,$4=$3+2=7. ®
Hanucemo nepsne semmpe waene nocaedosameasvnoemu {z,}, ecau:
6.2.2. xy = 27 6.2.3. Tn=n2+2n+3.
6.24. z,=(-1)"+1 6.2.5. Tn= H—J,l
6.2.6. Ty = sinﬁ—;’. 6.2.7. = —-1,2, = —n-2y_1.

IHaR HECKDADKO NEPEUT “AeH08 Rocaedosamensrocmu {z,}, Hanucams dop-
Myay ee obuezo waena;

111 111 1
628 1141 6.29. 11.1.L &,
6.2.10. 2,1%,1%,1-}4,... 6.2.11. -1,2,-3,4,-5,

6.2.12. Kakune n3 CrIeOyOmMAX NOCIEROBATELHOCTEN OTPAHHYEHEI CBEPXY 7
OTPAHIYEHE] CHH3Y? OFPAHHYCHBI?
1) 2,4,6,8,...;
2) -1,—4,-9,-186,...;
11 1
3) s, =,5%,. .-
)33
4) -2,4,-8,16,...
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Kaxue us

6.2.13.

6.2.15.

6.2.17.

6.2.19.

248

(Q 1) JanHas noc/iemoBaTE bHOCTD, COCTOAMASA U3 BCEX HETHHIX
TNOJIOKHTENbHEIX YHCEN, OTPAHMYEHA CHHU3Y, HO He OrpaHHYeHa
CBEPXY.

2) HocnenosarenbHOCTL OTpaRHYeHa CBepXy (T, = —n? < 0,
n=1,2,3,...), HO He OrpaHUYeHa CHU3Y.

3) NocnenopaTensHOCTE OTpaHUYEHA, TAK KAK OHA OTPAHM'EHA
cHusy i ceepxy: 0 < &, = glr; < 1.

4) IlocnenoearensHocTs {(—2)"} He orpaHuYeHa, Tak Kax Aa
awboro ducna M > 0 moxHO HallTH Takolf HoMep n, uTO Jz,| =
=2"> M,

caedyrowur nocaedosamenvuocmeti {T,} ozpanurent, ecau:

T, = (-1)" 6.2.14. z,=n>+2n.
Tn = —Inn. 6.2.16. z,=12%t1l
T
Tp = (__l)n .. — 1 IpH ﬂ=2k,
6.2.18.  zn {ﬁi apu n=2k+1.

Kaxune W3 crienynmx nocrienoBaTeNsHOCTe MOHOTOHHBIE, & Ka-
KM€ — CTPOTO MOHOTOHHBIE:

Ve, =2n+1;
1.

3) Tn = Elz,

4) zn = [Vn];

5) -1,-1,-2,-2,-3,-3,...7

(Q 1) Jansasa nocnemoBaTesbHOCTD CTPOTG BO3PACTAET, T. K.
Tnt1 =2(r+1}+1=2r+3 > 2n+1 = &, LnA BCEX HATYPANBLHBIX
YHCEN .

-1
2} IocnenoBaTeILHOCTE {-(—RL} = {—1,%,—%,...} He dAp-
JNAeTCA HH MOHOTOHHOH, HM CTpPOro MOHOTOHHOH, Tak Kak, HalpH-
Mep, %) < g, HO Te > T3.

3) { n—lg } = {l, %, %, e } — yBbIBAOmAdA NOCIEA0BATETBHOCTE,

TaKKaK$n=—]'Q>$ﬂ+1= n=123,....
n

1
(r+ 1)’

4) Mocnenoparensuocts {[v/n]} = {1,1,1,2,2,...} — neybm-
Balomas, Tak Kak Tn41 = (VR + 1] 2 V]| =2,,n=1,2,3,... 1
K TOMY 2Ke, HalpUMep, ¥ = Tz.

5) MlanHas MOCNENOBATENLHOCTh HEBO3DACTAIOMIAH, TAK KakK
Tn & Tpy1, 7 = 1,2,... 4 HekoTOpEIE (HADDUMED, MepBilt B PTO-
PO#t) usIeHBI HTOH MOC/IENOBATETBHOCTH PABHE! MeXay coboit. @



Kaxue us caedypoujur nocaedosameasnocmett Moromonnue? cmpozo mono-
monnne? ozporuverntne’?

6.2.20. 1, =n— i 6.2.21. gz, =cosZZ,
n 2
2

6.2.22. 1z, = —"—nz—“- 6.2.23. =z, =-vn.

6.2.24. zx,=7w,T,7,...

6.2.25. Iycts {z,} = {n}, {ya} = {%} — HBE TOCJIENOBATENLHOCTH.

Haiitn nocnenosaTensHOCTH {Zn+¥n}, {Tn—¥n}, {Za'Yat {-g_n }
kg

Q o onpenenennro onepammii HaI TOC/TENOBATENFHOCTAMHE MMe-
M:
{tn+yn}= {n+ %} {2 21 3%,...};

{Tn —ynt = {n—%}z{(} 3 2%,...};
{:cn-yn}={l}i={1,1,1,...},
%:}={n:ﬁ}={n2}={1,4,9,...}. °

Haftmu nocaedosameavnocnu {Ty £ yn}, {Zn yn} u {%ﬂ}, ecau:
6.2.26. z,=(-1)"y,={-2)* 6.2.27. z.=n’+1,yn=n.

Hadlimu nocaedosamensvhocmu aZy, + Byn, ecau:

6.2.28. z,=n,y=3n,a=24=-1.
6.2.29. z,=(V2)", y =1, a—\/’_ﬁ——.

HAononHurensHme sagayn

Hatimu nepeme wemuipe waeka nocaedosameavrocmu {x,}, ecau:

6.2.30. =z, = f: _ 6.2.31. =z,=1.

6.2.32. =z, =[vn] (cMm. 6.1.27). 6.2.33. 1 =2, 2, = |21 — 2.
6.2.34. =z, =n! (yuraerca snu-daxmopuaa), e n! =1-2- ... -n.
6.2.35. 1, — n-it 3HAK B JECATHYHON 3AIHCH YHCIIA %

FHAR HECKOADKO NEPEUT ACHOB nocacdosamesvrocmu {2, }, nanucame dop-
MyAY ee olwezo waeHa:

6.2.36. 2,5,10,17,26,. ... 6.2.37. -1,1,-1,1,-1,....
111 1 111 1
6238 1.11.L .. 6.2.39. 1,12 S .
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Kaxue us caedyronjur nocaedosamenvrocmett {T,} nepanuvens, ecau:

6.2.40. &, =sinn. 6.2.41. 1, = -0+l
n
6.2.42. =, = {—v/3)%" 6.2.43. =z, =(-1)"*'/n.

Cpedu caedipowguz nocaedosomenvrocmell yxo3ems MOROMORKHME, CMPozo
MOHOMOHNBE, DZPARUNEHHDE NOCAEFOBATMEALHOCTU!

6.2.44. =z, =sinn. 8.2.45. =z, =0
6.2.46. =z, = P, (n 2 2), roe Py, — nepuMenp UPABHILHOLO 27-YTONb-
HUKA, BHHC&HHOI"O?B €IMHHYHLIE KpYT.

6.2.47. Iy = 1, T = m.

Hotmu nocaedosameavnocmu {22} u {2—$ﬂ-:—l}, ecau:
3yn +2

6.248. zr,=n,y,=1. 6.2.49. =z,= n21 Yn =10

bBonee cnoxHuie sapa4un

6.2.50. Haitti nepsble ceMmr uneHoB nocaedosamenvrocmu Pubonarvyy,
onpepensaemolt pexyppentHolt dopMynolf T, = 51 + Tp—2 OpH
n>2, T =x3=1 '

6.2.51. Haiita nepeeie uerbipe wieHa mocnenosarensHoctd {FPp}, n =
=3,4,5,..., roe P, — nepuMerp NpaBHJLHOIO N-yTOJbHHAKA, BIH-
CAHHOI'O B KPYT €MIHHYHOTQ DANHYCA.

6.2.52. Hanucatb dopmyny oBiliero wieHa JIOCHEI0BATENLHOCTH, KasK bl
4YeTHbIH 4seH KoTopoff — palyMoHaNbLHOE YHCIO, a KAk nbill HeveT-
HBI{ — HPPAIHOHANBHOE.

68.2.53. Halitn obmuil 4neH nocIe00BATENEHOCTH, 3HAA HECKOJIBKO ¢ nep-
BBIX JIEHOB!

1)z =3, zo=1,z9=4, 54 =1,25=5,...
2) 7,9,13,21,37,. ..

6.2.54. Haiitu dbopmyny obumeroe uneta NOCIEIOBATEILHOCTH, 3aNaHHOH €
MOMOMIBK PEKYPPEHTHOTO COOTHODIEHHSA

_1 _ 1

_5, I"_z—:cn_l'

6.2.55. IIyctb nociemopaTeshHOCTH {Xn} # {yn} orpanndens. Hoxaszats,
YTO NOC/IENOBATESIBHOCTH
1) {-Tn + yn}; 2) {xn - yn};

3) {zn - yn}
TAKKE OTPAHUYEHbI.

6.2.56. IlpupecTH npuMep ABYX OrpaHHYEHHBIX NOCAENOBATEIbHOCTEH, TA-
KHX, 4TO UX YaCTHOe ABJIAETCS HeOrpaHN4eHHOW mnociaenoBaresib-
HOCTbIO.

I

250



ﬂomsamb, wmo meﬂywmue noCcAedOGaTREADROCTY 02PAHULEHD.

6.2.57. z,.=vn’+l-n 6.2.58. z,=In(n+1)—Inn.
_ 3?1

6.2.89. T =Sy T

6.2.60. z,= W t1 =2 23 = 5.

Kaxue u3 caedypowjus nocaedosomeasrocmell monomonnue? cmpo2o momno-
monnbie? pzpanudennsie?

6.2.61. =zx,= %;‘ 6.262. r,=Ilnn-n.

6.2.63. T =1,%,= ﬁ"f

6.2.64. 1, — n-#3Hax rh_e}::ﬂmqﬂoﬂ 3AMUCH HEKOTOPOr) UPPAITHOHATBHOO
HMCIIA .

6.2.65. MoxeT M nponsBeNeHNe ABYX HEMOHOTOHHBIX MOCAENOBATELHO-
cteft GLITh:

1) MOHOTOHHO#, HO He CTpOro MOHOTOHHOH IMOC/IeN0BATEIBHOCTRIO;

]21) CTPOTO MOHOTOHHOH MOC/IEIOBATE/ILHOCTLIO?
OKA3ATH HA NIPAMEpe, YTO NPOU3BEILHNAR ABYX BO3PACTAIIMEX [I0-

CIEAOBATENLHOCTEN {Ty } M {Yn ] MOXKET HE BBITH JAKE MOHOTOHHOMN
nocnenosaTeSIbHOCThIO.

6.2.66.

§3. MPEQEN NOCNEAOBATENBHOCTH
beckoHe4HO Mansie NOCNEQOBATENLHOCTW, NPeaen
NOCNe[0BaTENbHOCTH

> [TocnenoearensHocTs {a,} HasbBaeTCA Geckonenno Manol, ecnn
A1 TG00 CKOMb YTOTHO MAJIOTO MOJIOKUTETBHOLO HHCJIA € MOK-
HO nono6parth Takoll HoMep N, 4TO, HAYKHHAA ¢ 3TOTG HOMepa. (T. e.
13 seex 2 N}, GyIeT BBIIOJIHEHO HEPABEHCTBO |ay| < .

B naneneftmem ToT AKT, 9TO MOCNENOBATENBHOCTD {0y} — GeckoHeMHO
Manast, Mbl ByIeM COKpamenHo 0603HauaTh Tak: 6. M. {an}.

> Incno ¢ HasbiBaeTcs npedesom nocaedogamenvnocu {Ty}, econ
NOC/ICIOBATENBHOCTL {0y} = {Zn — a} ABAseTCH GeckoHEeHO Ma-
Jtoft.

Ha ochose OIpene/JeHna BecKOHeYHO MAJTOlR MoC/Iel0BATEIBHOCTH MOXKHO
IaTe Opyroe, 3KBHBAJIEHTHOE, ONIpeIeJIeHIIe Npedesia noc/AeI0BaTe/IbHOCTH.

=1 Yucs10 @ Ha3bIBAETCA NPEIEeNOM MOCIeNOBATeBHOCTH {Z,}, ecn
ANA M0Gore NOACKNUTETBHOIO YUCAa € MOXKHO Moao0paTh Takoh
Homep N (kax npasusio, sapucamuil oT €), 4T0, HAYRHAA C 3TOTO
HOoMepa (T.e. 044 Beex 1 2 V), OydeT BBITOJIHEHO HEPABEHCTBO

|zn —al < &
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B cny4ae, eci n0CNENOBATEBHOCTD {Ty, } HMEET CBOUM NPEIEIOM YHCIQ
@, TOBOPAT TAKKE, YTO OC/IRIOBATEILHOCTE { Ty, } czodumes (MM CTPEMUTCH)
K 4yHMCIy a, ¥ 0003HAYAIT 3TOT (BaKT Tak:

im #p,=a¢ wmu z, = a (mpr n — o).
Jim . n = a (up )

= Ecnu nocnenoparenibHOCTD HE HMEET MPENesTa, TO TOBOPAT, YTO OHA
pocrodumea.

HHO‘[‘JIE\ yﬂ,OGHO HCMIONB30BATE ZeQMEMPUYECKOe QIIPpeIesIeHRe Npenesia
NoCAea0BATE/IbHOCTH, 3KBURATIEHTHOE OIBYM [IPEOBLOY MM :

= Yucso @ Ha3bIBAETCA NPENETOM NOC/IEI0BATENLHOCT] {25 }, €C/u B
MI000M HHTEPBAJIE ¢ IEHTPOM B TOYKE & HAXOOATCH NOYTH BCE (T. e,
BCE, KPOMe KOHeYHOTO YHCHA} 9eHbl 3T0H MocsenoBaTebHOCTH.

Cea3b MeXAY CXOQUMOCTBIO U OTPAHMHEHHOCTLIO
NOCNEAO0BATENLHOCTH

Beakad CXOQAINAACH NOCIENOBATENBHOCTD SIBACTCA OTPAHHICHHOMN,

BeaAkaa MOHOTOHHAA W OTPAHMYEHHAA MOCJIEIOBATENbHOCTE CXOIHTCH.

BeAkas NOCTOAHHASA NOCTENOBATENBHOCTD, YEHb KOTOPOH paBHbI g, Cx0-
OATCA K 3TOMY 4HCJY, T.€. lim a = a.

"o

CsoiicTea HeckoHe4HO ManbIX NOCNEROBATENLHOCTER

Cymuma (pa3nocts) AByx GECKOHEYHO MaJIBIX MOCAENOBATENHHOCTEH TaK-
e sABAAeTCH HECKOHeYHO MaJIOR NoC/Iea0BaTe/IBHOCTHIO.
Takum obpasoM, {an} v {8} —6.Mm. = {a, £ 8,} — 6. M.
ITponapenenne GeCKOHEYHO MAJIOH NOC/TEOOBATE/BHOCTH HA OTDAHHYEH-
HYK) MOCJIELOBATENLHOCTb ABAASTCA GECKOHEMHO MAJION MOC/IeNOBATENbHO-
CTBIO, T. €.
{ap} — 6.m., {z,} — orpanmy. moci-6 == {@n - Tn} — 6.M.
TIpouspenenye npyx 6ECKOHEYHO MAJIBIX TOCHETOBATE/IbHOCTEH SIBAACTCH
OeCKOHEMHO MAJTOR NOC/IEN0BATENBHOCTREY
{an}, {ﬁn} - G'Mw = {an * ﬁn} —6.m.
[pouasenenne GECKOHEYHO MAJIOH MMOCTEAOBATENHHOCTH HA MOCTOAHHOE
4HCIIO ABJIAETCA OECKOHeYHO MAJION NOC/Ien0BATeLHOCTLIO!
{an} —6.m,ceR = {c-an}—6.m.

Onepayvn Hag npegenaMmv NOCNeQOBaTeNLHOCTEH

1. Ilpenen cymmbl {pasHOCTH} ABYX CXOMAILIAXCA MOCJIEAOBATEIbHOCTEH
paBeH cymMMe {COOTBETCTBEHHO, PASHOCTH) MX NPEAESIOn:

lim 2, =@, lim g, =b = lim (z,ty,) =a£b
n—oo L n—pox
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2. Hpemen npousBeneHns IBYX CXOOAIMXCA NTOC/IeA0BaTe/IbHOCTE paBeH
[pOW3BEAEHRIO HX NPeNesIOB:

lim #, =a, lim y, =b = lim (2, -yn) =a-b.
=00 TE—+00 =00

B uactHOCTH:
— MOCTOAHHLIE MHOXHTEMb MOXKHO BHIHOCHTH 3a 3HAK [APEIesIa;
lim 2, =a, ceR = lim {czy)=c-gq;
n—00 —00
—— nmpeges HATypajbHOW cTenenH OT cxogamelica nocaenoBaTenbHOCTH
paBeH 3TOH CTENeHH OT ee Npenesia:

lim 2, =a = lim (2,)* = (lim z,)* =a*, k=1,2,3,...
T T n—Fo0
3. Ilpenen 4acTHOTO IBYX CXOOANMAXCH NOCIETOBATENLHOCTEN PABEH 1aCT-
HOMY HX TIPEOEsIOB:
. . .z a
lim z, =a, lim y, =b, (J#0, y, #0¥n) = lim = = —.
—+D =00 —o0 yn
4. IIpenen xopaz k-#i cTenenn ot cxonsauefica Nocnen0BATENEHOCTH paBeH
KOPHIO 3TOH € CTENeHd 0T NPeNeis NoC/ICIOBATeIbHOCTH:
Im z, =¢a, k=2,3,4,... = lim ¥z, = ¥a.
O

T

Npegens) v HepaseHCTBa

ITycre Bee 4aeHB! JAHHOH CXOOAWEHCH TOC/IEIOBATENBHOCTH HEOTPHIA-
TenbHel. Torna ee npenen Takke HEQTPUIATE/IEH:

lim z,=a, z,20Vn = az0.
n—r0

l_.[yCTb KaKapl uneH omHoH cxomaweica nmocnenoBaTesbHOCTH GoJibile
UAM papBeH COOTBETCTBYHOUIEMY YJeHY APyrofl cxooameidca NoCnenoBaTelb-
Hoctu. Toroa u npenen neprol MOCAEI0BATEIbHOCTH DOJBILE HAH PABEH Ape-
Iemy Bropoit nocnenoBaTeNBHOCTH:

lim 2, =a, lim ypb =b, T Zy,¥n = a2 b
n—300 T

Teopema 6.1 (0 npomexyTouHo# nepemennoi). Mycte cooTsetcTeyio-
Wwwe YNeHbl Tpex RaHHLIX nocnegoBatencHocTel {2, }, {ya} u {2, } yaoene-
TBOPAIOT YCAOBUID T K Hn S Zn.

Torpa ecnn nocneposatensHocTn {T,} v {2,} cxopaTCa K oaHOMY 1 ToMy
Xe npepeny, TO NOCAGAOBATENBHOCTL {Y¥n } TAKKE CXOANTCA K 3TOMY npeae-
ny:

Tn SYn S 2y, ¥, limz, =limz, =a = lim y, = a.
Ty
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BbeckoHeyHo Donswune nocnegosaTenbsHOCTY

= INocnenosarensHocTs {Tn} Ha3LIBARTCH ToAOHCUMEALROE Becko-
Heumo Goavotl, ecst 1A MIDOT0 CKOJB YTOOHO BONBLUIOTC Yy
M wnatinerca Takol HoMep N, 4TO O BCeX 7, HAYHHAA C ATOrQ
HOMEpA, BBUIOJIHACTCSH HEPABEHCTRO Ty > M.

[Ipo monoxmTenbRyI0 HecKoHeYHO GOJBIIYI0 MOC/IEAOBATENBPHOCTD {25}
TOBOPAT TAKXKE, YTO OHA CMPEMUMERA K NAWOC DECKOHENHOCMU, H MHIIYT
lim z, = +00.
—o0

3aMeTHM, 9TO 3TA 3ANACH, TAK e, KAK H CJ0BA O CTPEMJIEHRH K ILITIOC
BeCKOHEUHOCTH, HOCHT YCJIOBHBI XAPAKTEP M HE O3IHAYAET CYIIECTBOBAHUE
npefena B TOM CMbIC/E, K3K 910 DbLIO ONpefeneHo B Havane 3Toro Naparpa-
¢da. To xe oTHOCHTCA K oTpHilaTeNbHON BeckoHeuHo BosboH B GecKOHeuHO
Gonbirol MOCIENOBATEIEHOCTAM, OTPEAETIEHHBIM HIDKE.

= IlocnenoBatensHoCTh {Ty,} HA3BIBARTCA ompuyamessholl becxo-
newHo Hoaviwoti, ecsIR A1 JJIHOTO CKOJIb YIOOHO BOJIBIIOTC O MO-
OYJI0 OTpHUATENbHOTO uncaa M Halimerca taxoit HoMep N, uto
OJI BCEX 7, HAYMHASA ¢ 3TOCO HOMEPA, BLUIOMHAH HEepPABEHCTBO
Tn < M.

ITpo oTpHuaTEeNbHYIO GECKOHEUHO GOJIBIIYIO MOCAEN0BATEMBHOCTh {Th}
FOBOPAT TAKNKE, YTO OHA CMPEMUMCEA X MUHYC OECKOMENHOCTY, H NHUIYT
lim z, = —o0.

o

> TlocsienoBaTenbHOCTD { &y, } HA3BIBAETCH Geckonevuto Hosbuiol, ecnu
NOC/IENOBATENILHOCTE {|Z,|} ABMseTcs NonmxUTENbHOH GeckoHey-
Ho Gosbuoit.

Ecnu nocnenosaTesibHOCTD { Xy, } — Heckoneyuno Gonbias (6.6.), To roBO-
PAT TaKXe, UTO OHA cmpemumes x fecxoneunocmuy, n nawyT lim z, = 0o,
=00

IocnenopaTeMLHOCTD {:r:n}, BCE YWIEHBbI KOTOpOﬁ OTJIHTHEL OT HYJAH, —
fecKOHEUHO MAJAad TOrda H TOJNBKC TOTOA, KOrda OOoCaedoBATE/IBHOCTH

{xl} — HeckoHe4no HonpiIag:
n

zp #0(¥n); {2,} —O.M. {i}—ﬁ.f).

In
Kpome Tore, nosiesHo UMeTh B BRIY CJERYIOLIEE:
1. [Iycre lim z, =@, lim y, = 2o0. Toraa lim In = .
n—00 n—oo n—oa Un
2. IIycre lim z, = a, (B Tom 4Hcne a = +00), a4 > 0 {COOTBETCTBEHHO,
n—o0
a < (}, B TOM uncie ¢ = —oa), lim y, =0,y > 0 ¥r. Toraa lim In = 400
n—oc n—oo Yn
(cooTBETCTBEHHO, = —00).
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Yyucha e

TMocenopaTeIbHOCTb { (1 +

1

n
H) } — BO3PACTAET U OIPAHHYEHA CBEPXY, 4

poaToMy cxopurcs. Ee npenenoM aApJiseTcs 3aMeyaTelIbHOe HPPALROHAILHOE
gueno e = 2,71828182845. .., coyxallee OCHOBAHHEM HATYPAJIbHBIX JIOTA-

py CbMOB.

Taxkum o6pa3omM,

6.3.1.

lim (1 + %)n =e.

N—+00

HCHOJ'IbSyH olpenefieHde, OOKa3aTb, YTO INOCNEeIORATEMBHOCTB

{an} = {%} — BEeCKOHeYHO MaJsiasi.
. N . .
[Z] ¢ [+ v
Puc. 76

(Q lycTe € — NMPOM3BOJIBHOE NOJIOKATEbHOE HCA0. Torma u3
HepaBeHCTBA [a,| < ¢, T.e. % < €, NONY4HM 1 > % Iockons-

KY 4HCIO % MOXKeT He OBITh LeJIbIM, TO, MONoXKHB N = [%] +1

(puc. 76), Ml HalimeM HckOMoe HaTypansHoe N. [elicTBrTENBHO,
ons peex n 2z N H6yneM umers % < g, T.e |a,| < . Ho 310 1

03HAYAET, YTO HOCIENOBATENILHOCTD {dn} = {%} — GECKOHEMHO

MAJIAA. L

Henoavays onpedeaenue, doxasams, wne caedyomuue nocaedosemerbrocmu
{ap} — Becxonenno maane:

6.3.2,
6.3.3.

6.3.4.

@ =¥l

1
a, = .
T n
Hoxazars, 4T0 NOCAELOBATENLHOCTD {ay, } = {ﬁlﬁ} — BECKOHEMHO

MaJIas, B OJ1A KakOoro JaHHoro £ HaltTy Takolt Homep N, uTo and
Bcex 1 2 N CIpaBelJIHBO HEPABEHCTBO |ay| < £, roe

- 1.
1) e= o
2)e =0,
3) € = 0,015.
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6.3.5.

HCHOJ‘Ib3yH ofpenenene npenesa, I0Ka3aTh, 4T DOCNeN0BATE Th~

HOCTB 2’%’%’1""’1&2 I~ CXOmMTCS K umcay 1.

(Q Ofosnavus T, = EFT—LT’ BLIOEpEM NPOM3BOJILHOE WHEMO £ > (),
Toroa

-1 -

n—{(n-1) 1
n—1 l

n—1 i=n—1

H HEpPaBeHCTBO |2, — 1] < ¢ ByneT BHINOJHEHO B TOYHOCTH TOIA,

1
KOTIa =
A €

<g ren-—-1> o> OTKyma n > -+ 1. Ionoxus

n—1
N = [% + 2], HOSIY9HM, 4TC I0d Beex 11 2 N chipaBensHmeo Hepa-

BEHCTBO |T, — 1| < &. B cooTBercTERM C ONpenesieHHeM Npemena

370 M 03Hadaer, Y10 lim z, = 1. ®
i o Li w]

Henoavays onpedeaenue npedeaa, doxadems, wmo:

6.3.6.

6.3.7.

6.3.8.
6.3.9.

6.3.10.

256

lim 38+t2 _ 3
n—oo T 1
o dn-—1 _ 4

nllrn‘:}o 5R+2 o 5

) i
iy, S =2

Hoxasars, HCMONb3YA ONpEeNe/eHHe NPEIena, YTO MOCIeO0BATE b
n+1
HOCTB {Tn} = {3%';} CXOOHTCA K uYHCAay 1, m Ona KaxIooro
n

OAHHOTO £ HaWTH Taxo#l HOomep N, wro gna mcex n = N BepHO
HEPaBeHCTRO (&, — 1| < ¢, rae

- 1.
)e= it
2) e =0,1;
3) e =0,07.

Haitri o penennl OoCAeI0BaTesNb HOCTel:

1) lim I’ —n+2.

naoo  Bnc+2
2) nlLrlgo(\/n +1-+/n-1);
3) lim vn3

oo+ 17
(Q 1) IpeoGpasyeM BHIpaXKEHHEe, CTOAMEE MO 3HAKOM MpeIesia,
noIennp 4YHCJARTES L H 3HAMEHATS/ 1B Ha CT&pmle CTelleHe n, T. 2.

Ha n®:

3nf-n+2 3-1+%
P+2 5+ %



17 — 2361

O1ciona, HCIOMB3YA TEOPEeMY O JeHCTBHAX HAHN NPEIeIAMH, IMOJTY-
YHM:

. 3”2—n+2 R 3_l+_2§ nllymoo(3_?];"+;?!)
lim ——5——— = lim LI = - 5 =
n—oo  5n? 42 noo 54 5 lim (5+;,)
T
lim 3— lim 2+ lim % 3- lim 142 lim &
— nN—o0 IO n—H00 — n—3o0 n—roo
lim 5+11m —25 5+2 lim ;-_;
n—o0 n— n—oo
_3-0+0_3
- 5+0 5

B nocrnenanx PABEHCTBAX MBI BOCIIOJIE30BAJIHCE TEM, UTO IIpe-

O&JI KOHCTAHTbl — KOHCTAaHTA, 4 TAaKKe TeM, YITO NOCJIedOBaTe Tb-

HOCTH {%} n {n—lf} — DEeCKOHEYHO MAJIBIE.

2
Oxonuatenero, lim 3“—5;kd = %

n° + 2
2) JoMHOXKHM W PA3NEs MM BRIDAXKEHHE 110, 3HAKOM TpeIesa
Ha CONpsEKEHHOe K HEMY, MOCJIe 4ero BOCooib3yemcd (opmysiol
Pa3HOCTH KBAIPATOB:

Vitl-vn_i= (\/ﬂ+1—\/n—1)(\/n+1+v/n—1)
- Vi+i+vn—1

_ e+’ - (Vn-1 (+l)-(n-1) _

vatl+vn—1  Vrtit+vn_1
2
—\/n+1+\/n—1.
IoaTomy
2
11rn n+l—-+vn—-1)= lim
o (AT = VAT T) = i e e =
1
=2 lim ——————

T—F00 4/ 11 + + Y /n —
IMockoneky nocaenoBaTenbHoCT VIt + 1 + \/'n -1— 6ecxo-

HEYHO GOJIBIIASA, TO I0CIEIOBATEILHOCTD — Bec-
\/ +1 + vr—=1

= (), 8 3HAYHT, R

KoHewHo Manad. Orcopa lim
n—00 \/'n+1+\/n—1

lim (van+1—-+vn—-1)=0,
T—+00

3) HogenuMm 9uCIMTENb W 3HAMEHATENb APOGH Ha CTAPLIYIO
cTemeb n (BLIGMpPAEM M3 OBYX BapuaHToB vnd B 4/n), T.e. Ha

Vvn3 =032 Torna
Vet 11 1

L Sards VRt b

257



(Ofa craraeMbIx B 3HaMeHaTes e nocaenHe# apodu, T. €. 1y 7—1 ,—

GeCKOHEYHO MaJible MOCJIENOBATESHOCTH, CIE0BATENRHO, BCA 9Ta
opobe — GeckoneyHo Gosbluan rnocjenoparenbuocts. OTcona

Vi3 ) 1

nll“éoﬁ+1=nlL”§a%+—7§=_s=°°' e
Hailimu npedeaw.
6.3.11.  lim 225, 6312, lim =1,
8.3.13.  Jm, %3%' 6.3.14.  lim 5n° +747:122_—12n +17
6.3.15. lim_ W. 6.3.6. lim (B 1):'21(? _1p
6.3.17.  lim @ 6.3.18. lim 747_3 n92""+ n1+ -
6.3.19. lim (Va2 +n-n). 6.3.20. lim VnZ4+n—vn?+2n

n—o0 3 p341-3/8n342

HononHurenshuie sagaqv

Henoavaya onpedesenue, Joxasams, wmo danrwme nocaedosamestHocmy —
feckoHentHo MoAbE!

11 1
6.3.21. 1,4, 5,7
111 1
6.3-22. 2,4, 8)- 32)1.)
11 1
6.3.23. 15,5, - snp

6.3.24. [okasaTb, 4TO MOCTEAOBATENBHOCTD {Qp} = {53—14_—2} — Becko-

He4HO MaJaf, M AJA KaxkAoro JAHHOTO £ HaliTh Takoft Homep N,
4To goid Beex n 2 N BepHO HepaBeMCeTRO |ay| < €, rae

1) e =01

2) £ = (1,01;

3) ¢ = 0,001.

Henoavaya onpedenenue npedese, doxasams, 4mo;

.o 3-n _ . Bn®
6.3.25. ,1]5204—71 1. 6.3.26. nangoﬂ—g—”—S.

, 3n+1 _ 1
6.3.27. lim ®—5—— = 3.
—00 3
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6.3.28.

-n -+ €08 ?Tﬂ
1

Haltitu vomep N, HauuHaa ¢ kKoToporo Benauuuna (T, — a| Gyner
MEHBIIIE £, eCn

Haiitu npepen ¢ nocneposarenshuocty {2, }, rae T,

Hatimu npedeavt:

6.3.29,

6.3.31,

6.3.33.

6.3.35.

6.3.37.

6.3.38.

l)e= %;

2)e=0,1;

3e= 5%

s %32 6.3.30. lim (-4 - 58).
lim (R - ). sz ,,ILH;O(”HS-ﬁmi’—n)-
dm et 833, lim LI

Jim lr:q-,';';él 6.3.36.  lim 11: :mi +i.
n—}oo;?_ €CIH llm T, = —1.

Wl 2 _
im n*—+n

li
nvs §/nd 4 M + \/n5+3n4+2

Bonee cnoxHele 3agaqwm

6.3.39.

6.3.40.

6.3.41.

6.3.42,

6.3.43.

Jokasars, 4T0 y O0HON NOCNEIOBATEABHOCTH He MOIKeT OBITE IBYX
Pa3HBIX MPEOeNon.

TloxasaTe, 4T0 YACTHOE OBYX GECKOHEUHO MaJbIX WOCJIENCBATENb-
HOCTel MOXKkeT He BuITh GECKOHEYHO MaJof OCIeZ0BATEIbHOCTRIO.
[IpubecTu npumep Takoll GeckoHneuHo mManolf MOC/IEIOBATENEHOCTH
{zn}, uro:

1) nepeble cTo ee uneHor Gosbine 1000;

2) cymecTayeT GeCcKOHEYHO MHOIO KaK NOJIOKHTEIbHBIX, TAK H OT-
PULIATEILHBIX €€ JJIeHOB.

HokasaTs, 4T0 CIemyOHIRE NOCAEOOBATENBHOCTH {&,} HE HMEIOT
npenea:

1) g = (-1)% 2z, =1+ (-1
8) @ = sin 5% 4) 2, = (-5
5)3)‘1:“2, 6)$n:1+2+...+n_

Npusectu npuMep MOCTENOBATENBHOCTH {2, }, KOTOPAs pacxonuT-
€A, HO 1A KOTOPO#H NocnenoBaTensnocTs {|2,{} cxonntea.
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6.3.44.

6.3.45.

6.3.48.

6.3.47.

6.3.48.

6.3.49.

IloxazaThb, 4TO:

1)} xaxpas GeckoHeyHO GoNbHIASA MOCIIENOBATENIBHOCTD SIBJIAETCH
HeorpaHnyeHHOMH;

2) He xKaXKOAA HEOTPAHWYCHHAA MOCJIEHOBATENBHOCTL ABIACTCH
Geckoneyuno Goabinoit.

Haiitu npepenst (B nynkrax 2} B 3) npenBapuTensHO OOKAIATH,
YTO Tpenest CYECTBYET):

2 _
1) lim w, ecan lim o, = 2;
=00 In — 2 n—oo
2) lim z,, ecmu z, = B+ 2y, 21 = VE;
TL—F X3
2 -9
3) lim z,, ecnu z, = “‘T, £y =T.
n—+0C
Hailtu apenens:
i 1 1 .. 1 .
1) Jlim (g +ghg+ 4 ok )

2} lim (L A L1 L 1 )

Jim\z3+tT6 7687 tmmto
Iycte {z,} — Geckoneuno mManas, a {y,} u {z.} — GeckoHeuno
GoJipLINE NMOCENOBATEIBHOCTH. BepHo JH, 4To BCerma:
1) {z, - y,} — Geckoneuno HOMBINAT NOCIENOBATENBHOCTE,
2) {Zs - Yo} — OLCKOHEUHO MANAA NOCIICAOBATEIbHOCTD;
3) {zn - ya} — cxomAWAsACH NOCIENOBATEIBHOCTD;
4) {yn ' zn} — BeckoneuHo GoJIblIaA TOCTENOBATENBLHOCTD;
5) {yn + 2o} — PACXOOAWAACH NOCIENOBATEIBHOCTD?
[IpuBecTH NpEMep TAKUX CXOOAMXCA nocseqosaTenbiocTel {€,}
u {yn}, uto:
1) &5 > yp ¥n, omwaxo lim z, = lim ya;

n—+0C =00
2) ©, > 100y, > 0 Vn, ogHako lim x, = lim y,.
n—o0 =00
Haittu mpenesni:
. 1 n+k

1) ]1m(1+ ) ,Toe k € N,

o i

2) Jim (725)"

§4. NPEAQEN ®YHKLUN
Onpegenenne npegena

=

Oxpecmuocmaio TOMKH ) Ha3biBaeTca Moboll HHTEpBAJ C HEHTPOM
B TOUKEe Zp.

IIycrs dynkuma f(z) onpemeneHa B HEKOTOPON OKPECTHOCTH TOMKH Zp
Kpome, BuITb MOsKeT, camolt TouKR Zg. amuM nepsoe onpeieneHHe Tpenesa
dyuxuun (o Teftne):
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2 Ynene A HaspiBaerca npedesom dynsyuu f(z) B ToUKe Tg, ecim
o mobolt mocnenoparesHOCTH { Ty, }, cxogaweics K Tp (£, 7 %o
Vn), nocnencsarensHocts {f(x,)}} cooTBercTBYIOMIMX 3HAYEHUH
¢hyHKUHHM cxogHTea K A.

OGo3navaeTca 310 Tax: lim f(z) = A wnu f(z) - A (npu 2 — 2¢).
I—*I
Ieproe onpemesnenne npefena GYHKUMH S3KBHBATIEHTHO BTODOMY ONpeme-

neunio {no Komu):

=3 Yucno A sasvieaerca npedesom dynxyuu f(z) B TOUKE Tg, ecim
U1 JI000ro CKOJTb YTOLHO MAJIoro 9ucda ¢ > 0 HafigeTca Taxoe 4n-
crio § > 0 (roobute roBopa, 3aBHCAMIEE OT £), UTO AJIA BCEX T TAKHX,
uTo |2 — 29| < 4, 2 # Tp, BHINOHAETCH HepaBencTBO | f{z) — A| < &.

Tleproe onpenesieHue HAILIBACTCA TAKXKE ONpeNeneHneM mpesesa dhyHK-
UMM «HA A3BIKE MOCTIeN0BATETbHOCTE !, & BTOPOE — ONpefesIeHHeM Ipenesa
«HA A3BIKE £~0» (3NCHMOR-AENbTA).

Onepayun Hag npegenamun dyHkumiA
Mycre dyaxunn f{x) u g{z)} onpenenessl B HEXOTOPOH OKPECTHOCTH TOY-
KU Zg M, KpoMe Toro, lim f(z) = A, lim g{z) = B. Torsa:
I—+In T—+Eqn
1. Ipenen cymMMel (pa’sHOCTH) 2THX (YHKUMH paBeH cymMe (COOTBeT-
CTBEHHO, DASHOCTH} WX NPENESIOB, T. €.

lim {f(z) £ g(x)] = A+ B.
Fn ]
2. IIpenen npomsBeneHusa $YHKIMA paBeH IPOM3BESEHHIO HX TPENETIOR,

T.e.
lim [f(z} - g(z)] = A- B.
Ty
3. Hpenen yactHoro thyHKuMH paBeH YaCTHOMY UX NpPENecs (NpH yCIo-
puM B # 0), T.e.
o f@) _ A

1 —_.
=20 g(x) B
Otciona, 8 YACTHOCTH, BEITEKAET, YTO MOCTOAHHHIN MHOMHTENb MOKHO
BEIHOCHTD 32 3HaAK Npeaea GYHKIMH, T. €.

zllpnxl Jlo)=A = Yoe R: lim af(z) =a lim f(z)=a4d.

T—itp z—Tg

Jna dyHxumil cCipaBeIMBLL AHATIOM COOTBETCTEYIOMMX TEOPeM N4 Mo-
clenoBaTeNbHOCTER O Npenenax KOpHA M CTENeHN.

MNpegens! thyHkumii u HepaseHcTBa

Niycte bynkuun fi{z)} u fo(z) onpemeneHbl B HEKOTOPOH OKPECTHOCTH
TOUKH T (KpoMe, OpiTe MOXKeT, camolt aTolt Touku) u fi{z) € fo(z) mna seex
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3Havenuit £ u3 atolt okpecrnoctu. [Iycts, kpome Toro,
lim fi(z) = A1, lim fo(z) = As.
I—Zo I—=xy

Toroa A; € As;.

Teopema 6.2 (o npomexyvouHoit nepementoid). Nycrs dynkuun f (),
F(z), f2(x) onpeneneror 8 HekoTopoih okpecTHocT U (2g) TOUKM 2o (Kpome,
BbiTe MOXET, CaMOA 3Toil Touku) U annA ecex x € U(xp), z # zg BEpHO
nepasencreo fi(x) € f(x) € fa(z). Mycts, kpome ToOrO, aan;o fi(z) =

= lim fo(z) = A. Torpa lim f(z) Takwe cywecreyeT v pasen A.
fr s & 48 I—Ip

Teopema 6.3 {0 coxpanenmn 3vaxa). Ecnuw npepen dyHkuum 8 paHHO#H
TOUKE Zg NOACKWUTENEH, TO W B8Ce 3HAYEHWA (PYHKUWUMN B HEKOTOPOA OKpecT-
HOCTW 3TOi TOMKW (KpoMe, BbITh MOXET, CAMOR TOUKMN o) NOACKATENBHEI.

Teopema 6.4 (06 orpavueqHHocTH hyHkLpm, umerowieid npegen).
MycTe dyHKUWA MMmeeT npenen B QaHHOR TOYKe, TOrga OHa OrpaHn4YeHa 8
HEKOTOPOA OKPECTHOCTW ITOR TOYKM,

MNpegen cynkymmn Ha GeckoHeHHOCTN

INycre dyuxkuun f(x) onpeneneHa Ha GeCKOHEMHOM NIpOMeExYTKe (a; +00).

> Yucno A Hazpipaetcs npedeaom gynnyuu f(z) npu = 400, econ
ana abol nonoxuTesHON GeckoneYHO GONBLIOH NOCIeROBATEN,-
HOCTH {Z, } (T.€. T, = +00, N = 00) MOCIEZOBATENLHOCTD { f(Z,) }
COOTBETCTBYIOIMX 3navdenntt ¢byHrunH cxonuTcs x A.

OGoznauenue: lim f(z) = A
=400

PasroCcHnbHOE onpenesienue Npesena GyHKUMa Opa & — +00 HA A3LIKE
&-4 6yner BRILIAAETh TaK:

= Yucno A nasmpaetca npedetonm dynxyun f(2) npuz = +00, ecu
ansa mawboro yucna € > () Haltnerca Takoe unciae M > 0, yto ana
BCexX 3Hayenu#t © > M Beimonnserca HepabeHeTBo |f(2) — A < €.

AHasornyHo onpenenserca npenen dbyuxkuuu f(r) npu z — —oo.
O6o3nauenue: Em flz) = A
T —0

262



OgHOCTOPOKHKWE npepenb

= [Iyctsb pyuxuma f(z)} onpesenena B npaBoll MOJIYOKPECTHOCTH TOY-
KM Zg, T. €. HA HEKOTOPOM HHTepBane {xg,xq + &), rue § > 0. Toroa
roBOpAT, YT 1uCa0 A HasbiBaeTca npedesom dynxyuu f(z) enpa-
6a B TOYKE Tp (MIH Npasocmoponnum npedeaos), eclia ans awdod
TI0CIEAOBATENBHOCTH {X,}, cXoaameics k xo ¥ Takofl, 4T0 Bce ee
yeHbl OOnblle, YeM o, COOTBETCTBYIOUIAA NOCJIEHOBATELHOCTD
snaqennl bynxunn { f(z,)} cxomurea K ymcay A.

Obosnavgenna: lim  f(z) = A wm f(zo + 0) = A
z—+zg+0
AHANIOTHYHO OTIpefeAeTcs npedea dynnyuu caese (WIH A€0CMOPOHHUT
npefes) B TOUKe Zg, o003HAYaeMbIll  lim 0_)’(:.r:) wna f(zo — 0).
T=Irp—
OuepnnHo, uyto lim f(z) cymecrByer B TOM M TOMIBKO B TOM CJIy4ae,
r—¥Ip

KOCOA CYIIECTBYIOT H OOHOCTOpPOHHMe mpegenbt  kim  f(z) m lhm  f(z),
r—zog+0 z—=To—0
OpHYeM BCE TPH YHCJIA PABHBL, T. €.

Jim f(a) = lim, f(0) = _lim ).

3amevarensHuIe Npeqens

Iepewil samenameavhnt npedea
. sinx
lim — = 1.
z—0 2

Bmopoii samenameavrnuwil npedea

. 1y#
Iim (1 + —) =e.
=00 H 4
YacTo MCNONB3YIOTCA CSAYIIINE CAENCTENA W3 ODOUX 3aMeyare/IbHbIX
npedeon:
sinazx

al:lglla z =a ach
. o In(l+ 2 R |
lim(1+:z:)§ =e, llmg =1, lim =1.
230 =0 el r—=0

BecxoHeuHo manbie u HeckoneuHo Sonsme hyHkyuun

=> OyHxuna ¢(z) naspBaeTca feckoneuno maqoll npa £ — 1o (Wiu B
OKPECTHOCTH TOUKM Zy), ecnd lim w{z) = 0.
I—+Tq

Taxum obpazom,
A= li’m f(x) &= f(z) = A+ alz),
=Ty
rae e(x) — GeckOHEYHO MAJIAA IPH £ — To.
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> ITyets a(z) v f{x} — Beckoreuno Masbie (PYHKIHH DR T — Tp
Torna:

1) Ecom hm 5 = A #£ 0, o byukuun a(zr) u F(r) na-

IBIBAIOTCA ﬁecmneuno MEABMY O0HOZO NOPAGKE 8 OXPECTIHOCTY

MONKY Tg.

x\T

B uactHOCTH, €ciu lim =1, 10 ae{z) u f(z) nasuiBarTCA

*—+Ip
sxeusgaenmHuMY Decxoneurno MasIbIMK (B OKDECTHOCTH TOYKH Xg ),
410 0bosHavaerca Tak: a(z) ~ f(z), T — xg.

2} Ecnu h E—(L% = 0, ro ¢dbyukuma a(z) nasnibaeTca Hec-
— o

KOHE'HHO Ma_noﬂ 60J1ee BBICOKOrO nopaika, 4eMm J(z). Dtor dakr
sanuceiBaerca Tak: alx) = o(B{c)}, * = Zo ¥ ropopAar, 4yto alx) —
o maaoe o A(z) npu & — z¢. B yacTHOCTH, ecnu a(z) — Gecko-
HEYHO MAJIAA OPH £ — Ty, TO a(x) = o(1), £ — .

IIpu pewienvn MHOTHX 33034 UCTIOALIYIOTCA CAEOYIOLINE IKBHBANICHTHO-
CTH, PepHLie Tipu & — (1
s
sinz ~zx, 1-cosz~ =5 tgx ~ 2z, arcsinzy~g, arctgr ~m,

In(l14+z)~z, a°—-1~zlna (e gactaocry, e — 1 ~ ),
VTvz—1~ E

Kpose 1oro, umeer mecto coenyiomuit axt: ecnu 8(z} ~ fi(x), £ = 2o

U CYWeCTRYIOY npenebl lim ofz) - f(z) u lim S5%, 10
I—Tp I—Tp ,ﬁ x)’

Jim ola)- () = lim of@) - Ai(e),

. olz . alx
lim (z) = lim —-L-l
w50 Bla) st B ()
Taxum o6paszcM, Npenes NpoU3BEIEHHA UM YACTHOrO NBYX GeckoHedHO
MaJIblX HE MEHASTCA NpH 3aMeHe mofolf m3 HUX Ha PKBUBAJICHTHYIO Gecko-
HEYHO MANYIO.

6.4.1.  Hokasathb, uyro lirr;z(2a: + 1} = 5, ucnonbaya
z—

1) neppoe onpenenenue npenesia GyHKUHHM;
2) rTOpOe ONpenesieHne Npenena GyHKIHH.
Q 1) Tyems {z,} — NpoHIBONBHAA MOCIEACBATEIBHOCTD, CXOM1A-

madca K 2, T.e. Takad, yre lim z, = 2. Toraa B cooTBeTCTBHU
=0

€O CBOHCTBAMH NPEHNENOB MOCIISNOBATEIbHOCTEHN lim flzp) =
—h O
hm (2$n+1)—2 11m Tp+ lim 1=2- 2+1—5

fi—oo
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6.4.2.

6.4.4.

Tak Kax le f(z,) =5 nna moboli nocrienoBaTenbHOCTH { Ty },
n—+00

cxoaameics K TouKe To = 2, TO IO NEPBOMY CIIpENe/ieHIIO IPeaena
$YHKIMH 3TO XaK Pas M 03HAYAET, YTO lin12(2:n +1)=5.
=

2) 3aduxcupyem npoussonbhoe £ > 0. Tpebyerca no stomy
HaitTi Takoe & > 0, 4TOOHI U3 YCJIOBHA T # ¥, |& — zo| < &, T.e.
m3 0 < Jz — 2| < § BoiTekaso Gbl HEPaBEHCTRBO

f(@)— Al <e, re |2z +1) -5 < e

HMocnennee HepaBeHCTBO NPHBOOHTCH K BHOY [2(z — 2)| < €, T.e.

jz -2 < % Or1crona cienyer, 4To €CJIu B3fATh § = %, TO HEPABEH-

cTBG |z —2| < § GymeT aBTOMATHYECKH BJledk 3a cololt HepaBeHCTBO
|flx)} — 5| < & (370 3HA4YMT, YTO LA BCEX X, IJ1A KOTODBIX Bep-
HO TIepBOe HepaBeHCTBO, OyIeT BepHO W BTOpOe). B COOTBETCTBHH
CO BTOpLbIM OHpenefieHneM npenena (pYHKOME 3TO OIHAMAET, 49TO

lim(2z + 1) = 5. ®
r—2
Henoavays nepeoe onpedeaenue npedena Ppyrxyuy, Hatimu npedeant:
lim {4z + 3). 6.4.3.  lim{z? — 42 + 8).
r——1 r—2
2
lim v1 - 22, 6.4.5. lim Z,t5
S iy o

Henoavayn emopoe onpedesenue npedeaa Pynxyuy, doxasams, wme:

6.4.6.

6.4.8,
6.4.10,

lim (3z — 2) = -2. 6.4.7. lim{-z+4)=3
—D r—+1

i 2 = H l —_ l

nlrl_)’rna;r: 9. 6.4.9. ,1:1_;m5 T =5

Hoka3are, 9T0 beHKH,HH ¥ = sigh T He UMeeT Npeaesia B TOYKe
Ig = 0.
Q HeficTeuTenbHO, ecyH BHIGpaTH MOCAENOBATEALHOCTH {3'}';1} =

= {%}, CXOnAWYIGCA K HYJIO, TO

1
lim f(z!) = lim (si n—) =1lml=1
3—)Wf( 'I'l) 00 g i3 T+ !
T. €. nmocsjenoBaressHoCcTh { f{z])} coorBercTByOLMX 3naveHHN
bYHKIMH CXODUTCH K eqHHHLE.
Ecnm xe rifpaTh NOCAEA0BATENBHOCTD (X))} = {—% }, TaKKe
CXOAAMYCS K HYJU0, TO
1
lim f(z!) = lim si (——) = lim (-1) = -1
ﬂ—fwf( 'I'l) =0 gn k4 n—)oo( )
Takum obpasom, MBl HANUTH ABE PA3IMUHLIE NOCAEN0BATENb-
nocti {2} u {2}, cxopanmeca x Touxke g = 0, ANA KOTOPHIX
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cooTBeTCTBYIONME Nocnenosatensnocta { f(z))} u { f(29)} 3naue-
Hutt byuxuan f(2) = signz cxonarca x pasnvuHBIM YHCAAM. ITQ
NPOTHBOPEYHT TIEPBOMY ONPENeseHnIo Npenesta GyHKIMM, H, 3Ha-
4UT, ¥ $yHKUMH sign & HeT npefena B Touke Zg = (. ®

Hoxazame, wmo éyunuua f(z) ne umeern npedena 8 mouxe Ty, ecau:

6.4.11.

6.4.12,
6.4.13.

6.4.14.
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flz} = , 29 = 0.
flz) = {:1:2 npu T 2 2,

T npuz <2, x9=2
Hokasars o BTOpOMy OUPENeICHAIO TIPENesa, 410 llm flz)y =1,

roe f(x) = —L + 1, 2¢ = 1. Hafitn CDOTBeTCTBytomee d o
DAHHOMY €, ecmr

)e=1;
2) e = 0,01

Henonsaya ceolicTpa npenenop hyHKINHA, HANTH CleaylOmnHe npe-
HENTBL:

1) lim 3z° — 1
2122 + Bz 4+ 2

2

2) li —4

) Jim —23° —br+ 6’
3) lim Vet+8-3.

r—1 r—1 '
1+z—2°

4 1 m

) B e v s
Q 1) HDHMGHHH Teopemy o AeHCTBUAX Haf npenenaM GyHKuui,
TIOAYYNM:

N Jm (32f-1)
o145 + 55+ 2 lim (4x2+5:.r:+2)_
lim 3z? - lim 1
_ r——1 T——1
lim 4z® + lim 5z + lim 2
r—4--1 r——1 r——1

3 lim z- lim -1
r——1 a——1

31 lmz- lm z45 im z+2

r——1 z——1 x—+—1
3-(-)(-1)—1
4(-D(-1)+5(-1)+2

2} Tak xak npedenbl YHCAMTENA W 3HAMEHATENA NpH & — 2

PaBHEI HYHIO, TO MBI HMeeM HeQNpeneIeHHOCTh BHIS g «P&CKDO—

eM$ 2Ty HEeONpemeneHHoCTh (T.e. w3BaBUMCA OT Hee}, Pa3fioAuB



YHCJHTE/ B H JHAMEHATENE Ha MHOXKHTENH H COKDATHE HX oasee
Ha 0Dmuii MEOKHTENE £ — 2:

z? -4 (z—2z+2) . z+2
h e A _—=hm—.
z—=2 g2 — 5g 4 6 r-*2($—2)(2:—3) sz — 3

B nonyuennoft npofu sHaMeHATENE YXe He CTPEMHTCA K HY-
JIIO IpH T —+ 2, MO3TCMY MOXHO NPHMEHATL TeopeMy O Npenenie
JACTHOTO!

z4+2 lmE+2) 4.5

i =z = = —4.
A 3 " Tm@—3 3-3
232

2
—4 4.
- 5r + 6
) 3,]18(31: MBI TAKXE HMEeeM HBOHPEIIEJIEHHOCTB BPUIa. ,HOMHO—

OxoHYATENBHO hm

UM YUCTATENb H 3HAMEHATENb ApoDH HA PhIpAXEHHMe, conpa)xeﬂ-
HOe K uyucnurento (136aBigeMca OT HPPAIMOHAJIBHOCTH B YMCJIH-
Tene):

tim Vz+8-3 -l (V2 +8-3)(Ve+8+3) _

1 z—1 =1 (z-1)(Vz+8+3)

im (v +8)° - 8° = lim (z+8 -9 _
=1z - 1)(Vz+8+3) =1 (z-1)(Vz+8+3)

— lim z-1 — lim 1 1 _ 1
ol (5—1)(Ve18+3) +1 Vz18+3 v11843 6
4) Yncnutenn U sHaMeHaTe b Apobn — GecKkoHeyHo 60J'IbIJ.IHe

bYHKUMH, TO3TOMY 30€Ch HMEET MECTO HeoTpeeIeRHOCTh 22 o . Pac-

KDBIBAA 3TY HEONPENEEHHOCTh, NONE/IHM YAC/TUTE/L ¥ 3HAMEHA-
Tesb ApobH HA CTADIIYIO CTENeHb I, T.€. Ha z°:

l+z-2> ZH+:-1
25% + 3z 2+g

OcTanock BOCIONB3IOBATECA CBOUCTBAMA NPENENOB, & TAKKE TeM,
4YTO DYHKIAH % [T} -17 — BEeCKOHEYHO MaJibie TIpH & — 00!
x

14r-¢2 Hi-1 Jm(m+z-1)
lim —= lim &¥—~%— = =
eo0 272 + 3z =20 243 lim {2+ 2}
IT—F0x0
lim 2+311m% 240 2
T oD
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Hadirnu npedean:

6.4.15.

6.4.17.

6.4.19,

6.4.21.

6.4.23.

6.4.25.

6.4.27.

6.4.29.

6.4.31.

6.4.33.

6.4.35.

6.4.37.
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lim (522 + 2z — 1). 16, lim oL+l
Jim (52% +2z ~ 1) 6.4.16. lim 2t .

. T . T _ 8
LYy 6418 ImrTe
2 a 2
szt —6r+5 o dxt —3r° + 2
L 6420 T
3 2
r+r4+2 . 2 —x—1
A R 6.422.  lm, T
fim =22 432 -3 6.4.24. lim — 2. 7246

z+-6 2° + 62° + 3z + 18

: I+25‘—5 6.4.26 i 272—2:17

lim Y22 +3-3 6.4.28. lim ¥Y2—-2-1

=1 228 — 2t b~ 1

=3 vz —2—-1 =1 /5 —x — 2
. VB -2 . z’ — 16
Jl:% = . 6.4.30. lﬂ Foa_ a3
: T + 552 — &3 : 1 — 3z’
g g F e 849 Jmoamts
3 5
: 4z : rt — 2
z].l)ll;)lo ;‘_—3:52? 6.4.34. zll}l’l&g m
. 2 _ . z3
Jm (Va7+d-2). 6436 lim (A -x).
Hafits npenens::
;. 8ih oz . . ginbr .
1) 11:1—13}} x o €eR 2) il—% sin 3z’
: CoSET ., . i
3) xlll;ll% Tz — 7 4) i&})%
Q 1) Cuenaem saMeny y = ar; Torja ¢y — O npu z = 0 u
lim S0OZ limm = lim 250Y = 4 lim 2% = 4. B no-
z—+0 T y—+0 ( ) y—0 v y—=+0 Y

CJIIHEM PABEHCTBE Mbi BOCIIO/Ib30BAJHCE TIePBLIM 3AMEeYaTe IbHbIM
MIpEmenaoM.

Takum obpasowm, lim SMBAE — o
z—) x

2} llopenum YHCIUTEND U SHAMEHATEIIL HPODU OO FHAKOM IIpe-
Oesia Ha Z, MOCHIE Yero BOCIIONb3YeMCA TPeILIYIINM ITYHKTOM:

inb Bl ST llm(w)
1 Sl'n 33: = lim (sin=3:) = Z'—’U sin 3z = §
220 sindz =0 (H532) - lim (S532)



3) Ceons npenen kx NEPBOMY 3aMEYATEIbHOMY, CIENASM 3aMEHY
y=.1:—%.Tomay—)l]npum—»%,ax=y+%, OTKYSa

cosz . cos(y + §)

Bo pTopoMm paBeHCTBE B 3TOH LI€NOYKE MBIl HCNIOJL30BANH (hopMyTy
NpUBEOEHHSA, A B IOCJEOHEM — TEPBBI 3aMevaTesILHEIH Ipenet.
4) Cnenaem 3aMeny t = arcsine, T.e. £ = gint. flcho, urot — 0
upn ¢ — 0, noatomy
arcsin i 1 1

Hatimu npedeaw:

6.4.38.

6.4.40.

6.4.42,

6.4.44.

6.4.46.

;ll—lfll) x :}l—rrltll sint=§l—% ("i“‘) =1imm:1' 1 d
t t—+0 ¢t
. 2
lim Si0 32 6.4.39. lim tB2T
r—0 sin“ 2z r—0 Sin ST
im l—CosZ 6.4.41. limz-ctgr.
L 0’ OE
lim arctg 2z 6.4.43 lim €98 52 — cosdx
- - . - "_'—'-_'_2_-_-_-_'-
r—0 T =0 '
. sin6rz 6.4.45. lim SR
;l—}.ﬂl sinwz z—ﬂ-gf- tg 4z

Hafitu npeaensr:
. AN .
1) Jim (1+5)" ke Rk,
2) lin}] v1+5z;
z—
o (z+ 3\,
3) Jim (£53)

2r
e —1
VI

(3 1) B nanuHoM cayyae Mbl HMEEM HEONpPEeLeJIEHHOCTh Buaa 1°°.
JINA ee paCKpBITHA CHEJIAEM HAMEHY ¥ = % Torma y — oo npu

T — 00 M HCXOOHBIN NpefeNn CBOIHTCI KO BTOPOMY 3aMeqaTe/ibHO-
My TIpenesy:

lim (1+ ;)x = lim (1+ L)H = lim (1+ 1)’"’ -

=00 oo (%) y—oo Y
1y ¥k
= | lim (1+—) ] = k.
b o Ju vl i



2) Iockombky §/1+ 5% = (1+52)%, TO 3MECh MBI TAKKE HMeeM
OEef0 ¢ HEOMPETeTeHHOCTRI0 1%°, 11 pacKpeITHA KOTOPOH HAM CHo-
Ba NOHAIOOHTCA ooHA K3 GOpM BTOPOrO 3aMEeYATERbLHOTO TIPEaea,
Coenaem zameny y = bz, Tormay - 0npux -+ 0u

lim &1+ 5z = lim(1 + 5z)% 5 =

z—0 =0
_ 1 is _ [ 1 5 5
= lim{1+y) —[51_1;%(1+y) ] =ed.

3) Homenus yMCIMTENs H 3HAMEHATEB OpOOH HA I, CBEIEM
OaHHHH Npenes K 4aCcTHOMY NPENesioB 3 MyHKTa 1):

R N 4 o S 0 o
S () = am (§53) = i g -

i 3
Jim (1+3 3 -
. _ g T -7 =
lim (1-2)" e

4) Cnenae 3aMeny y = 2% U NPHMEHAA OOHO H3 CJELCTBHEA M3
BTOPOFO 3aMe4aTeNbHOTO NPenesia, NoJyYuM:
e —1 ey—-1 2 -1

z—=+0 Tx =§Eﬂ) %y Ty=0 y

6.4.47. [Hoxasars, yto:
1) lim log, (1+ ) — L;
z—0 T Ing

a® -1

2) lim =lnag;
=0
i n — ofn.
%) -.ll-rﬂ)(l t2 ) e
r—0 X
Hatimu npedeast:
6.4.48. lim %¥/1 + 3z. 6.4.49. Lim (:L‘ - 5)3_
z—+0 zaoo\T -+ 4
im (2t 52 : 4.51. i ef — ¢’
6.4.50. PE{I)(3+2$) ' 6.4.51 i’-»rnz x—2"
im (5=2)""" 6.4.53, limn2=1
o5z Jm (§=5) L
6.4.54. lin}](l —sinz)ms. 6.4.55. I'Lm z[ln(zx + 3) — Inz).
= =00

6.4.56. Haittu npenens! cupasa u criesa ¢pyukmun f{x) = signe B TOUKE
xg = 0.
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{Q Tag kax f(z)=1lnprz >0, 0

f(o + 0) = :Eg}l-ﬂ f(il?) = zﬂlg}f—{)l =1
ARaNOrHuEO HAXOIAM:
F0-0= lip )= g D=1 @

Hatimu odnocmoponnue npedean Pynxyutt f{z) ¢ mouxe zg:

6.4.57. f(2) =[], 20 = 2.
-2 mpuzx €1,

6.4.58. f(l') = % NpH T > 1;

a) zp = 1;
5) Ig = 11.

6.4.59. 3amenaa OecKOHEUHO MaJlble SKBUBAJICHTHRIMH, HAHTH Npesesbl:
1) li sin 4z

im =
z—0 s8in 3z’

T
2) lim 2& =1
=0 1L —COST
Q 1) B cuny cnemcTBus B3 NEPBOTO 3aMEYATEsIBHOTO NPEeIesia
sin az~az, 0. Orcwoga (npu £ - 0) sin 4z ~4x, a sin 3z~3x, no-
ITOMY

sin 4z . 4x 4

im — im — = —.
z—=0 sindz z=03z 3

2
2)1'[pn:c—}0nmeeme“’—1~xn1—c08~%,0'rxyﬂ,a

. x-(e®=-1) . z-z
lim ————— = lim —
z=0 1 —cosz =0 (IT)

=2 ¢

Hattmu npedeast, ucnoabays sneusarenmune GeCRONEYHO MaANE:

6.4.60. lim BT 6.4.61. lim M1 +22)
0 2 r—0 arcsin3dz
6.4.62. lim €~ ~1 6.4.63. lim L—=1

T30 lnil——ﬁmi' T T
6.4.64. lim Yi+Tr=1 6.4.65. lim 2CiEE=2)

z—0 r—2 ‘- 21 '

AononHutencHue sagaum

Henoavsys nepsoe onpedesenue npedeas ynryuy, nalimu npedeavs:

6.4.66. i 2 _ ). . Sz
66 zl_l}g(m ) 6.4.67. xhnjl 743
6.4.68. lim Ve +27. 6.4.69. lim(z + 2a)°.
z— =a
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Henoavaya emopoe onpedeaenue npefern gynxyuy, doxaszams, wmo:

6.4.70. limsinz =0. 6.4.71. lim|z| =
z—=0 T—0

6.4.72. lim2® =1 6.4.73. lim L =2
z—1 r—3 1

Joxazame, wmo dyrxyur f(2) ne umeem npedean 8 movke Tg, ecau:
6.4.74. f(z) =sin 51; zg = 0.

ECJTH £ — PAUNOHAJLHOE
eCJIH T — UPPAIHOHATBHOE

6.4.75. f(z) = {3
(byuxoua Oupnxne), zq = %

Haiimu npedean:

—1 . -
6.4.76. l% -1 6.4.77. lim iz -1
i z+2+1 6.4.79. lim (22 + 1 —3).
o478, im LeEiil (a4 5 3)
. 3x 4+ 5r—2 e P |
6-4-80- JL_IBBL 327 — 1 . 6.4.81. :ll-:-n]_ _-;F:T—’
. 1 4 - oxh 358 gt
oas2. fm(cly-ohg)  eass lmEodnde
3 3
6.4.84. lim —,u;?i 6.4.85. lim 19 -2
yoly” + 2y —y — 2 a—D a
:1: — 8z : Q—x—2
6.4.86. lim STy 6.4.87. lim %.
6.4.88. lim —4"‘”*2“” 6.4.80. lim YEt1-2
h—0 1._,\/5 552 + 6 —_ 3
. YTxt-1 LI -1
6.4.90. lim Y- Ti=2 6.4.91. lim :5._—
. bzt —2r +3 im 22— +3r-1
6.4.92. lim 2= <53, 6.4.93. lim &,

(z° - )(2x+9) 6.4.95. lim (vZ? + 4 — 10z).
6.4.94, zango it )31 Ih,_m( )

5 _ _ . :._,"3 - .'1?2
6.4.96. zll»nc}o(v T°+1-vz ) 6.4.97. lim (5$2 +1 Hz- 3)'

XD
. tg3z sindxr
6.4.98. lim 852 6.4.99. lim ‘o o
. tex—sing h—sinh
6.4.100. JI:ILI}J _E_Ia_ 6.4.101. 11_}0 —h Feinh
. _ 1—-cosde
6.4.102. le1112($ 2)etgma. 6.4.103. llg}] 2z -tg2x’
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6.4.104. lim 2Lcsints 6.4.105. lim msin(%).

r—0 sindg T 00
H 7‘t -1 3 ctgx
6.4-106- lg;f'l) Iz_—l. 6.4.107. al:l._l'f]ﬁ(]. +th) .
: £ +2 = I e’ —1
6.4.108. lim_ (F:E) . 6.4.109. lim € =1,
i 8 g =8 . In(1 + )
6.4.110. xll,"c}o(10+:c) ' 6.4.111. l% sin 2z
i 1Y i b
6.4.112. tl‘Tm(”F) _ 6.4.113. lim (cos 2) s .
6.4.114. lim (V22 +22+2—- 27 -2z -3).

Hatimu ofnocmoponnue npedean dyrxyunu f{z) 6 moure xp.
6.4.115. f(z) =e%, o =0.
6.4.116. f(z)= I%-;, roe {z} = z — [¢] — npobHasa wacTb T; T = 1.

6.4.117. oka3aTh 3KBHBAJIEHTHOCTh CaeAylOmMX GbyHknui npu z — O
1) e*® — 1 ~ kz;
2) arcsin az ~ ax;

3)tgx —sinz ~ %;:::3;

2
4) Incosz ~ ~T-,

2
Haotirnu npedeadt, 3oMenan DECKOHENHO MAAME IREUGHAEHTIHBIAIY.
. In(1 +2* . gsinz _q
.4.118, ; 6.4.119, lim &———.
64118, liy ) L

.. X arcsin e . el _q
=3 . . 4.121. 1 .
6.4.120 ll_l’&] 4&”&? Toy 6.4.121 tim o1
3 n

6.4.122. lim Y1+z2-1 6.4.123. lim J:l tasinz -1

g0 1—cCosZ z0 T

Bonee cnoxsuie sagaun

6.4.124. Bepno an, yto:
1) ecnn pynxuna f(z) nMeer npegen B ToUKe Iy, a GyHKuna g{x)
He uMeeT npemena B 3Tol Touke, To dyHxkuna f(z) + g{x) nmeer
npenes B TOUKE Zo;
2) ecom Gyuxkuuu f(z) u g(z) He UMEIOT Npenesia B TOHKE Ty, TO
bynaxuna f(z) + g(z) Takxe He uMeer npemesia B 2ol Touke?

6.4.125. [Moxkasarh, uto lim sinT He CYMECTBYET.
3o
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6.4.126.

6.4.127.

6.4.128.

6.4.129,

[Ipusectr npumep MYHKIMHA, KOTOPAA OOPENLTICHA H HE HMEET Mpe—
Jena Bo Beex uenbtX Todkax (r € Z), HO HMEeT npeaes BO BCex
OCTATBHBIX TOYKAX.

Hoxaaars, yto:

1) cymma (pasnocTs) GECKOBEYHO ManbIX NPH T — To byHKUmMiy
TaKkKe DECKOHeYHO MaJIas NPH T - T DYHKLNA;

2) uponseeneHue GeCKOHEYHO MaOl bYHKUMM HA OrPAHHYEHHYIO
¢yHKIMIO (B 4aCTHOCTH, NPOH3BEACHME OBYX OECKOHEUHO MAJIBIX)
ecTh GECKOHEYHO Manas QYHKIAA,

Ioxazare Ha npuMepax, 91O

1) wacTHOE AByX DECKOHEYHO MAJIBIX DK T — To byHxuuit Moxer
He ObITh GecxoHeuHO Manolt GyHKnel;

2) ecna a(x) — GeCKOHEYHO Manas npu £ — Zg, a f{z) — Becko-
HEYHO MasiasA Npr & — &1, TO cymma a(z) + f(z) MoxeT Hurne He
GbiTh GeckoHeuHO Manolt dyHkumeld;

3) cymma GeckoHeuno GonbiuX dyHKIM DM £ — Lo MOXKET OBITh
Aaxe BeckoHeuHo Masolt mpH T — Zg.

IIpupect npumep dyuxuun, Geckonedno vanofinpu = 1,0 = 2
H £ — 3, HO He aBaAwIbeiica GecKoHeYHO MaJIOR B OKPeCTHOCTAX
HAPYTHX TOYEK.

Hatimu npedeas:

6.4.130.

6.4.132.

6.4.134.

6.4.136.

: 5
lim SinT 4.131. lim =1,
LR 64131 o

2

lim (cos z)™ =% 6.4.133. lim & — 0822
z=0 z—0 T
lim 1= VZ 6.4.135. lim Y1TE=1
z—=+11 — \/E z—0 x
lim Y1+z—v1+z
z—0 &

§5. HENPEPLIBHOCTb ®YHKLUUN
HenpepuiBHOCTb hyHKUMKU B TOUKe

=1

@Oyuxuua f(z) HAILIBABTCA HeNpepmeNoll 6 Mouxe Tp, €CJAU OHA
onpenesena B HeKOTopolt okpecThocTH 3ToH Toukn M lim f{z) =
T—ip

= flzo)-

Ecnu 060sHauuts ¥ — 2o = Az (npupaitenue aprymenral, f(z) — flzo) =
= Ay (npupamenue ¢byHKIME, COOTBETCTBYIONEE NPHPALIEHHIO APrYMEHTA
Az), TO 3TO ONpeneeHne MOKHO SAMUCATL B 3KbUBaNeHTHOR dopme.
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2 Dysxuua f(r) HAILIBAETCA Henpepwenotl @ mouxe Ty, €CJIH OHA
ONPENEIIERA B HEKOTOPOH OKPECTHOCTH BTOl TOUKH M
lim Ay =0.
Az—0
Taxuwm obpazom, ecnu dynkuma f(x) HenpepreiBHa B TOUKe Zg, TO Decko-
HedHO MAJIOMY [PUPAMEHHK) apryMeHTa B 3ToH TOYKe COOTBETCTBYET fecko-
HeqHO MAJIOe Npupaluenne GbyHKLUHHM,

OARHOCTOPOHHAA HENPEpPLIBHOCTL

= Oyskuna f(z) HASHIPAETCA Henpepmenoll CAE8a 6 Tovke To, SCIH
OHa ONpefesIeHa Ha HEKOTOPOM NOJIyHHTepBaJe (a; o) »

Jm @) = f(o).

= Oyuxmua f(x) HASLIPACTCA HenpepbeHotl CRPaes 8 MowKe T, €CIH
OHa ONpeneseHa Ha HEKOTOPOM NOIYHETEpBaNe [Zo; ) n

im  f(@) = f(z0).

®yuxuna f{z} HeupepHBEA B TOYKE Tp TOLHA U TOMLKO TOLIA, KOMAa OHA
HeNpepLIBHA CJIEBA U CIIPaBa B TOH TOYKe, T. €. KOrga
lim zy= lim x) = f{zo).
fe) = Jim f(z) = f(zo)

r—Ep—0

HenpepeigsHoCTb (byHKUUK HA NPOMEXYTKE

= Oyukuua f(2) Ha3KIPAETCA HenpepuweHoti HE NAHHOM NPOMEKYTKE
(unTepBane, MOMYHHTEPBANE, OTPE3KE), ECJIH OHA HEMpPEPHIBHA B
kax Aol Touke 3TOrO NPOMEXKYTKA.

HMpu s7oM ecnu byHKIMA ONpeneseHa B KOHIE MPOMEXYTKS, TO M0I He-
NPEPBEIBHOCTBIO B 3TOH TOYKE NMOHMMAETCA HENPepHIBHOCTh CIIPABA. WA CJie-
Ba. B wactHocTy, dysxkuna f(z) HasbipaeTca nenpepuenoti na ompeaxe [a; ],
€CJIH OHA:

1) HenpepwipHa B Kaocknoft TO4UKe HHTEpBAJA (a;b);

2) HempepHBHA CNpABA B TOYKE 4,

3) HenmpepuIBHA CJICPA B TOYKE b.

Touxwn paspuisa hyHKLMM

= [Iycts TOYKE g MPUHAIIIEKMT 00JacTH onpefeneHUA (GYHKIUMN
f(z) wnu apnzgerca rpauuuHolt Toukoit aroit obnactu. Touka zg
Ha3biBaeTcs mouxold paspmen dynwyuu f(z), ecnu f(z) ne asna-
erca HenpepbiBHO# B Tolt TOUKe.
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To4ukH pa3pbiBa NOAPA3NENAITCA H3 TOYKH Pa3pelea 1-ro poma ¥ 2-ro
pona.

= Ecnn B TO¥Ke Tp CYMECTBYIOT KOHEUHBIE OJIHOCTOPOHHUE [Pelesib

lim f(r)u lim f{z}, 5o oHM He paBHBI Mexay coboil, LM Xxe
&—+ag—0 d—rap+0

OIHOCTOPOHHHE NMPEJENbl PABHBI MeXay coboll, a 3HaueHune PyHK-
KN B BTOH TOYKE He COBMAIALT ¢ OOHOCTOPOHHMME IPEIS/IAMHA, TO
Tp HAIBIBALTCA TOYXoll padpwea 1-To poda.

Ecan B TouYke Ip cymecTByeT KoHeuHblH npemen li’m flzo), a f(zo)
F T

He onpeneneHo W lim f(z) # f(2¢), To 3Ta TOYKA Ha3bIBaeTCH MowKOH
YCMPAHUMO20 paspuef; 0

Touxu pasphisa 1-ro pona dysxkmn f(r), He ABAAOHMECH TOLKAMU
YCTPaEHMOTO Pasphiba, HA3HBAIOTCA MouKaMU cxayxae dTolt DyEKIEK,

Eciu 2y — rtouka ckauka byskouum f(z), To pasHocts Af(xe) =

= lim f(z)— lim f(x) #He paBHAa HYJIO M HASEIBARTCS CXANNOM YRKYUY
r—=xo+0 z—zp—0

f(z) B TouKe x0.

= Ecnn B TOYKe To HE CYWECTBYET XOTA OBl OIMH M3 OOHOCTOPOHHUX
npenence lim  f(z)nme lim  f{z), T0 2o HasbBaeTca mowxolt
r—rp—0 r—yxg+0

poapwea 2-20 poda.

Ceo#icTBa hyHKLUMA, HENpepLIBHLIX B TOUKE

Teopema 6.5. Mycre Gyrkuwm f(z) v g(x) HenpepbieHbl b TOHKe 2g. Torna
dbynkunn f(z) + g(z): f(x) - g(x) n f(z)/g(x) (echn g(zo) # 0) Tarxe

HENpEepRbIBHbI B TO4YKE Iy,

B wacTHOCTR, eciu pyHKmMA f(2) HempephiBHA B TOYKE Zg, TO QGYHKIMUA
a- f(z), roe a € R, Taxxe HenpepbiBHa, B TOYKE .

Teopema 6.6 (o HenpepoisHoCTV cnoxxuoi yrkumun). MycTe GyHrLNA
u(T) HenpepbiBHa B TOUKE Tg, a dyHruma f(u) HeNpepLiBHA B TOUKE Yy =
= u(xg). Torpaa cnoxman dynkuns f(u(zr)) Henpepuibha B TOUKE Tp.

HenpepbisHOCTL 3neMeHTapHbLIX hyHKUWA

Teopema 6.7. Bce npocTedwiue anementapreie dyHruuu (¢, £%, o®, log, z,
SINLE, COST, ArCSinE, 4rcCOST) HENpepLIBHbl B KAXAOH TOYKe CBonx obna--
CTER OnpeaeneHua,
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Hz 310l TeopeMbl, a TaKxe U3 OBYX TpeIbIOyIIMX CjaemyeT, YTo TAKKe
gelIpEPHIBHLL B KaxJo# ToYKe CBOMX obsacTeil onpenenesns Bee ¢hyHKIuM,
[OJTYHEKHBIE H3 NMPOCTERITNX ¢ NOMOILBK) KOHEYROTO YHCIA, apudmeTnyecknx
onepalMil ¥ onepauni KOMNO3HLNM.

CeoiticTea cdyHKLUWIA, HENPEPLIBHLIX HA OTpe3ke

Teopema 6.8 (Bonbuano—Kowm). Nycts dyukuus f(z) onpepeneqa u
HENpepbiBHA HA OTPeske [a;b] W NPUHUMAET HA €10 KOHUAX PA3HLIE 3HAKW.
Torga HailpeTca xota Gbl 0fHA Takaa Touka g € (e;8), 9o fzg) = 0.

Teopema 6.9 {0 npomexyTouHbix aHaqenuax). Nycre dyrHkuna  f(z)
onpenenena n HenpepbiBHa M3 orpeske [a;b]. Toraa ann moboro uucna
. 3aknionennoro mexay wucnammn fla) v f(b), HadgeTca Takam Touka
zo € [a;b], uto f(xe) = C.

Teopema 6.10 (1-a reopema Beltepwirpacca). MNycts ynkuuwa f(z) on-
PEAENEHa U HENPEPLIBHA Ha oTpeske [a;b]. Torna arta dyHkuma orpanuyena
Ha 3TOM OTpe3sKe.

Teopema 6.11 (2-5 reopema Beliepwtpacca). Nycte dynkuma f(z) on-
peaeneHa w HerpepbiBHa Ha otpeaxe [a;b]. Torna ata dyrkuma npuHumaer
Ha oTpeske [a;b] ceow naubonbime ¥ HaumeHbMe 3HAYEHWA, T.e, Cylue-
CTRYIOT TakWe TOMKM &1, X2 € [a; ], yto ana moboid Toukn x € [a; b] cnpa-
BEASINBLI HEPABEHCTERA

flz:) € f(z) < fl=2)-

6.5.1. 3anonuuTe Tabnuuny A byukumu f(z), Haltna nna kakmoro
npupammedna Az B TOUYKe Ig = 2 COOTBETCTBYIOUIEE TPHUPAIEHAE
Ay = f(z) — fl@o).
Ar|-1]-02|-01[-001]1]0,2[0,1]0,01
Ay
a) f(z) = 32 + ;

_[z—2 npuz <0,
6) f(:r:)_{ 1 nmpuz >
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6.5.2.

6.5.3.

278

Ha ocHopanun sanoneeHHOH Tabianbl COENATE NMPeOIONOxKe-
Hue 0 noeeneHnu QYHKLWM B TOUKE Tg = 2.
Q a)llpn Az = —l nmeem T = 39 + Az = 2 — 1 = 1, oTKyIa
Ay = f(z) - flzo) = () - f(2)=4-7=-3.

Adanornuro HaxomuM W gpyrue sxadeHnda Ay. B pesyabtare
nonyyaem Tabiy

Az |-1-02]|-01|-001}1}02{3,1]001
Ay | -3[-06|-03]|-00313{06:03]0,03

Kax punHO u3 aToft Tabmuub, MATBIM 3HAYEHUAM NPHDAIIEHUA AD-
TYMEHTA COOTBETCTBYIOT MaJible 3HAYEHHA NMPUpaIleHuA GYHKIHH,
MosToMy MOXKHO CAEAATH MPEANOIOMEHHE O HEMPEPBHIBHOCTH AH~
HOH ¢yuxumy B Touke Ty = 2. Pasymeercs, nomobHble HeCTPOTHe
pPaccyXIeHHA He MOTYT CHYXKHTb NOKA3aTe/IbCTBOM HENpephIBHO-
cTh (PYHKIAM B AanHOH Togke.

6) IIpon3pona BLIUMCIICHNA KAK B B MYHKTE a), nony4aeM tab-
JHLY

Az | —1]-02|—01]—001[1]0,2]0,1]0,01
By |-1] 02| 01| -001|T| 1] 1] 1

Hs tabanupl BUOHO, YTO MAJBE NPUPAINEHES (DYHKLHM COOTBET-
CTBYIOT MaJibIM NPHPALLEHHAM APTYMEHTA JIMIIb CJIEBA OT TOYKH
T¢ = 2; cnpasa xe oT 3Tol Touku (T.€. npr Ax > 0) Ay He yMeHb-
WmaeTcsa npy ymesbmeHnd Az. OTCIooa MOXHO NPEInooKHTh, UT0
o = 2 — TOYKA pazputBa gaHHOM dyHkuuy; npu oM f(z) Henpe-
PHIBHA, C71€B4& B 3TOH TOUKe.

Haliosn nna xaxnoro npupamennd Az ¢ydxumu f(z) B Touke

2y = —1 cOOTBETCTBYIOMEE NpHpamenue Ay, 3aN0IHHTL Tabauy
Ar|-05]-0,1]-0,00)105(01]0,01
Ay
Ha ocHOPaHMH 3anmofHeHHO# TAOMMIE cAERATE NpPeOIooKeHHE 4
noeeneHun GpYHKIUM B TOUKE T = —1.
2
z°~1 _
a) fa) =4 g1 "ML
1 opa ¢ = —1;
6) f(z) = 2.

3anonuuts Tabauny nna byHkuune f(2), Halos nia Kaxa0ro npe-
pameHua Azr aprymeHTa B TOuKe g = 1,5 COOTBETCTRYIOLIEE TIPH-
pamenne Ay.

Ar|-06(-031-01|-001|06(03]|0,1]0,01
Ay
3anonsue Tabnuiy, CAEMATH NPENNOJIOKEHHE O NoBeaeHUN QYyHK-
u#u b gasHol Ttouxe. IlocTpoutsh rpaduk GyHKIME M yXa3aTh HA




6.9.4.

6.5.5.

6.5.8,

HeM ToukH, coorpercTByomme Ar = 06, Axr =03, Ar =0,1u
Az = 0,01.
a) f(x) =|z - 11,5I;
6) f(:c) _ {iﬁ-‘—l,s npu r < 1,5,

2r—3 npunzzl5.
Monkayack onpeneneRHeM HeNPepLIBHOCTH (YHKIMH TOKA3ATh,
4T0 PYHKIMA ¥ = 2 HenpepbiPHA B NPOM3BO/IBHOMN ToUke T € R.
Q@ Mycte Az — npupamenne aprymenTa B Touke Tg. Haitaem co-
OTBETCTBYIOLIEE NpHpamesnne HyHKUMA:

Ay = f(zo + Az) — f(xo) = (T + Az)® — 25 =
= (x4 + 224 - Az + (Ax)?) — 25 = 230 - Az + (Ax)2.

Tenept, npumeHas Teopembl 0 Npenese CyMMbl U NPOMSBENEHHA
dbyuruu#t, nonyunm:

lim Ay = lim [22p-A Az)?] =

Ay Ay = Jfim, [P0~ Aw+ (AT

2
= lim 2z¢-Azx+ lim (A:z:)2 = 2zp- lim A:.c+( lim A:r) =0
Ar—0 Ar—0 Az—0 Az—0

Taxnm obpazom, J:.limo Ay =0, 4To 1 03HaYaeT (IO ONPENENEHUIo)
T—

HEeNpepPbIBHOCTL AaHHOR dpyHKUHY B TOUKe Zp € R. ®
Honrsyack onpeaenenneM, NOKa3aTh HENPEPHIBHOCTE (PYHKIRH
F{z) B kaxmoili Touke 15 € R

a) f(x) = ¢
6) f(z) ==z,
B) f(z) = 2%

r) f(z) = 42* ~ 5z + 2.
Hokasarhk, 4T0 QYHKLURA

Fla) = {1 npu z 2 0,
0 mpuz<0
HE ARMAeTCA HeNMpephBHOH B Touke T = (), HO HellpepLIBHA CIpaBa
B aroll Touke. [locTponte rpadux dbyukmun f(z).
(Q Haiinem ogrocToponsue mpenesie B Touke tg = 0. Cnepa ot
TOYKN T MMeeM f(z) = 0, noaTomy

z-HBn—O f(-?.?) = le]n—OD =0

AHanoruuHo,

:l:glg-ll-ﬂ f(&?) - IE{)I-IH) 1=1

Kpome Toro, f(zq) = f(0) = 1, otkyna caenyer, 4to

Jim f(e) # f(0) = lim f(=).
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6.5.7.

6.5.8,

6.5.9.

6.5.10.

6.5.11.

280

Puc. 77

9to 038auaeT, 4T B Touke ( He BLIMOJIHEHHI BCE YCJIOBHA HENpe-
poiBHOCTH yHKIUH, HO PYHKIEA f(£) HEMpepPLIBHA CTIPaBa B 3TON
TOYKE.

Ppaduk byukunn f(z) nzobpaxken Ha puc. 77. ®
Hoxazare, 4T0o QyEKUIAA
_Jz mprzxz g1,
f(:r:)_{2 nprz > 1

He ABJAETCA HENPEPHIBHOR B TOUKe Zg = 1, HO HENpEPbIBHA CJlePa
B aT0# Touke. [locrponte rpaduxk dbyuxknun f(x).
Hokazars, 9ro dysKUNA

_J-r—-3 mpmx < -2

fa) = { z2—4 nmpnz > -2
He APETCS HelPEPLIBHOR B TOYKE Tp = —2, HO HelpephLIBHAa CTpa-
Ba B aroit Touke. [locTponte rpadux ysxunm f(x).
Hoxazars, 410 Gynkmua y = [z] {(cm. 3apaqy 6.1.27) HenpepsiBHA
BO BCEX TOMKAX Tp # N € Z, a BO BCEX TOYKAX Ty = n € Z —
HeNpPEpPHIBHA CNPABA.
Hoxazare, vro byskuua y = {z} (cM. 3anaay 6.1.27) HenpeprtsHa
BO BCEX TOYKaX ¥y # R € Z, a BO Beex TOUKax g = n € & —
HenpepbiBHA CTpaBa.
HcenenopaTh Ha HEMPEPHIBHOCTE M NOCTPORTE padnk byHKIUN

T 0NpH I & —T,

i - r
flz) = sinE Opu — T < < 5
1 npzzx> 12"-

Haitty ckavok QyHKLUEN B TOYKAX CKA4KA.
Q Pyskmum y = z, y = sinz u y = 1 HenpepbIBHEI Ha Beedt uu-
ciopol npAMOlt, nosToMy HaHHAA BYHKIMA MOXKET HMETh pasphl-
BBl TOJIBKO B TOUKAX, 1€ MEHAETCA €€ AHAIMTHYECKOE BRIPAKEHRe,
T.€. B TOUKAX &) = —7 M &g = %
Hecrenyem GyEKIMIO HA HONPEPBIBHOCTD B 9THX TOYKAX, A
4ero HaloeM COOTBETCTBYIOWNE ONHOCTOPOKHNE IPENeNTLl H 3HAME-
HHA PYBKIMH.



B Touke x; = —T MMeeM:

S = o= 0, S = B eine =0,
f=m)=-m.

Takum obpazom, B 3TO# TOUKE

lim_ f(z)=f(-m)# lim _f(a),

T—F—T—

T. €. (pyHKUHA uMeeT paspbip 1-r0 pola U Henpepbisua cnepa. Cka-
4ok yrknun f(z) B TOuke Ty = —7 paBEH

Af(-my= lim f@)- lm fa)=n.
AHANOTHYHO, ONIA TOYKM 3 = % TIOJTYHHM:
lim f{zr)= lim sinz =sin L
z—+5 -0 _z—r-}—ﬂ - 2 -

:r—l:gl+0f(z) = z—lrl-IEn+01 =1

a 3xayveHue f (%) He onpeneniero. OTCIONa CNenyeT, YTo Ty = % —

TOYKA YCTPAHEMOrO PaspbiBa A0 ¢bydkuau f(z).

¥

1 iy ]
i 0 4 x
1 2
: e o] -1
! y=sinzx
:
L -

y=z
Puc. 78
I'paduk dyHEnME H200packeH Ha pHC. T8, ®

6.5.12. HccnenopaTh HA HENPEPHIBHOCTL M IOCTPOHTE rpaduk $yHKOMH
f(z). HaltTet ckadoK (bYHKIMH B TOUKAX PA3PHIBA.
2, ecrmx < -2,
a) fle) = { V4 -2, ecm —2g x < 2,
T—2, ecrmzx > 2;
2 +1, ecnmax <1,
6) f(x) = 2, eerm 1< z< 2,
dzr, ecnuz > 2.
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6.5.13.

Hcnonbays Toneko rpaduk dyukimu f(z) (puc. 79), yrasaTo ee

TOYKH Pa3pbiBa U ONPEaeuThs BX poa,.

TC\

al--a=
B

-

6.5.14.

6.5.15.

6.5.16.

6.5.17.
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1
P .| B

U PP
TN PR,
<]

F

YeTaHOBHTE XapakTep paspeiBa dyrkumu f(z) = %-’-it% B TOYKe

Puc. 79

Ig = 2.
(9 Haxomum:

2r+1 ] 2z+1
= —0, lim
240 T — 2

im —00
z=2-0 1 — 2 ?

TO eCTh (DYHKIMA B TOUKE Tg = 2 HE HMEET HU ONHOTO H3 OJHOCTO-
posHuX npenesios. OTCl00a CNeAyeT, YTO Tp = 2 — TOUKE PAIPHIBEE
2-ro poga. o

¥YcranopuTh XapakTep pa3pbipa QYHKINH B TOYKE To!

2_
a) f(z) = T35, 30 = —4;

6) f(z) = S"“" , To =0.

Hcenenopats HA HenmpepbIBHOCTL GYHEUMIO f(2} B TOUKE Zp:

a}f($)=ar0tg 31!1’0:1;

6) f(z) = —3—1, zo = 3.

Henonbaya cpolicTBa HenpepuiBHLIX HyHKIMHA, J0Ka3zaTh, 4TO
byakmma f(z) = 2* — 572 + 7 HenpepbiBHA HA IPOMEXKYTKe
{—o0; +0).

Q Pyuknum y = 22, y = 2° B ¥ = ¢ HeNpepLIBHLI HA IPOMEXYTKE
{—00; +00). CnenosarensHo, mannas GyHkuua f(r) Taroke Hempe-
pbiBHA B Kaskaofi Touke o € R Kak cyMMa HenpepbIBHbIX Gy KM

3

y = %, y = —5z’ (o2 QyHKOMA HenmpepblBHA, Tak KaK ABIAET-
€A NpOH3BEIeHHeM HenpepblBHLIX GyHkmuii y = -5 uy = 2%) u
y="T.



6.5.18.

6.5-19.

6.5.20.

6.5.21.

Hcnonbays ceoficTea HenpepblpHbIX <HYHELUME, OOKA3ATbH, YTO
¢byurmua f(z) senpepriBHA HAa NpOMeXYTKe (—o00; +00).

—dpS — L .
a) f(z) =4z —m+2,

6) f(z) —5x+4“’;}{

B) f(z) = sinbx — 3*~1;
r} f(z) = ¥z —2 + cos® 4z.

Haittu npenen, ucnonssya cpolicTRa HeNpPepLHIBHLIX ¢y HK I

. x4+ 81
llm—"“_Q_‘—‘—‘
z—3 a4 -4

(Q Jannas dbyHKUMA 3NeMEHTApPHAA, MOPTOMY OHA HENpephIBHA
#ia 06nacTH onpeneneHus, T. e. nNpu scex z # +2. CrnemoparensHo,
f(x) venpepoipHA H B TOYKE T = 3, OTKYIa

g°+8z-1 3¥+8-3-1 32

M1 - ¢-a 5ot d

HaliTn npenesvl, HCNOJIB3YA CBONCTBA HENPEPBIBHBIX hyHKIuH:

3 2
a) lim m»—g;_ 4z 5;

z—+1 r +x

6) lim Je+T,,

-21° + 3z
B) lmgz'\/:a:i +z -2
r) li_}l'ﬂ1 In(1 + cos{z — 1)).

Hecnenosats GyHEKIMIO Y = m Ha HENpPEepbIBHOCThL HA
orpeske [a; b], ecom
a) [a;8] = [-1;2];
6) [a;8] = [-5; 0];
B) [a; ] = [-3;4].
(Q Hanuaa bysKnMsA 37IeMEHTApHAR, MO3TOMY OHA HEMpEpPhIBHA
Ha 00MacTH ONpeneneHHA, T. €. NPH BCEX Z, He paeHbiX —2 u 3. B
TO9MEE %1 = —2 (YHKUNA TEPIHT PA3PhIB 2-r0 poda, TAK KAK

1 I

lim ———— = i  ————— = —c0.
B G -8 % B dE-3

B Touke r3 = 3 Takcke pa3peip 2-ro pofa, NOTOMY 4YTO
lim ° L = —00 lim ! = +o0
z=3-0 (z + 2)(z — 3} "ozodto(x+ 2z -3y
Orciopa cienyer, 4T0 DaHHAA (DYHKLIASA HENPEPHIBHA Ha OTpe3Ke
[-1;2] (rax kak z;,%2 & [—1;2]); na orpeske [—5;0] dyHkuusa He-
TIpEpPBIBHA BCIOOY, KPOME TOYKN — 2, B KOTOpOH TepnuT paspsiB 2-10
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6.5.22.

poma (z € [—5;0], z2 € [—5;0]); ua orpeske [-3; 4] dynxuua ume-
€T ZIEe TOYKH pa3pbiba 2-ro poma x; = —2, T2 = J, & B OCTaJIbHLIX
TOYKAX HenpepwiBHA (T1; %2 € [—3;4]). ®
Hccnepopats dyukunio f(z) Ha HeMpephIBYOCTL HA OTpeskax [(; 2];
[—3;1]; [4; 5], econ

1) f(z) = —11—1;
REA m=

3) f(z) = ££4;

4) f(z) = Va2 —z - 20.

HononuvrtensHne aagaqn

6.5.23.

6.5.24.

HokazaTh, 4To cienyomue GYHKIHMY HENPEPHIBHEL B KaKaoH To4-
ke croelt obnactu onpenenexns:

a) f(z)=tgx;
6) flx) = ctgz;
B) f(z) =

) f(z) = i jg

Hcc.nen,oaa'rb Ha HEMpPepLIRHOCTD (yHxnuio y = |signz|. Hocrpo-
uTh rpaduk 3Tol dyHKUIHN.

Bonee cnoxHuie 3apauw

6.5.25.

6.5.26.

6.5.27.

6.5.28.

284

Henonbaya onpenenenne, JOKAa3aTh HeNPePLIBHOCTL KA. {—00; +00)
cneayomnx GyHKLHi:

a) f(z) =sinz;
6) f(z) = cosz;
B) f(z) =€,

Hokasarb, uro dynxnua dupuxme (em. sagaqy 6.1.125) paapeista
B Kaokmolt Touke T € R

Hpupecty npuMep ABYX pasphIBHBEIX B TO4Ke Ty Gysxomit f(x)
u g(z), nnsa koropeix dhyukunsa h{c) Gyazer HenpepsiBHa B 3TO#
TOYKE:

a) h(z) = f(z) + 9(z);

6) h(z) = () - g(2).

Mpupectu npumep neyx ¢yuxkuptt f(r) u g(r), pazpLiBHLIX B Ka-
woolt Touke & € R, ana koropeix dbyuxkuus h(z) HenpepbhipHa Ha
ncell neficteHTenLHOH OcH:

a) h(z) = f(z) + g(z);

6) h(z) = £(z) - g(a).



5.5.29.

6.5.30.

6.5.31.

6.5.32,
6.5.33,

6.5.34.

6.5.35.

6.5.36.

6.5.37.

6.5.38.

6.5.39.

6.5.40.

6.5.41.

Hoxasarh, uTo byHrnua
1

sin=, ecommx F#0
Flz) = et #0,
0, ectmzx=0.
UMEET pPaspblB 2-T0 pofa B Touke 0.
Joxasarh, 9to byHKIMA
1

{:r -8in =, ecnu zx # 0,
fa) = z

0, ecrmz=0.
HENpEepHIBHA Ha {—00; +00).
Iycrs dyuxknus f(¢) u ¢g(x) HenpepsiBHLI CNpaBa (COOTBETCTBEH-
HO, C7I€Ba) B TOYKE To. J0Kazarh, 9ro yHKURK
a}) f(z) + g(z);
6) f(z) - g(z);
B) f(z)/9(z) (9(z0) # 0)
TaK#Ke HENPEPLIBHBI CIPaBa (COOTBETCTBEHHO, CNIEBA) B TOUKE Zp.
[IpupecTn npuMep (HYHKUHN, HENPEPLIBHOK M HeorpaHRH4eHHOH Ha
OAHHOM MHTEPBAJIE,
[pusectn npumep dyHKuan, 3aganuol Ha oTpeske [a; b] u Heorpa-
HUYeHHOW Ha HeM.
MpusecTn npuMep HeNpPEpLIBHON HA HEKOTOPOM MHONKECTBE (hYHK-
IMH, KOTOpadA MpuduMaer 3Hadedus ) 1 2, Mo He IPHHAMMAST IHA-
YeHua 1.
Hpupectn npuMmep ¢byHKUMH, HENpepbIBHON Ha KadKAOM W3 NPO-
mexkyTkoB [0;1) u [1;2], HO He ABAAOWENCA HENPEPLIBHOR Ha HX
obbenuuenun, T.e. Ha oTpeske [0; 2).
Hpueectu upumep dyuxuun f(xr), HenpepblpHOH HA HHTepBAJe
(a; b}, MaomecTBO 38aveHut koropoii:
a) HHTEepBAJT;
6) orpesok;
B) NOJTYHHTEPBAJL.
IIpueectn npaMep GbyHKUHKA, KOTOPAA OOCTHTAET HA JTAHHOM OT-
peske HAMOOMbIIEr) U HAMMEHbLIErO 3HAYEHHH M NPHHHAMAET BCe
NPOMEKYTOUHEIE 3HAYEHHA MEXKAY HEMH, O He ABJIACTCA Henpe-
PBIBHOH HA 3TOM OTpE3KE.
IMycrs byuxuua f(z) HenpepbiBHa B TOUKe Zg. Jlokasats, uro To-
roa dbyHkuua f(x) orpasuvena B HEKOTOPOH OKpecTHOCTH 3TOH
TOYKH.
Joxasarb, 4T0 BCAKHHA MHOrowieH TpeTbeff cTemeHH HMeeT 10
kpailHelt Mepe onuu AelCTBUTENBHBIN KOpEsDb.
Hoxaszarhb, 4ro ecnn dyuxuua f(T) HENpEpLIBHA HA JAHHOM PO~
MeXyTKe, TO ¥ (yHKURA |f(T)| TakKe HenpepHIBHA Ha 3TOM HpO-
MEXYTKE.
Ilpueectn npumep ¢yuxunn f(z), paspoiBHOH Ha oTpeske [g;b],
nma koropolt dbynkuns | f(x)| senpepripHa Ha 2TOM OTpe3Ke.
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KOHTPONBHARA PABOTA
Bapuanv 1

Hafimu npedeaw:

3, .2
s+ —3z+1 T :B+1—2.
L . B B 2 fr—2-1
. tgr—sinz . T+ 2\*°
3. ll—% z-sin‘zx 4 xl-l—)nalo(m—'3) ’

5. HMna nannoli byuxuun f(xr) Tpebyercsa:
a) Ha#TH TOYKH PA3DPLIBA;
6) saliTu ckav4ox GYHKUMH B KaXKOOH TO4Ke paspeiaa;
B) CHEJIATDL YEPTEXK.

0, T < -7
flz) =<siny, —wm<z<0
7, z 2z

Bapmaur 2

Hattmu npedeaw:

3
i z +8 2. i 3%“7—3.
L. zl—lrngzxs—;cz—&c—-i' i S Yy

ot — §i . .2 4z
3. lim BE—F0E, 4 Jim (3=5)".

I =00

5. Ona nanno#t Gyukumn f(z) tpebyercs:
a) HaliTH TOYKH PA3phIBa,;
6) Halttu ckavyok QyHKUHU B KaxIol TOYKE pasphLIBa;
B) CHENATh YepTex.

z+1, z <0
flmy=<(z+1)?, 0<zg?2
~-z+4, x>2
Bapuant 3
Hattmu npedenw:
im 222 =222+ —1 2. lim (z-v2%f -z +1).
1 al:l—>m1 - +3z-3 ”""’m( :
. tgx +sing : 2¢ = 5\"°
3 lig BEZERE. 1 m (3255)
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5. Ona papuott dyskumn f(z) rpebyerca:
a) HaHTH TOYKH DA3pLIBA;

6) HaliTH CKa40K (YHKLUMM B KAKOOH TOYKe paspbipa;
B) COEIATHL 4E€pTEeX.

-z, =<0
flz)=<2* 0<z<?
3, x> 2.

Bapwanr 4

Hadtmu npedeasi:

: 32242 __2 . bxd—224+4
1. lim )@ +2r]) $_2]. 2. lim 2 =& +4

T2 =+ —Tr' +x

. 2

3. lim —=Sitdz . (3224 1\™
20 vz +2 -2 4. xl-l—>]rc}o(3x —2) ‘

5. Ins naasolt byuxkumm f(z) rpebyercs:
a) HaliTH TOYKM pa3phiBa;
6) HattTH ckagoK PYHKUIMY B KaKIOH TOYKe pasphiBa,;
B) CHENATh YEPTEXK.

-2, T —%
f(z) = { 2sinz, —% <x$%
T
1, T > 5



masa 7. NPON3BOOHAA N EE NPUMEHEHME

W]

§1. NIPON3BOAHAA OYHKLINUA
Monatre npoussogHON

> Hyere dyukuma y = f(r) onpeneneta B HEKOTOPOH OKpPeCTHOCTH
toukH Tg. [Ipenen orxnowennsa nprpamenns Ay ¢yukumu B 3Tofk
TOUKE (eC/14 OH CYLWIECTBYET) K NPUPAMIEHNIC AT APTYMEeHTa, KOTIR
Az — 0, HasplBaeTea npou3poaHol Gyuknar f{z) B TOUKe 2q.

Obosnavenns: f'(zq) v 3 (2) nmn %%l unu flaezg-
Taxum obpasom,

; Ay L s flzo + Az) — f(zo)
F(@o) = hmo Az mlgo Az ’

> Boluucnenue npponseonHoOM HasmbaeTcAa duddepenyupoaanuem
dbyHKIHY,

Tabnuya nponssogHbIX

1. (¢)) =0, ¢ = const;
2. (z*) = a-z*7! (tze a € R); B wacTocTn, (VZ) = ﬁ?

3. (¢®) = a* -Ina, a > 0; B yactHOCTH, (€*)' = €%;

4. (log, )Y = Tina ¢ 0, @ # 1; B wacTaocTy, (Inz) = %,
5. (sinz)’ =cosx; 6. (cosz) = —sinaz;
' 1 ' 1
7. (tgz) = = st s’ 8. (ctgz) = “snla
r 1 L ]. .
9. (arcsing)’ = ; 10. (arccosz)’ = — ;
( ) T ( ) i
' 1 ' 1 .
11. {arctgz)’ = 1322 12. (arcctgz) = 1322
13. (sh ) =cha; 14. {chz)' = shuz;
15. (th )’ ; 16. (cthz)’ = ——4—.
(tha)' = h {cthx) iz
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OcHosHbie npasuna guipcdepeHynpoBaHua

Mycts ¢ — xoHcTaHTa, a 4(%) ¥ v(T) MMEIOT IPOM3BOOHLIE B HEKOTODOH
rouke £. Toroa dyakonu u{z) (), ¢ ulx), u(z)-v(z) n %E%}- {rme v(z) # 0)
TAKKe UMEIOT MPOU3BOIHbIE b ITOR TOYKE, NpHIEM

1. {(utv) =u £,

2. (u-v) = v'v + ', B wactaocTR, (Cu) =€ -U';

' ' ] ! !
3. (E) = 8PS UY p qacTHOCTH, (Q) =&
v U v T
Nycts Teneps bynxuma ¥ = p(z) UMEET NPOU3BOAHYIC B TOYKE Ty, a
Jyukuan y = f(u}) — B Touke up = @(xq). Torma cnoxkuas dbyuxnus

y = flw(z)) Takxke NMeeT NPOM3BGAKYIO B TOUKE g, IPUYEM

‘y'(ﬂ?o} = y'(ug) : U’(ﬂfo}-

FeomeTpUYECKUA CMLICA NPON3BOZHONA

Mycre dyukmma y = f{z} uMmeer npon3ponuyw B To4ke x¢. ToOraa cyme-
CTBYET KacarenbHad k rpaduky srolt dbyukuuu B Touxe My(2g; 40}, ypasue-
Hue KoTopoll uMeeT BUA,

¥ — o = f'(zo)(z — 20)-
IIpu atoM f'(x¢) = tg a, Toe & — yron naknora sTolt kacarensuol x ocu O
{puc. 80).

¥ y=f(=z)

KACAMEADHAA
HOPMAAD

Yo [---mm--mm-e

Puc. 80

= TMpsaMaa, npoxoadmaa Yepes TOYKY KACAHWA, MEPOEHIUKYJIAPHO
KacaTeJIbHON , HA3bIpaeTCA HOPMAABLI0 K KPHBOM H HMeeT ypaBHEeHHe

¥ —y - (£ — o)
—Yo=—5— (T —To)
f'(zo)
Ecan f'{zg) = 0 (T. e. KacaTenbHAaA FOPU3OHTANBHA), TO HOPMaJb BEPTH-
KaJIbHa M HMEeT YpPapHEHHe T = Ig.
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> [Iycte maHel Oee Nepecexawuyecd B TOYke Mg(zg, Yif) KpHBHe
y = fi(z) vy = fo{z), npudem obe QYHKIMA HMEIOT NPOM3BOINbIE
B TOUKe Zo. Torma yeaosm smexcdy STUMH KPushimu Ha3HIRAETCR
YEOJI MEXKIY KACATENbHLIMHA K HHM, IPOBEIEHHBIMM B TOYke M.

DTOT yron  MOXKREO HARTH U3 BOPMYJIBI

_ fl(ze) - filzo)
P =Ty Filz) fi(zo)’

Norapudprmuyeckan nponssonHan

[Ipy HaxoX OeHWH NPOWM3IBOAHBIX OT NOKA3ATE/ILEO-CTENeHHON (hyHKIMN
u{z)}?{*), a TakxkKe APYCUX rPOMOSAKUX BhIpAKEHRH, TOMYCKAIOMHUX JOrapud-
MHPOBAHRE (NPOM3BENEHNE, YACTHOS M M3BJIEYEHHE KOPHA), YIODHO NpHMe-
HATH JOrapu¢hMUYecKyI0 TPOH3BOIHYIO,

= Hozapudmunecxott npoussednod or bynxmmm y = f(z) naswsaer-
¢ NpOoUsBOAHAA OT JorapudMa sToH PyHKIME:
r

Iny) =<,
(Iny) ”

Hcnose3ya norapudyMu4ecKyw NPOM3BOIHYIO, HETDYIHO BHIBECTH ¢op-
MYJTY [JIA IpOM3BOMNON NoKa3aTesbHO-cTenennolt dbyukumn u(z)v{%):

(W'Y =u' v -lnu+u’t-v v

ApoussogHan HeasHOW byHKLUMN

IMycts dyukums y = y{x), obnagaomas Npor3BOIHONA B TOYKE T, 3a0aHa
HEABHO YDABHEHHEM
Flz,y) =0. (1.1)

Torna nponzeonryw y'(x) 3Tolt pyHKUMR MOXHO HaliTh, npoandiepeniin-
poeaB ypasHenwe (1.1) (npm 3ToM y cunTaeTca GyHKUHeH OT o) ¥ paspemasn
3aTeM MOJYYCHHOS YPABHEHHE OTHOCHTEIBHO Y.

ApoussogHuie BEICLUNX NOPARKOS

= Ipoussoanas f'(x) or dyHKuHM f(T) HA3LIBAETCA TAKIKE NPOU3-
sodnoll nepeozo nopadke. B cpo ovyepent npouspoaHaA OT PYHK-
uu f'{z) HasBBaETCA Npouseodnot emopozo nopadxa or HyHEURM
f(z) {mrm BrOpolt npoussonuoli) u obozHauaercs f(x).

AHAIOIMYHO ONPEneNAIOTCA NPoulsnines mpemovezo nopadxe (AR mpe-
moA npouseodnan), oboznavaeman [ (z) u . o
Hpoussonnas n-ro nopaka obosHagaerca f) (z).
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MpownseogHan yHKUMHA, 33[aHHLIX NAPAMETPUYHECKN

Nycts dysxuua y = f(x) onpemenena napamerpuyecKd pyHKUUAMH
r = z(t) u y = y(t). Torna ecin byuxuuu z(2) 1 y(t) HMEWT BPOU3BOIHbIE
5 TOUKe tp, npudeM x'(tp) # 0, a byskuua y = f(r) uMeer NPOHIBOIHYIO B
rouke Tg = £(lp), TO 3Ta NPOHIBOAHAA HAXOMMTCA o dopMyJie

i [
' _ yt(tﬂ) r &
Y (zg) = 2 (o) My, = R

Bropasa npoussoanan ¥ {z} naxomutca no gpopmyae

"ot
W T _It yt

"o
Yoe = (It)s
7.1.1, Hone3ysace onpenesienuem, Hal v Npou3roaHY0 GyHKuHK y= f(2):
1) y = 3a%
2) y =sincz.

Q 1) Mpupamum aprymenty ¢ npupamenue Az. Torma cooTpeT-
CTByIOee npupamenne Ay pyHxunu 6yner HMeTh BHA
Ay = f(z + Az) — f(z) = 3(x + Az)* - 32% =
= 3(2® 4 22Az + (Azx)? - 2%) = 3Az(2z + Ax).

Or1cioga HAXOAUM Npenes OTHOIIEHH —g—g B TO4Ke £ npu Az — ()

lim _&;y _ 3Az(2z + Az)

AzH0 AT T Ax0 Ar =3 ‘:};IED(%-%A;-) =322 = 6.

Takum obpasom, ' = (322)" = 6z.
2) Haltnem npupanieHne Ay ¢yHKIUH, COOTBETCTBY IOIIEE IPH-

pPameHu Ax apryMenTa, UCnofbsyd GOPMyJIY PAsHOCTH CUHYCOB:

A
Ay = sin(z + Az) — sinz = 2sin % . cos(.r + Tw)

Orcrona
i . 2sin4Z - cos(z + 42)
iIm — = hm =
Azo0 Ar Ax—0 Ax

Az

. sinSE Az
= lim x - lim cos(:r+ ———) = Ccoszt.
Az—0 (-—22) Az—0 2

B nociemseM paBeHCTBE MBI BOCTIOJNB3OBAJIUCH NMEPBbIM 3aMeva-
TeNILHBIM NPENIESIOM # HENpPEPHIBHOCTBI c0s8x. Taxum ofpaszom,
= (sinz)’ = cosz, @
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TTorvsyscs onpedenenuem, naftinu npoussodnse Pynwyutl:

7.1.2,

7.1.4.

7.1.6.

y=5z—2. 7.1.3. ¥y =z
¥ =/Z. 7.1.5. Y= %

Monesyace OCHOBHHMH npaBuaaMM Iudpepennnpobanus, Hafity
f{z), ecom:
__9 _rr+l,
1) flz) = Tz 5o+
2) f(z) = (2* —2)- (3tgz - 1).
Q 1) Mpeobpazyem GyHKLHIO K BUAY
flzy=9-272/%—5.5%,
Orciona, HCOOR3YA TAGIHIY BPOUIBOMHBIX, TOIYHHM
f’(x) — (g A 2:—2/3 —-5. 5x)i' — (9 . x—2/3)f _ (5 . 52)! —
_ 2 _3_
—q. 2,’3:__z:=.__’ 1 _ g ez —
9- (a3 — 5. (5%) 9(3);.:: 5-57In5
= —627%/3 57+ In5.
2} Bocrmoneayemea ¢opMmysiolt 41A NpOWIBOAHON NpousBene-
HUs:
fl@) = [(e* -~ n)Btge - 1)) =
=(z* —z)'(3tgz - 1} + (z* — z)(Btgz — 1)’ =
3

= (4z® - 1){(3tgz - 1 o). .
(12 - D(31gz -1 + (2 ~2) - ——
Hadtmu npouagodnsie yxeaannus gymnxyuil:
71.7. y==z°- %xz +2z —4. 718, y=axr+br+ec
7.1.9.  y=62" +42° é—x. 7.1.10. y= ¥z - 3.
. =_3.9 =_L1_ _2 .
TLIL y=va-3+4 5. 7.1.12. y Tt VT-z.
7.1.13. y=axyx+3sinl 7.1.14. y= 5-23+%ctg$.
7.1.15. y=tgz—cigz. 7.1.16. y=-10arctgz+7-e.
7.1.17. y=123log, . 7.1.18. y= (@ +a+ 1)z -x+1).
—l+e 7.1.20. =z= + 1) arcsin y.
1119, f) = 1te (Vo +1) y
7.1.21. u= ﬁ%l_':"i' 7.1.22, f(z)= ,’/Earccosx—b—‘;ﬁﬁ.
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Hattmu npoussodripo dannol dynnyuu e mouxe zy:

7.1.23.

7.1.25.
7.1.27.

7.1.28,

7.1.30.
7.1.32.

7.1.34.

7.1.36.
7.1.38,

7.1.40,

y =z arctgx, o = 0. 7.1.24, y=zl+2*-17% 20 = 1.

_lnz —_ I
= s Ip = €. 7.1.26. = %, =9
[} x 0 1.2 y 1 Iy 9

Ipumenas npasuno auddepeHunposanua cnomkHol dyHKIHY,
HaliTH BPOH3BOAHYIO BbYHKIHH Y

1) y = sin’z;

2) y = In(arctg 3z).

Q 1) Jannas GpyHKuMA ABAsETCA KOMIOSHIMeH MAPYX MMEIODIMX
npouspoanbie pyakmmit u = sinx u f{u) = u?. Tak xax v’ = cosz,
a f'{u) = 2u, To ¢ y4eToM npasuna sudpepeHIRpPOBAHNA CIIOKHON
PYHEIMH DOJIyYuM:

y'(z) = (W), = 2u-u' = 2sinT - cosT = sin 2z.

2) @yHruua ln(arctg 3z) — kommosnuua yaxuult uw=arctg 3z

u f(u) = Inu, oTkyna
1 1
") = {Inu), = = - ' = ———— - (arctg 3z)’.
y'(z) =(nu); = ~-u arctgaa (arctg 3z)

OyHKIHA arctg 3z, B CBOW OYepenp, ABJIAETCA KOMIO3uOHel NByxX
¢yuxnuit v = 3z ¥ g{v) = arctgv, NOSTOMY ONA HAXOKIECHHA €€
OPOH3ROOHOH HAM NPUOETCH €IIe PA3 MPUMEeHNTh npasuno nudde-
PEHUMPOBAHAA CNOKHON DyHKUNU:

, 1 3

W= ——— 3= .
142 " 1+ (3x)® 1+ 9x°

(arctg3z)’ = (arctgv), =

Orcroga OKOHIATEILHO
, 1 3

= ——— - (arctg 3z)’ = . ®
y arctg 3z (arctg 32) (1 + 92%) arctg 3z
Hattmu npouseodnue pynxyuil

¥ = ¢os 5. 7.1.29. y="7%"1
¥ = cos® z. 7.1.31. y=(x+ )09
y = tgz. 7.1.33. y = arcsin /7.
y = TI%E 7.1.35. y=Insinz.
y = eU8E, 7.1.37. y = arccos{e®).

— 21 Y
y = arctg? 1. 7.1.39. y=sin (2)
y= /(1-3z)% 7.1.41. y=arcsin, [1=Z,

1+=x
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7.1.42,
7.1.44,
7.1.46.

7.1.48.

7.1.50,

7.1.52.

7.1.54.

7.1.56.
7.1.58,
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y=1In, LT tEE 7.1.43. y=(1+tg?3z) e 5.

1—-tga”
y =In{z + V22 -1). 7.1.45. y=tg4x+%tg3 4:r:+—%tg5 4z,
y = z* - sin{cos z). 7.1.47. y=3% .23 — 52.

y = logg sin 4z 7.1.49. y=rcos %
1+ vz

= £I_-|-141:_+3L3 7.1.51. y=arctg(z—2)+ L2
y—-ln(I+2)( 3 Yy gl ) Az +5

r+4
y = sin* % +c034325. 7.1.53. y=eh’5z
¥ = _'Q:;_ 7.1.55. y = arccosy/z + v — 2.
T—¢
. 2 2
= arctg £+ 1 157, y=_SDZ cos’ &
¥ 8r—1 7.1.57. y ctgz:+1+tga:+1'

Henonwaya norapudMiuyecky o npoussoaHy o, HaltTH NPOU3BOIHEE
GyHEDM:

1) y= .'L'Sin x;

2)y= (2-12-vz+2

Ylx+1)2

Q 1) IlponorapugMupyem 06e qacTa pabeHcTsa ¥ = " 2, Torma
Iny = Ins5* %, 1.e. Iny = sinz - In 2. Teneps nponudpepenumpyem
HOCJIeOHEee PABEHCTEO, TIPH TOM B JIeBOH QaCTH MCIOMB3YEM NpoO-
H3BOOHYIO CAOKHON GyHKUMHM, 2 B npa}aoﬁ — NPOH3BOIHY IO TPOH3-

eenenus: (Iny) = (sinz -Inz), T.e. % = (sinz)' Inz + sinz{lnz)’

[ .
unn L =cosx-lnz+ %.

Orciona ' = y(cos;c ‘Inz + M) WJIH, YYHTbIBaAsd, 4TO §f =
— xsinx x
! 0 sinx
y' =z "’.(cos;c -Inz + —)
z

2) Henocpencreensoe augppepeHlHpOBAHAE NaHHOH mpodH
TIpABENO Gl K TPOMO3IKHM BbIMHCIJIEHHAM, 3aTO [[PUMEHEHME JIOTa-
prdMudecKol NPOM3BOAHON MO3BOIAET HaliTH oTBeT Be3 Tpyma:

(z -1+ 2"/
(x+1)*/3

Orciona, ucnonbsyda Qopmynel Aa AorapudMa NpoMIBEIeHNd,
YACTHONO M CTENSHU, NONYIUM:

Iny = In{x — 1)% + In{z + 2)"/? — In(z + 1)*/3,

Iny=In

T. €. 1 2
Iny =3In(z-1) + iln(:r +2)— Eln(a: +1).



Octanock npoauggpepeHIHpoBaTE 008 JacTH DOy YeHHOD paBeH-
CTBa:

(Iny) = [31n(;1: -+ %ln(:c+2) - %111(;,;_,. 1)]:

HJIH '

v _ 3 . 1 2
y -1 2x+2) 3(x+1)
orTKyna 3 1 2
y=y(x—1+ﬂx+®_3@+U)
T €.

y=($~n%&+2( 3 1 2 )

Hattmu npouszeodnme:

7.1.59,

7.1.81,

7.1.63.

7.1.65.

Vel \z-1 2@+2) 3@+
y = xz' 7-1-60- y = :I!l“z.
_ @+ D)z +3 7.1.62 @ =-2)-Y(=z-1)
Y= L—H—g—l 1,62, y= ' .
(x —3) (x +5)
= (tg )08 T, _ 1—:1:2 'COSGSB
y = (tgz) 7.1.64. y= 7= :

Hatitu npouspoanyio HeapHo 3afaHEol dyHKUMH ¥
2 + ¢ = sin(x — 2p).

(Q uddepenunpys obe 4aCTH yPABHEHHA M YIHTHIBAH, TTO §f —
ecTb QyHKOMA OT T (nosTOMY, Hanpumep, (y°), = 3y® - ¢}, nomy-

qHM:
3x% 4+ 3y? - ¢’ = cos(x — 2y)(1 — 2¢")

WJIH
32% + 3% -y’ = cos(z — 2y) — 2y’ - cos(z — 2y).

Orcwona Haxonum y':
3%y’ + 2y - cos(z — 2y) = cos(x — 2y) — 322
T \
¥ (3y° + 2cos(x — 2y)) = cos{z — 2y) — 3z%,

e . cos{z —2y) — 3z

v= 3y +2cos(x — 2y)’

Hottmu npouseodnyro Pynxyuu y, 30dennoll HeseHo!

7.1.66.

7.1.68.

o 2
eV — cos(z? + y?) = 0. 7.1.67. 22. + %7 =1
a

Z+y?=m¥47 7.1.69. =zsiny+ysinz=0.
x
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7.1.70.
7.1.71.
7.1.72.

2t =yt = z2y2.
e¥ = e — ry. Hailtu i’ B Touxe (0;1)}.
Hatitu npoussognyo ¢ (x) or cnenyomeH GbyHknyn, 3aganHoli na-
pPAMETPHYIECKH:
r=2cost, y=3sint.

Q TMpoussonpas dbynkuun y(x) Haxogutea no opmyne ¥ (z) =

!
_ i
=70 OTEYIa B HAllleM CJIy4ae

"z) = (3sint)’ _ 3cost _
VA= @costy T " Zsint

—1,5ctgt. ®

Ha@tmu i (z2) dan sadannwz napamempunecsu dynnyull y = y(r):

7.1.73.
7.1.75.

7.1.77.
7.1.78.
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r=t*+t,y=12+¢t+1. 7.1.74. x=t—sint,y=1—cost.
r=esint, y =efcost. T.1.76. z =sin’t, y = cos’t.
z =>5cht, y = 4sht.

1) Hanncarts ypaBHeHHA KacaTelbHON ¥ HODMAJIN K mapabone y? =
= 4z B Touke M(1;2).
2) Hafitu TouKH, B KOTOPHIX KaCATeNbHAs K TpaduKy runepbonn

y= % TIApaJIIesIkHA NpAMOH ¥ = —%af + 3.
3) Halitu yros, nog KOTOPBIM TEPECEKAIOTCA KPUBLIE

_8 2 .2 _
y=, u 2 ye =12,

(9 1) Haitnem y'(z) xax npouspoaryio HessHol dyuxumu: (y?) =
= (42)’, .e. 2yy’ =4, oTkyma y' = % 3naunr, y'(20) = ¥'(1) = 1.
OT1ciona nonydyaeM ypaBHEHME KacaTesIbHON B TOuke M
y—2=z-1, T.e. y=z+1.
Teneps Hafinem ypaBHEHHe HOPMAJIH:
y—-2=—-{z-1), 1T.e. y=-x+3
2} ¥rnosoil koadrpuunent nanHoli npamolt paben — l, NO3TOMY

4
NPOU3BOAHAR K Kpubolt B MCKOMOH TOUYKe g TaKxke paBHA —:11-:

¥ (o) = —%, T.e. — 3_315 - _‘_11,

oTkyna x? = 4, uau ¢ = +2.
3) Cuauana salifieM TOYKY epecedeHNs KPHBLIX, NJIA 9ero

2
HOICTABHMM Y = 8 wo BTOpOe ypapHEHHe: T2 — (% = 12, anu
¢ 64 _ 12, e t = z2. Pemas nmocfienHee ypabBHeHue, Hafioem

t



t = 16, otkyna ¢ = +4, y = +2. Taxum obpazom, umeem 2 TOUKM
nepecedeHds My (4;2) u Ma(—4;-2).

Hatinem yron | nepecedeHus KPHBBIX B To4Yke M), npensapu-
TeNbHO BRIYHCAHB ¥; (4) 7 y5(4) n3 ypaBrennlt y, = o r?—y2=12:

_8
16
(22 - 93 =12 = 20 -2 yh=0 =

8
Y = 3 = y{4) = ~-0,5;

o 4
= !J'E:a = 95(4)=§:2-

Tenepr oxoHYaTENBEHO HallZEM
oy = LW U@ 2+
| T+ @y @ 1-1
[ockonbky sHaMeHaTens NpobM 0OPATHIICHA B HOJb, TO 9TO O3HA-
HAeT, YTO (P = %

AHAROrHYHO HAXOAUM YIOJ (op = % BO BTOpOH TOUKE mepece-
YEHHA JAHHBIX KPUBLIX. ®

Haltmu ypoenenus xacameavnod v nopmaau & dannoli xpueott 8 movxe Iop:

7.1.79.
7.1.80.

7.1.81.

7.1.82,

7.1.83.

y=e&% x0=0.
y=sinz, 1o = %
B xaxolt TO4UKe KACATENTbHAA K KPUBOH ¥ = In 2 napayienssa npa-
MO
a) y = 2r + 5;
6) y =2+ 37
HaliTu yriel, non KOTOPBIMM MepeceKaloTcs KpHBbie 2 = 2r |
2.2
z° +y° =8.
Haiitn:
1} f*(x), rme f(z) =sin3z;
2) ¥, nna dyukuun y = y(z), sanansoil napameTpuyeckn z = 2,
y =,
Q 1) Haxomum nepsyio NpoM3BOaHY:
fi{z) = (sin 3z)" = 3 cos 3z.
OTcloaa TOMYyYUM BTOPYIO NDPOUIBOAHYIO —
f'(z) = (3cos3z) = —9sin 3z,
a 34TEM U HCKOMYI) TPEThIO:
f"'(z) = (-9sin3z)’ = —27cos3z.

2) Bocnonbayemca dopmynofi
! " i "
n _ T Y~ U Ty
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OTKYNA

y = () - ()" = () - (&%) 2t-6t—382.2

Tz {(t2)f]3

62 3
== 0

(21)° 8° 4t

Hatirmu npoussodnsie yxasannn nopadxos dax caedyprowur gynsyull:

7.1.84.
7.1.86.
7.1.88.
7.1.90.

y =tg3dz, y" =7
y=In%x, y" =7
y= e,y ¥ =2

=t y=40,y;, =7

AonoanmTensHbie 3agaun

7.1.85.
7.1.87.

7.1.89,
7.1.91.

y=—x-cosz, y' =?
y=x-Inx, " =7
y = In{1 + ), y™ =7

x = cost, y =sint, yi, =7

Hoavayacy onpedesenuens, nalimu npousgodnne caedipouus dynsyudll

7.1.92,

7.1.94,

y = —4.

y="5 -2t +7.

7.1.93.

7.1.95.

Hadimu f'(20) no onpedesenwo npoussodnodl:
f(z) =4z% -3z +8, z, = 1.7.1.97.

7.1.96.

Hafimu npouasoduse Pynxyuti:

7.1.98,
7.1.100,

7.1.102.

7.1.104.

7.1.105.

7.1.107.
7.1.109,

7.1.111.

7.1.113.
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= 13 2
y=2ctgz — 3sinz.

y = 19¥ — 8arcsinz.

7.1.99.

7.1.101.

7.1.103.

y = e,

- _3
Fh) = 5"
flz) =cos2z, o = 0.

y=10x3—%+3%.
y=arctgr +7-€”.

y = (2% — D){(z® + 1).

w(a} = 3arcsina — 4arccosa + 14/a.

f) = 2.
= (8) -
y={z+1)(z+2{(z+3).

flz) = gt

z°+4

¥ = V(2 + /2 - 2).

7.1.1086.

7.1.108,

7.1.110.

7.1.112,

7.1.114,

y = 3sin’z —lgz + 3cos’ z.

= Sz
y = (& - 1)(z? - 3)(2® - 5).



Hattrmu npouseofuyro dannott ynxyuu 6 movxe 2q9:

2
7.1.115. f(z) = #, zp = 1.

7.1.116. f(z) = 4z + 6z, 30 = 8.

7.1L.117. f(z)=z*+3sinz—nx, 20 =%

E.

7.1.118. f(z) =€**! (42— 5), 39 = In2.

Hailimu npouszeodnse dynxyull:
7.1.119. y = 102"+,

7.1.121. y =ch* %
7.1.123. y =cos*z —sin*z.

7.1.125. y = T+ cig 10z

7.1.127. z = In*sin 3.

7.1.129. y = a:c;ina:‘

7.1.131. y= g

7.1.183. y = zarcsinz + v1 — 2.

-tz _x-3

7.1.135. y=e £-3

7.1.137. y ==z 2%,

7.1.130. y = %m z=3

7.1.141. = .
y 2;;1 — i

— l1—cosz
7.1.143. y=In, {——1 Tcosa

7.1.120.

7.1.122,

7.1.124.

7.1.126.

7.1.128.

7.1.130.

7.1.132.

7.1.134.

7.1.136.

7.1.138.

7.1.140.

7.1.142,

7.1.144,

7.1.145. f(z) = 3@ +arct.g%.

¥y = tgdz.

y = In(5z° — x).

y = VA -7z

y = (sin 3z — cos 3z)?.

f(h) = arctg V.
- _Ssing
Y=1+ tgz’
y = sh(In(tg 22)).
— 3sina 2x+4sin 21:’
y = arcsin /1 — x2.

y = 5(1/1085 7)

y = In(e?® + 1) — 2arctge®.

_ tg3x + Incos® 3z
__ arctgr I
fe) ="~y

7.1.146. y = Marcsin 231 - (32— 19)V3 -2z —2*

2
7.1.147. y= D@ +2)

2

2—z
2 +4(:?:2+2)

1 fi
— 1 .
472 arctg 7-2
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Haftmu npouzsofnnie gynxyud, ucnoisays aozapudmurecsyro npouseotnye:

7.1.148. y = garetez, 7.1.149. y = (22 + 1)V=,
T 4 3
1,150, y= "371_L‘ g4 71151, y= 71@—
7-1.130. 57 ~ 1 Y= +4° V26
71152, y=3".25. V¥ + 1. 7.1.153. f(t) = tmr,

Hatimu npouseotnyne dymxyuu i, sadannodl neseno:
7.1.154. Z+ /F = V5. 7.1.185. 2% +3y% —day + 10 =0.

7.1.156. arcsin% =ylnz. 7.1.157. arctgy = z’y.

7.1.168. zv¥.-y* =1.
7.1.159. z2 + y? = 4. Hafttu ¢’ B Touke (—v2;v2).

Hatimu y'(x) das sadannuz napamempunecku dymnyudl y = y(z):

7.1.160. z =13, y = 3t. 7.1.161. = =cos®t, y = sin®¢.
— 3
7.1.162. x = tit—l, y= ——t—l 7.1.163. = =1t —arctgt, y = % + 1.

Huttmu yposnenun xacameavnott u vopmaau & dannot xpusolf 6 darnolt mon-
xe:

b}

7.1.164, y =2 15 = -2

7.1.165. 22 +3° = 4, Mp = (1;V3).

7.1.166. y = 21 — x° B TOUKaxX nepeceveHns ¢ ocew OF.
71167, z=t2, y=1t3, 4, = 2.

7.1.168. B kakoif Touke KacaTesbHas K napabose —x° + 4r — 6 HaKJIOHEHA
K OcH abCLHCC TOI YIJIOM

a) 0°;
6) 45°7

Haflmu yzon mexedy xpusvismu:

7.1.169. y =24+ 32> +2rx uy = -5z - 5.

7.1.170. y=singuy=cosz, 0L

Hadtmu npoudeodinie yxa3awnue nopadxes das caedypowus Pynxyuil:

7.1.171. y =Incosz, "' =7 7.1.172. y =sin’zx, y" =7

7.1.173. y=5%y" =7 70074 y= Loy =2
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7.1.175.

7.1.177.
7.1.179.

flz) = ze®, fi"(x) =2 7.1.176. r(p) = cosy, rV)(p) =7
y=Inz, ym =7 7.1.178. z=cos’t, y=sin®¢, y/, =7

— a3t — BBt LM
r=e¢e !y_e ?ya:z_?

Bonee CNOXHLIE 3aQa4M

7.1.180. Joxasars, 4T0:

7.1.181.

7.1.182,

7.1.183*,

7.1.184.

7.1.185,

7.1.186.

1) npousronHana yeTHOH dYHKINM — HedeTHAs GYHKLES;

2) npou3sonHaa HedeTHOH dyHKUMH — yeTHAn dyHKUEA.

Nycte Gyuxoma f(z) — nepuomuyeckasn ¢ nepuogoM T'. Hokasats,
910 f'(x) (ecau oHa cymecTByeT) Taxxke mepHoguYeckas GyHKUAA
¢ nepnonom T,

Hokazare, 4T0 dyHKUMA ¥ = |¢| He nmeeT npom3soaHOl B TOYKE
Tg = 0.

Hoctponts npuMep GyHKUMM, HENPEPHIBHOH Ha Beefi reficTBUTEND-
HOH npAMol N MMelolTet! NPOU3IBONHYIO BCIOAY, KpoMe Todek 1 u 2.

e e ——————————————_—

T~ = /
V Ta Tz T4

Puc. 81

23
-
2]

Hexons us rpaduka dynkuun (puc. 81), ykasaTs TOYKH, B KOTO-
PBIX (PYHKLHUA He HMeeT NPOM3BOLHON HIIK DA3DbIBHA.
Hduddepenunpya JaHHBIE TPHIOHOMETPHYECKHE TOXKIECTBA HOMY-
YHTL COOTBETCTBEHHG HOpMyABl AnaA cos2r, cosdz u cos(z + a),
a = const:

1) sin 2z = 28inz cos;

2) sin 3z = 3 cos® zsin z — sin® z;

3) sin{z + a} = sinzcosa + coszsina.

JokasaTh, 4T0:

1) (a*)" = ¢®In" q;

2) (sin z)'™ = sin(a: + %);

3) (cosz)i™ = cos(:r + g—”)
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7.1.187. Hokaszats wacTHsil cnyualt (npu n = 2) dopmynn JlefiGunua png
BTOpO# NpousBOgHON NpOU3BeneHus: ecu u{xr) 1 v(2) MMEOT Bro-
phle NPOH3BOAMbIE, TO

(wv)” = u''v + 2u'v +w”.

7.1.188. Bepuo qm, 4t0 ecnu yukunsa f{r) UMeeT NpoOUsBOAHYIO B TOYKe
Tg, a hyukuua g{xr) — He mmeer, To yuruma f{z)g{z) Takxke He
HMEET MPOMIBOIHOH B TOUKE Tg 7

§2. ANODEPEHLMAN
Monatve guddepernuynana

= Hycre dyrkunus y = f{z) onpeneneHa B HEKOTOPOH OXPecTHOCTH
TOYKH Tp. TOrOa eC/iH CYIHECTBYET TaKoe IHMcne A, 94To npupaie-
Hure Ay sToit (G YHKINK B TOYKE Tg, COOTBETCTBYIOLIEE NPRPAILEHHIO
AT apryMeHTa, HPENCTABAMO B BALE:

Ay = A Az +a(A7) - Az, (2.1)

roe Alimooz(A:c) =0, 1o ¢pyuxkuua f(z) HasuiBaeTca Fuddepeniu-
T}

pyemott 8 mouxe To. [Ipu 310M raBHas, MUHEHHAA OTHOCHTEILHO

Az, 9aCTE 3TOr0 npupameHud, T.e. A- Az, nHasspaerca Juddepen-

yuasoM Pynryuy B TOUKe Tg u obosHavaercd dy wnu df (zq).

Herpynro nokasare (nonoxue y = z B dopmyne (2.1)}, uro dz = Az,

Oyuxuma f(z) auddepenuupyemMa B TOUKe Tog TOTIA U TOJLKO TOTOA,
KOra B 5TOH TOUKE CYMECTBYeT KOHeuHAasd npowasonHasa f'(rp); npm sToM
A = f'(zo). Hosromy df (x5} = f'(x0) dx, unm, ecnu f'(x) cymecrryer nHa
ZaHHOM mHTepBane (a;b), To

dy = f'(x)dz, =z € (a;b).

Orcona f'(z) = %, T. €. nponsBoaHas ¢pyaxuun y = f(z) B TOYKe & paBHa
OTHOIIEHHIO Audrpepenumana aToll GpyHKIMH B nanHOH Touke K auddepen-
IMAJY HE3ABHCHMOI nepemMeHHON.

Ecnu upupamenne Az apryMeHTa T GIA3KO K HYJIO (T. €. JIOCTATOYHO Ma-

N0}, To npupamenne Ay ¢yaxumn npubmMDKeHHO pasHO ee nudgrdepenumany,
T.¢. Ay = dy, oTKYHa

f(zo+ Az) = f(x0) + f'(z0)Az.
df (zg)

Hocneausaa dopmyna ygobHa And NpubickeHHOTO BRIYMACIEHUA IHAYEHHA
dyuxumu f(x) B TOUKe To + Az NO MIBECTHOMY 3HAYEHMIO 3TOH DYHKUMH H
€é NpPOU3BUAHON B TOUKE Ip.
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[eOMeTPUHECKUIA CMbICN » ceOcTBa Audceperymana

Teomerpruecku {pnc. 82) npupamenne Ay dyukuun f(r) B TOuke 2 —
eCTH MPHPAHIEHNE ODOMHATEL TO4YKH Ha Kpueol (Ay = AC), a nnddpepenuu-
an dy dyHKUEM B 9TOl TOYKe — IPHPALICHHE OPAHHATH COOTBETCTBYIOIEH
TOYKH Ha KacaTenbnodi (dy = AB).

Puc. 82

IIycts u{z) u v{z) — Hekoropuie ¢pyukunn, anddepeHuMpyeMble B TOY-
ke r. Torna:

1. dC = 0, rne € — xoHCTAHTA.

2. d{au) = ¢ - du, roe a — KOHCTAHTA.

3. d{u + v} = du % dv.

4. d{u - v) = udv + vdu.

5. d(%) = H@j‘%@, rae v(x) # 0.

6. Husapuanmnocme dopmu duddepenyuaasa. Ecrm y = flu{z)) —
CJIOXKHAS (DYHKIIHSA, TO
df(u) = f'(u)du, wm dy=y, - du,
T.€. hopma mudrpepeHipana ne Mensercs (MHBAPUAHTHA) HE3ABHCHMO OT TO-
IO, PACCMATPURAETCH ¥ KaK (GHYHKIMA He3aBUCUMON nepemeHHON T Wik 3aBH-
cuMoll nepemeHHON Uu.

Ouddeperymans! Beiciunx nopagkos

Nyers Gynxuna y = f(z) amddepenunpyema va wurepsane (a,bd). To-
Tha, KAK W3BECTHO, B KAXA0H TOUKe STOro MHTEpRasa onpenencH auddepen-
usan dy = f'(z)dr dyuxuwm f{z), HaspiBaeMblt Takxe Juddeperyuasom
nepeozo nopadke (wiun nepeev gudrbepeHunanom).

= Huddepenyuanosm smopozo nopaidxe (nan sropuivm auddepenuma-
noM) ot dyuxuny ¥ = f{z) B Touke T € {@,b) HaswBaeTca nud-
depennuan or guddeperunana nepeoro nopaaka qGyskimn f(2)
B 2TOM TOYKe.
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Jndrdepenuman sroporo nopanka oboanagaerca d2y wn d° f(z). Takmy
obpaszom, d?y = d{dy). Yuawreibas, yro dy = f'(x) dT, rne dr — He 3aBuCcAmag
OT T KOHCTAHTA, MOJTYIHAM

d®y = f"(z){dz)?, nnu, Gonee xpatko, d*y = f"(z)dz>.

AHamoru4Ho onpenenaoTca audupeperunasl TpeThero i H0s1ee BHICOKHX No-
panxon: d3y = d(d®y), d'y = d(d®y), ... B obmem cayuae, Juddepernyuaiom
n-zo nopadee or dyukunu f{z) B ToUKe ¥ HaswBaerca nudpepeHuMAN o
nuddepentmana (n — 1)-ro nopanxa byukuuu f(z) B atolt Touke:

dy = d(d""y),
re d*y = f"{z)(dz)", wm, Goaee xkpatko, d*y = f™(z)dz™. Orcronma
CIIEIyeT, 4TO

2
f(n) (z) = %, B 4aCTHOCTH f”(IE') — g_:;g‘

3amerum, 910 oA gudpdepeHHANOB BHICIONX OPAOKOB CBOHCTBO UHBa-
PHAHTHOCTH (KaK WA 1ngpepeHLAaNoB NepBoro NOPsaKa) He HMEET MeCTa.

7.2.1. Hatttu anddepenunan dyuxmam
3
=e* .

Q Tax KaK dy = y'dz, TO B maHHOM cayyae dy = (e"’s)'d:z =

= 3z? - e% dz. ®
Haitmu duddepenyuan dynxyuu:
7.2.2.  y = arctg/z. 7.23. y={(z®-=2)tgx.
7.2.4. =z’lnzx. 2.5, =x=2

7.2.6.  Haittu npupamenne u Juddepeniman byskuun y =22 -3z +18
TOUKe To = 2, ecrm Ar = 0,1,
(Q Cuauana maltnem npupamenue Ay B ofiem BrIe:
Ay =ylz + Ax) —y(z) =
=[(z+Ax)? -3z +Ax)+1] - (2* -3z +1) =
=2+ 2xAxr + (Ar)® -3z -83Ax+1 -2+ 3 - 1=
= 2rAz — 3Ax + (Ax)? = (2z - 3)Az + (Ax)%.
s nonyueHHOro BRipasKeHHUA O nNpupamieHns Ay BHIHO, YTO €ro
NUHelHAR YACTH B MPOM3IBOJILHON TOuke T pasHAa (2x9 — 3}Az.
Torna no onpenenenuws auddepeduran nauHo# dyuxunn Gyner
papen dy = (2r — 3)Az, uan, p Goslee NPHBRIYHOK 3amucH, dy =
= (2z — 3)dz.
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Bropoe ciiaraeMoe b MOJy4eHHOH 3aIMCE 1A Ay, T.e. (Ax)?,
eCTh HeCKOHEYHO Maias BONee BHICOKOrG NOPAIKA, YeM MEPBOL Cla-
ragMoe.

3amernM, 4T0 MOXHO HaltTu dy B cpasy (Ge3 BeruncyeHusa Ay)
no dopmysie dy = y'dr, otkyna dy={(1?-3x+1)dr=(2z—3)dz.

Teneps Haitnem Ay u dy B Touke 2o = 2, ecin Ax = 0,1:

Ay=(2-2-3)-0,1+(0,1)2=0,1+0,01 =0,11, dy=01 @

Hatimu npupawenue u duddepenyuan dynxyuu ¥ = y(z) e obuem sude, a
MOXACce 8 MONKE To, CCAU UIGECTHIHO AT:

7.2.7. y =134+ 2z, 79 = 1, Az = 0,01.
7.2.8. y=z*4+z2-515=0, Az =05
7.2.9, Brruncants npubaikeHHO:

1) In1,02;

2) v24.

(9 1) Bocnonpayemes npubmokeruodt dopmymnolt
flzo + Ax) = f(z0) + f'(70)Az.

Toroa, noncrasass f{z) = Inz, nonyunm
In{zg + Az) = Inxy + L. Azx.
To
Honaras 3nece 7y = 1, Ar = 0,02 Halnem
In1,02 = ln1+ 0,02 = 0,02.

Takum ofipazoM, In 1,02 == (0,02,

2) Yunremag, uto f{r) = /1, 3¢ = 25, Ar = —1, noay4amM
Vao+Ar s Y10+ —— - Ar, Te
‘/_
VU VB 4+ —=(-1)
‘/_
OxkonuarensHo 24 =2 4,9, ®

Bunvucaume npubauncenno:

7.2.10. /26. 7.2.11.  tg44°.

7.2.12.  (1,02)°.
7.2.13. Hafitn dy, d*y n &y ana dyuxman y = V7.
(9 Nocxonpxy
dr

3¢z?

dy =y'de = (Yz)de = %m“”"’d:: =
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TO

2, 1 2
dy = d(dy) = (3\/_) (;y) @ =
2 2da?
— (=2 g — 2, 5/33.3 _
3(‘E Ve =g s = o
Orcoga

2 dz? 2, a3y
dy = d(dy) =d(‘§ﬁ) = -2y ao? =

_ I_DI—a/sd:Bs - 10dz® -
27 o722 ¥

To xe camoe MO)KHO OBLIC HAlTH HHAYE, NPEeIBAPHUTENILHO OTLICKAS

NpoOM3BOOELIE I, ¥ 1 y”’, 4 2aTeM BOCNIONL30BATECA GOpMYIaME

dzy . y”d:r:2 d3y y'”d:z;
Hatimu dy v d*y:
7.2.14. y={(z? +1) 7.2.16. y= sin? z.

AononnurensHeie 3apaqu

Hafimu dufdepenyuarn dynnyuts:

7.2.16, y=2°%°, 7.2.17. y=In’sinz.
7.2.18. f(z)=Vz® -1 7.2.19. S(t) = tJ—&l

Hottmu npupawenue u duddepenyuan Pynxyuu y e obujem sude, ¢ maxxuce
& mouxe To, eCAu uzgecmuo Ax:

7.2.20. y=4r2+1,z0=1, Az =0,02.
7.2.21. y=|z|, zo =10, Az = —-0,1.

Bovuecaums npubauscenno:

7.2.22. 8in20°. 7.2.23. arctgl,05.
7.2.24. (0,99)%

Haetimu dy u d?y:

7.2.25. _T_ % 7.2.26. y=rzr(lnz-1).

7.2.27. Haittu dy, d’y u d°y, rne y = z".
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ponee CROXHbIE 3afA4K

7.

7.

7.

7.

8

2.28. Hcnonpsya muddepenunarn, N0kasaTh NpHOIIDKeHHYK GopMyny

l+a)*=1+n-a
2.29. Hcnosnsays onpenenenve, JOKaz3aTh, 410 GyHxuua y = |z| He aBas-

erca quddepenumpyemolt B Touke 1y = 0.
2.30. BblqﬂanTb ApHOIIHKEHHO:

1) /&L npum=104

2) ¢ 20

2.31. [Ilokazate, uto ecoin y = f(u(z)), To &’y # y!'du?, . e. croficTRO
MHBAPHAHTHOCTH I/1A O pepeHLRAIOB BTOPOrO NOPAIKa He Bbi-

NOMHASTCH.

3. TEOPEMbI O CPEAHEM. NPABUNA NTONUTANA.
®OPMYSbI TENNOPA

Teopemsl 0 cpegHem

Teopema 7.1 (Pannsa). Nycrs dyvkuuwa f(z) wenpepoieHa Ha oTpeake
[a; ], nnddpepeHumnpyema Ha nnTepeane (a:b) U NPUHUMAET H3 KOHUAX OT-
peaka pasHbie 3Havenus (1. e. f(a} = f(b)). Torna cywecteyer no kpaiiHes
Mepe OHa TOYKa ¢ Ha wHTepeane (a;d), ans wkoropo# f'(c) =0

Teopema 7.2 (Narpanxa). MNycre dbyHkums f(x) HenpeprieHa Ha OTpeake
[a; 8] u auddeperumpyema Ha uvTepsane (a; b). Torna Ha wHTepsane (a;b)
HaWDeTCA Takan TOYKA ¢, 4TO

fb) = f(a) = f'(e)(b - a).

Teopema 7.3 (Kowm). Nycte dyHkuvn f{z) n g(r) HenpepeiBtbl Ha oT-
peske [a; 8] n audrbepenuyupyembr Ha nHTepsane (a; b}, npuiem ¢'(x) # 0
ana seex 2 € (@;b). Torna HARAETCA TaKan TOYKA ¢ H3 3TOM MHTepBane,

o 1) - fla) _ 1)
g(b) —gla)  g'(c)

20"
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Mpasuna Nonurana

Ilepeoe npasuao Jonumans. Ilycrs dyuxknum f(r) u g{z} muddepen-
mMpyeMsl B HeKoTopofi okpecTHOCTH U(zg) TOYKM Zg, KpoMe, GRITH MOXer,
camolt aTol ToukM, u ¢'(2) # 0 nns seex x € U(zg),  # 1. Toraa ecom
lim f(z) = lim g{z} = 0 {p aTOM cAy4ae rOBOPAT, YTO B TOHUKE Tg MMeey
I=+TIy IT—+Tn ,

MECTO HeONPENeJIeHHOCTL BUOA %) H CYIIECTBYeT llm (3), TO CYHIIECTBYeT
H le '; L , PHYEM
T I i)
i 1@ _ o 1@

= lim .
zoze g{T)})  z-we g"(x]

Bmopoe npasuae Jlonumaas. llycte dyuxupa f(z) 1 g{r) auddepen-
UMpYeME! B HeKOTOPOI okpectHocTH U{Zo) TOYKM Zo, KpoMe, GBITH MOMKET,
camolt aTolt Touxm, u g'(z) # 0 mna Yz € Uzg), v # zo. Torna ecom
:l_1+11¢1 flz) = lim g(:c) = 00 {T.€. B TOUXe Ty UMEET MECTO HEOHPEeTeNeHHOCTh

!
BHIA —) H CYIIeCTBYET 11m ; (:r:)‘ TO cyllecTBYeT H lim ﬂ(%, npH4eM

&T—exp
@ f@
2 g(z) s §a)
Ee f()
JTM OTHOLIEHHE 7@ B CBOX0 OYepens NpeicTaBadeT codolt Heonmpene-

JIEHHOCTE BRI % J 1AL %, TO NpaBHJIO Jlonutans (l'lpH YC/AOBHH BBIIIOJTHEHHNA

COOTBETCTBYIOLMX Oorpannvenutt va dbyuxunan f'(z) u ¢'(r)) MOXKHO npuMe-
HATbL Bropoli paz ¥ T. 4.

®opmyna Teidnopa

=1 ITycre $pyakuua f{z) umMeer B HEKOTOPOH OKPECTHOCTH TOYKH Ty
npoussonueie £, f*,..., f®. Torma nna moboli TO4KR T K3 ITOM
OKPECTHOCTH HMEET MECTO PABEHCTBO

f(:l?)——‘ (Io)-l—f!( 0)(I—$0)+i:g;:—o)(x"-zg)2+...

{z — z0)” + o{(x — 20)") npn = > 2.
Bra dopmyna HaswBaerca dopsmyaott Tellaopa ¢ ocmamounnis
yaenom & dopme Heano.

Hocnennee cnaraemoe (1. €. ocratounbll unen) s dhopmyne Teitnopa uHo-
{n+1) p
TOA 3ANHCHIBAIOT B BHAE 1) (z—z0)"™*! (B 3TOM CITy9ae HAIO JOMOTHU-
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TeJIbHO MPERNOaraTh cymecreopanue f("+L(z) B nanusoh oxpecTHoCTH TOU-
g Zg). CooTBeTcTBYIOmAan (GOpMYa TOLRA HA3LIBaeTCA gopmyactt Tetlropa
¢ OCMATRONHYM wAeHoM o dopme JTazpownca.
B cayuae zp = 0 popmysa Teitnopa NpHHEMaeT BHI
() 7™ (0)

f(x)=f(0)+—'1§|%+_mz+...+

o1 .y " +o{z”), -0

i HaswiBaeTca gopmyact Maxaopena.

Tonesno nomHuTE paamoxeHnsa no dopmyne MakiopeHa HEKOTOPBIX
paskHelmux aneMeHTapHbIX GdyHKmi:

2 n

e* = l+m+%+-~+%l—+o($“),
sing =1 — :;—T + 5"'5_? U % ¥ o(z?"+?),
cosz =1~ §+z—: +...+%+O(I2n+1)’
In(l1+z)=z- % + ﬂ;—s ot —(_1):1.£n + o(z™),
(l+r)*=14az+ a(a2!— 1 LR
+ LA -,r;l(a —n 1)):c“ + o{x™)
7.3.1.  Ilpoeepure, copasefnea au Teopema Poona nna dyaxuan f(r) =

= 22 — 27 na orpeske [—1; 3], HaliTi COOTBETCTBYIOIEE 3HAYCHHE C
(ecnn OHO CymecTBYeT).

(@ Pynxuusa HempepuiBHA Ha oTpesxe [—1;3] u arddepenuupye-
ma Ha uHTepBade (—1; 3). Kpome toro, f(—1) = f(3) = 3, nostomy
Teopema PoanA HA JAHHOM OTpesKe JUTA AaHHOR dYHKUMH chopa-
penyiupa. Hatlnem suaqenue ¢ € (—1;3), mna xoroporo f'(c) = 0,
u3 pasenctpa (x? — 2r)’ = 0, Te. 22 — 2 = 0, orxyma z = 1.
Hockonsky 1 € (-1;3), T0 ¢ = 1 — uckOMOe 3HAUEHHE. ®

IIposepums cnpasedauveocms meopemu Poasr dan dynnyuu f(5) na dannom
ompesxe, HalINU COOMOEMETNEYIOULEE FHEYERUE C (ECAU OHO CYWECMEYEm):

7.3.2.  f(x)=lz|-2,[-2;2). 7.3.3.  f(x)= -z +4z -3, [0;4].
7.34.  f(z) = cosz, [%%ﬂ . 735, f(z)= V2, [-1;1).

309



IIposepums cnpasedausocms meopemu Jlazpaunca das Pynwyuu f(r) wna
danrom ompeaxe, nalimu coomeememayouee IHadenlue ¢ (ecay ono cyue-
cmayem):

7.3.6.  f(z) =e*, [0;1).
7.37.  f(z)=

7.3.8.  f(z) =z - 1], [0;3].

Hatimu mouxy, e xomopoti xacameavuas x xpueost y = f(r) neparicavne
zopde, coedunaroued mowxu A u B wa amett xpusoti:

7.3.9. y=12%—4x, A(1;-3); B(5;5). CrenaTs NosCHAOMMUN PHCYHOK.
7.3.10. y =Inz, A(1;0); Ble;1).
7.3.11.  Hailtn npenenel, HCNOMB3YS MPABHTIO Jlonurans:
1) lim In sin 3z,
z—0 nx
2) lim —E—
r— L — sinz’

Q 1) Nockonwxy Insin 3z 1 In z cTpemaTes X GECKOHEYHOCTH NPH

r —+ 0, TO B QAHHOM CJIy4Yae HMEEM HeOIDeneNleHHOCTh BUAA %

1

Mpumenas npapuno Jonurans, nony4um

. Insin3z __ (lnsin3z) . 3z-coslz
lim ———— = lim ~—— = lim ——— =
x40 Inz =0 {(Inz) z=+0  sin3z
1 1
_331:11}1}300832: lm}J ey =3 i 803z = 1.
* z—0 T

B nocresHeM pPaBeHCTBe Mbi BOCHOOJb3OBAJIMCE IIEPBBIM 2aMeqa~
TeNbLHbIM NPEegcJIOM.

2) lim z® = lim(z — sinz) = 0, no3TOMy MMeEeM HeOnpeneseH-
0 2+

HOCTh BHJA . Bocnoab3yemcsa npapusoM Jlonurans:

NS

lim ————— = lim ————— = lim =
z—+0 ¢ —ginz -0 {z —sing) ¢-01--cosx
241
im0 8 g L

z=0 (1 —cosz)  z—0 sinz lim #22
z-30 E

z® . )y 3z? [9] _

B 370M npumepe npasuino JlonuTana npuMmenanoch apaxcab., @

Hattmmu npedeav:

7.3.12. hm-g—-Llﬂ 7.3.13. lim 102

g2 — 3z — 2 21— 1
7.3.14. lim &=L 7.3.15. lim T
=0 SllliE T—+o00 I
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. e z Inz
7.3.16. IHI_’T_IDOEE- 7.3.17. EE}; ctg2z’

7.3.18. Hafitu npenennr:
1) lim zlnz;
=040
: 1 1
2) l‘i‘i(m T z- 1)'
(2 1) 3recs nMeeT MECTO HeONPEaEeHHOCTE BHRa () - 00, KOTOPYIO

Mbl pacKpoeM, PeABapuTeNbHO CBEAA €€ K HeONPenesIeHHOCTH %;

a gajee sOCIWIb3VeMCH TPAaBAAOM Jlonurtana:

lim z-lnz= lim l—l}:ﬁ:[g.i]z
T—+0+0 z—0+0 (;) 00
' 1
= lim (ﬂl-—{?-—z lim ——(ll)—z— lim z=0.
T—=0+0 (%) z—=0+0 (_?) T—D+0

2) meem HeomipeneeHHOCTs 00 — co. CBeneM ee K Heoupene-
JIEHHOCTH %, npHeens JpobH K 00meMy 3HAMEHATENIO:

VS S B P
ssi\lnzg -1/ 251 (- 1lnz ~ L0

(z—1-Ingz) -1 [g]

e ((z-1nz) 251 Inz + =1

14/ 1
R Cul-) MR S ¥
=1 (lng+1-1) ==1140 2

Ilpasuno Jlonurans B 3T0M UpHMEpE NPUMEHANOCH Apaxasl. @

Hadtmu npedeav:

7.3.19, lim z2?.e-*. 7.3.20. lim(l— 1 )
2=too =0\ E sinr
7.3.21. : 1_ ] : 1 _ 1
B2 Jimeles -1 a2 It - )

7.3.23. Haiita npenens::
1) lim z*;
z.—}O 1
2) ln_ng} (cosz)=.
Q 1) B a1oM cny4ae nmeeM heonpenenennocts suna 0. Heon-
PeNesIEHHOCTH BTOTO, BHAA, TAKXKE KAK M HEONPeHEJIEHHOCTH BHIA
1%, 5, MOXKHO HAHTH, TPEABAPRTEILHO BLIYMCIIRB Openen OT Jo-
rapudma dyHKIHN.
Hrak, o6oznauum i = z*. Torna
limnyg = limln(z®) = limzlnz =0
x—0 z—0 z—0
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(sapava 7.3.18). Taxum 0bpa3om,
lnil_r:}}y = i%lny =,
OTKYdA ll&}]y =1, e ll_t)r(nJ:r =1.

2) Bmech HeonpenenekHoCTb BuAa 19°. O6o3naumB y = (cos )=,
HaligeM limU Iny:
=

. . 1 . In{cosz) 071

fimIny = Jim Infeon)? = fim === = [7] =
_ . (In{cosz))” _
=Ty AR =0

. . . . L
Otcona lnll_}moy = ll}_)l}]lny =0, Te, il_l’l}}y = l%(cosz)a =1 @

Hafimu npedeant, ucnoasaya npesuao Jonumans:

7.3.24.  lim z*¢7. 7.3.25. lim (cos2z)".
=0 20
k]
(1Y . lim zT=.
7.3.26. lL“.‘;.(a,-‘) , 7.3.27. lim T

7.3.28. Pasnoxuts muorounen P(z) = ' — 2% + 522 — 4z + 1 no crenenam
z — 1, nenonwsya dopmyny Telnopa.
Q Tak kak P™(z) = 0 upn n 2 5, TO B PasNOKEHUH QAHHODO
muorounena no opmyne Telinopa 6yoyT TOMBLKO CaraeMbie BHES

{k}
ngﬂl(l — zg), roe k £ 4. [osTomy

P”(l)

m(x D+l - 1)+

P(z)=P(1)+ 1
P’;!“) @1+ -y

Yuurnsag, aro P(1) =2, P'(1) =7, P"(1) = 16, P"(1) = 18,
PUV)(1) = 24, nosy4umM oxoruarTensHo

PO=2+Te-D+8z-172+3z-1P+@@-1). @

+

P(IV](I)
!

Pazaoocumo muozonaen P(z) no cmenenasm £ — g, ecau

7.3.29. P(z)=z>+42? - 62 -8, 20 = —-1.
7.3.30. P(z)=z° -3+ T2 +2,10 = 2.

7.3.31. 1) Paznoxurs no dopmyne Telinopa dyuxuuo f(z) = % B TO4YKE
o = 1;
2) Paznoxure no dopmyne Maxnopena dynrumio f(x) = arctge
a0 o(z3).
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Q@ 1) Cragana naltoem GopMysy AS N-TO YJEHA PAIJIOKEHWA.
Tax kak

Fy=-1, ") =2, 1) =-3, f7VN1) =4, ...,
FML) = (-)" -,

20 22 0y (1) (2 — 1) Orcioma

n!

N IR U | G VL

e+ (=D (z - oz - 1)), z — o,
2) Heofxonpmo TipercTaBATh Aakby0 GYHKUMIO B BHIE

arctgz = arctg(0) + a'mtf] ©, + arctégi (0) 24

arctg”(0) 5
7 +o(z’), z—0.

YuuThiBas, 9T0

arctg(0) =0, arctg'(0) =

1,

1+ 22 ==0=

-2z - 2(32% ~1)
—_— =0 tg ()= ——55
(125 lema MO8 ©) (t+2°)°
noay4uM Tpebyemoe passoxKeHHne:

3

arctge = £ — %- + ofz®). @

Pazroncums no gopmyae Tetiropa dynrywre f(z) 6 mouxe xy:

arctg" (0)=

x:U_

7332 f@e) =250 =log3 7333 f(z)= LI 5=,

Pazaoowcumv no gopmyae Maxaopena dynxyuwo f(x) do o{z*), ade
7.3.34. f(z)=e€*% k=4 7.3.35. f(z) = arcsinz, k= 3.

HononHuTtensHe aagayn

IIposepums, swnoanaemes auv meopema Poarn dan Pyrocyuu f(z) na dannom
ompesxe, Hatimy COOTMEETMCMEYPOULLE IRAYEHUE € {ECAU OHO Cywecmayem):

7.3.36. f(z)=2% [1;3]. 7.3.37. f(z) = 2° — 16z, [~4;4].
7.3.38. f(z)=sinl, [-%; %] 7.3.39. f(z) =z - [z], [-3;~1].
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ITposepums cnpasedausocms meopemu Jlazparowea dar dymryuu f(z) na
Jdarnnom ompesxe, Kalimu COOMACMOMOYIOUEE IHANEHUE ¢ (ECAU OHO Ciftije-
emayem}:

7.3.40. f(z) =x3, [-3;0]. 7.341. f(z)= ¥z, [-%1]
7.3.42. f(z) =Inz, [e;€e?].

Hattrmu monxy M, ¢ xomopotl xacameavnas x xpuaotl y = f(z) naparseavua
zopde AB, ecau:

7.3.43. y =7, A(1;1); B(4;2). CrenaTs noAcHAOWNN YepTEX.
7.3.44. y=—-2% +2, A(0;0); B(2;-2).

Hattmu npedeast, ucnoavays npasuso JJonumans:

10 i
im Eo =2z 41 7.3.46. lim —-SiLOL
(Sl - by v S 250 Va +1-1
. ez _ e_z R arctgz - I
7.3.47. :l:ll"f}) W. 7.3.48. il_% = .
3 T
coet =1 %8
7.3.49. }l_l"l"'l:' m 7.3.50. xl_}l'nz ln(:c — 2) .
. log,z . £ —x
7.3.51. xBToo 2T 7.3.52. xl—lenc}o 52° +2° - Tz + 3
. 1 .3.54. i -z .
7.3.53. zlgrgoa: -sin 2. 7.3.54 tl_lfl_l—,-l (t 2) tgt
. s 1 1
7.3.55. limzinctgz. 7.3.56. :ll%r( oS 7 — 23:)-
. 2 1 im{1_ 1
7.83.57. lim (ctg @ az‘)- 7.3.58. llg})(:c arctga:)
‘ 1
.3.59. 3 sinz_ . 2 a
7.3.59 ;L%(Ctg T) 7.3.60. ll_rﬂ)(—ﬂ: arccos a:)
7.3.61. lim (1 +2%)% im (sinz)?
.3.61. xgr;o( + 2%)=. 7.3.62. 113})(—3—)
7.3.63. lim(l —z)'"®. 7.3.864. lim (m —2z)c=".
=0 z 50

Pagaoscums mroeonwsen P(r) no cmenensm & — o, ecau

7.3.65. P(x)=z'—32+2-1,20= 2
Pasacacums no gopmyae Tetlaopa dynxyuwo f(x) ¢ mouxe zp:

7.3.67. f(x) =ze", zo = -1
7.3.68. f(r)=In(2z-1), 26 =1.
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Pazaoorcums ' no dopmyase Maxaopena Pynxywe f(z) do o(z*), 2de

7.3.69. f(z)=sin’zx, k=4

7.3.70. f(z)=chz k=35

7.3.71. Pasnoxure qysxouw f(z) = tgz no dopmyne Maknopena a0
o(z¥), k = 1,2,3 H NOCTPOUTE PA3HBIMH LIBETAMH B ONHOH cuCTeMe
KoopauHat rpadbuxu f(z) ¥ cooTBercTByIomuX MEorowiekon Tel-
nopa Py (z), P(z) u Py(z).

Bonee CNoXHbIe 3anaYn

7.3.72. TIlycts Gyskuua f(z) nenpepriska Ha oTpeske [a; b u f{a) = f(b).
Cnenyet nu 13 Toro, uto f(z) nuddepesunpyeMa He Bo BCex TOU-
kax uHTepBana (a;b) (T e. ycnoBua Teopemsl Posina He BhInosiHE-
HBI), 4TO He CYecTByeT Tako# Touku ¢ € (a;b), uro f'(¢) = 07

7.3.73. Hcnomwbaya teopemy Jlarpamka, DOKA3ATE, 4To ecn GyHKUAA f{I)
HENPEePLIBHA Ha OTPesKe [a; b] n uMeeT RONOKUTENbHYIO (COOTBET-
CTBEHHO OTPRUATENBHYKY) NPOH3BOAHYIO Ha HMHTepBane {a;b), 10
OHa BO3IPACTaeT (COOTBETCTBEHHO yOLIBAeT) HA JTOM OTpe3Ke.

Henoavays meopemy Jlaepansca, doxazams nepasencmeon:

7.3.74. e >1+zopuzxc kR
7.3.75. nlea—be" <t —a" <nb—-a)d* 'upul<a<bhn=23,...

7.3.76. Ilycte 2y ¥ x2 — xopHM MHorowneHa P(z). Jokasatsk, 4TO ¥ MHO-
rounena P'(z) valinetca xopenb, nexalull MeXIY £, H Z3.

7.8.77. [Hokasath, uyto ecau f'{z} = 0 (Vz € B}, To f(z) = const.

7.3.78. [JokasaTh, uTo npoussonnan ¢pysxunn f(z) = (¢ —-1) -z (z% —4)
HMEET YeThipe AeHCTBUTEBHEIX KOPHA, H HANTH HHTEPBAJILL, B KO-
TOPBIX OHH HAXOHATCA.

Hoxasams moncdecinea:
7.3.79. arcsinz +arccosz = 7, x € [0;1].

7.3.80. arctgz +arcctgz = &, 2 > 0.

2’
7.3.81. arctgx +arctg—;- = %, x>0

—Ccosz
w0 T+ COST
1o upasuay Jlounrans. Ha.ﬁ’m BTOT Npenes APYruM CrocofoM.

7.3.82. TIlokasaTb, uro npemea lim £ HE MOXKeT GpITH BBIMUCTIEH
=

Henoavays gopmyay Maxaopena, doxazamsd Hepasencmea:

7.3.83. In(l+z)<zumpuz >0

3
7.3.84. tgx>rz+L mpul<z< i

3 2’
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7.3.85. C rtounocteio no 00,0001 BeruMcaAuTL sin 1°, ucnonezys popmyny
MaxkmopeHa.

7.3.86. C rounocteio g0 (001 servucauTs In 1,3, nenonssya bopmyny Ma-
KJIODEHA.

Henoavays dopmyay Maxaopena, emvucaums npedean:

2

. tgez —sing . 2
7.3.87. 3‘2{}) _E_wa_ 7.3.88. 11:13}) e—_-d—z COSE

. r—-In(l+z . E—arctge
ra8e. i T 7880 e

§ 4. UCCNEAOBAHUE ®YHKLWA U NOCTPOEHWUE
rPA®UKOB

YCnosua MOHOTOHHOCTU (PyHKLWA

Ecrm dyrkuma f(z) anddepennnpyema va ustepsane (a;b)! u mna mo-
Goro z 13 nHrepsana (a; b) evimonneno zepasencreo f'(x) > 0 (f'(z) < 0) ro
f(z) BospacTaeT (COOTPETCTBEHHO YOKIBAET) HA 3TOM HHTEpPBAJE.

Yenoeue e Vz € (a;b): f'(z) 2 0 (f'(r) £ 0) paBHOCHABHO TOMY, 4TO
dbyaxuuna f(z) ve yOeipaeT (COOTBETCTBEHHO, HE BO3PACTALT) HA MHTEPBAJIE
(a;b), T.e. V1,22 € (0;0) w3 2, < =2 cnenyer f(z1) € f(x2) (coorsercTRen-

Ko, f(z1) 2 f(z2)).

IxkcTpemymbl (PyHKUNI

= Touka o HABBIBAETCA MOUKOLE AOKAAGHOZ0 MEKCUMYME (AOKTADHO-
20 MUHUEMYME), €CNIH CYIIECTBYeT Takad OKpecTHOCTs [ (o) aTolh
OKPECTHOCTH, 410

f(z) € flzo}) YaeUlxo), z# 2o
(coorsercrenno, f(z) 2 f(xo), Vi € U(xg), T # zo).

> ToukH NOKATBHOTO MAKCHMYMa H MHHHMYMA HA3LIBAIOTCA MOYKG-
MU AOKAABHOZ0 IKCMPEMYMA, B IHAYCHHA (PYHKLHM B 3THX TOY-
Kax — sxcmpesystamu GYHKIUHM.

Teopema 7.4 {Depma — neobxogumoe yeroewe akcTpemyma).  Ecnu
Zp — TOYK3 AOKANLHOMO IKCTPEMYMa ANA dyHkumu f(T), TO B 3TOR TouKe
npon3soaHan dyHruuy nubo pasHa nymo (f'{xe) = 0), nubo He cywecray-
erT.

1B Tom uncae BOIMOXHEL CAYYAK @ = —00, b = +00.
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= Tovxn obnacTh onpenenerna HenpeprisHod dyuxumu f(z), B KO-
TOPBIX €¢ NMPOH3BOIHAA He CYIIECTBYeT W/ PABHA HYJIIO, HA3LIBA-
I0TCA KPUMUNECKUMY TNO%KoMY OYHKLMH,

B cuny Teopemnl Pepma axcTpeMyMbl (PYHKLRH HAXORATCA CPEAM €€ KpH-
THYECKMX TOYEK.

Hepsoe docmamounoe yeaosue sxcmpemysa. Iycrs dyurupa f(x) we-
npephiBHA B TOUKe Tp B IanddepeHUnMpyeMa B HeKoTOpo#l ee OKpeCTHOCTH
(kpoMe, GLITB MOXKeT, caMolf TOUKH Zp). Torma, ecnn f'(z) MenseT 3nax npm
mepexone Yepe3 TOUYKY Tg, TO 2y —— TOYKA JIOKATLHOTO 3KCTPeMyMa (ecJTd ¢
«+» HA «—» — JIOKAJBHBIN MAKCHMYM, €CJIH XK€ C «—» Ha, «+>» ~— JIOKAJIbHLI}
MHHHMYM ).

Bmopoe docmamounce ycaosue axempesyma. [ycres byukuus f(z)
UMEET B TOMKE Tg [IPOR3BOLOHBIE NEPBOrC W BTOpOre nopagkos. Torma, ecsin
f'(ze) =0, f'(z0) # 0, TO Ty — TOYKA JNOKANLHOrO 3KCTPeMyMa. B vacTHo-
cTi, ecm f'{xg) =0, f'(z0) < 0, TO 2y — TOUKA NOKATBHOTO MAKCHMYMA, &
ecam f'(zp) =0, f'(20) > 0, TO 2¢ — TOUKA JIOKANLHOTG MUHHUMYMa.

Ecna x1, Za,..., 5 — KPHTHYMECKHE TOYKY HENPEPHLIBHOH Ha OTpesKe
{a; 4] dyuxuun f(z), ro Haubospee H HAUMEHBINEE 3HAYEHHSA ITOR (DYyHK-
UMH eCTh COOTBETCTBEHHO HauboNbliee H HanMeHbiee u3 uucen f(a), f(x;),

f@a)s- ..y fzn), £(B).

Boinyknocte » sBornyrocte pyHkymn. Touxu nepernba

=S Oyuxius f(z), onpenenenkaa Ha wurepsane (a;b), HazbRaeTCH
enunyraot seepr (aunyxaoti anus) HA 3TOM UHTEPBATE, €CJH TOY-
ku mioboit nyru rpaduka GYHKIME PACTIONOkKEHE] BuIe (COOTBET-
CTBEHHO, HIDKE) XOPIHL, craruBaowedt sty ayry (puc. 83,a u 6).

[} Y.
o femcrnavrana

=% Y.
ol P .

x o

Puc. 83

Heoraa BLIMyKJ0CTE BBEPX (COOTBETCTBEHKO, BLITYKJIOCTL BHM3) HA3bI-
BAKOT NPOCTO SUNYKAOCTALY (COOTBETCTBEHHED, 80ZHYMOCTINI0).

I'paduk Benykiol sBepx (BHITYKJIOH BHK3) HA nrTepeasie (a; b) dyHKuun
Taxyke HA3LIBAIOT BHIMYKJILIM BBEPX (COOTBETCTBEHHO, BEITYKJIBIM BHH3).
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MoxHO paTe Apyroe, SKBUBATIEHTHOE, ONpPEIeSeHIE BbIMYKNCCTH BBEpX
(eermyxmocTy BuM3): byHKuns f(T) HA3BIBAETCA BLINYKAOH BBEpX (BLINYKIOH
BHN3) Ha uHTepBane (a;b), ecnu rpaduk aroli dyukuuu npu z € (a; b) pacno-
JIOXEH HHXKe (COOTBETCTBEHHO, BBILIE) KacaTesbHOH, npobeneHHoll B mobol
ero Touke (puc. 84,a u 6).

v Y y=f(z)

y=f(z)

M f-mmmmncaa=
[ T

®
=%

Pnc. 84

Hocmamounoe ycaceue eunyxaocmu eeepr (snua). [lycrs dyuxuna f(z)
HMeeT BTOPYIO NPOH3IBONHYI0 Ha mHTeppane (a;b). Torma, ecm f'(z) € 0
(coorsercTBenno, f*(2) 2 0) Ha aTOM uUnTepBane, To dbyuruuA f(z) BRmyKIa
BBEPX (COOTBETCTBEHHO, BHIMYK1a BHU3) HA HEM.

= Iycre dyuxuna f(z) muddepenunpyema B HexoTOpO# OKpecTHO-
CTH TOYKH To. TOrIa ecyid IpH nepexone Yepes TOUKY To dyHKUM:A
MEHAST HANPABJEHHRE BHINYKJIOCTH, TO 3T TOYKA HA3BIBAETCH TOY-
xoll nepezuba dynryuu f(z). Touxa (2q, f(x)) npu 3TOM HA3HIBA-
erca mouxott nepezuba zpaduna dynwyuu f(z) (puc. 85,a 1 6).

¥ y=f(z)

!

Puc. 85

Heobxodumoe gyeaoaue mouxu nepezuba. Ecad xy — Touka neperuba
dyuxuun f{z), 10 B 310i TOUKE BTOpaA Npou3BOAHAA (DYHKUMA JHHO pABHA
uymio (f"(zg) = 0), aubo ve cymecTeyer.

= ToukH, B KOTOPBIX BTOPAA NPOM3BOAHAS DYHKIME DABHA HYJIIO UJIA
HE CYIECTBYET, HASLIBAIOTCA KpumurecKumy mouxamuy 2-20 poda.

To4xkn nepernba creqyeT HCKATh CPEOIH KPHTHYECKHX TO4YEeK 2-T0 poma.
Ilepaoe docmamonsioe ycaoeue mowwu nepezuba. [lycts dynxuma f{x)
HENPepLIBHA B TOUKE Iy U HMEET BTOPYI0 HPOH3BOAMY IO B HeKoTopolt okpect-
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poCTH 370l ToukHu (Kpome, BHITE MOXET, CAMOH TOYKH Tp). Toroa ecam upn
fepexoie Yepes TOUKY o BTOpas NPOM3BONHAA MEHAET 3HAK, TO To — TOUKA
nepernba.

Bmopoe docmamounoe ycaoeue movxu nepezuba. [Iyctsb B Touke To pyHK-
uuA f(2) AMEET MPOM3BORHEBIE 00 TPETHETD MOPAZKA BKIIOUMTENbHO. Torma
eci f'{zo) =0, a f"(xo) # 0, TO To — TOuKA mepernba sTok pyHEKIAM.

ACMMNOTOTLI

TlpAMadA NMHHA 1 HASHLIBAETCA actimAmomol! rpacduka GYHKIHM y =
= f(z), ecoin paccrosuue d or ToukH M, nexxameld Ha sToM rpadmxe, Jo
npAMOR T CTPEMUTCA K HYJIO IIPH HEOTPAHHYEHHOM YAAJICHHM 2TOH TOYKH
no TpadbBKy OT HAa4ANa KOOPIMHAT B GeCKOHEYHOCTH (puc. 86 a), 6), B))Z.

¥
Y y
M
]
d
M d
- d g > m
o a m|l ¥ O 6 z 0 6 x

Puc. 86

AcpMnTors! GhIBAIOT TpeX BHOOB: BEPTHKANBHEIEC, HAKJIOHHBIE H I'OPH30H-
TaJbHBIE,

> Mpamas © = To HASHIBACTCA gepmurarvholl acumMnmomoil rpadu-
Ka byaxmun f(z), ecnn xoTa Bpl OOMH HI OTHOCTOPOHHMX TIPEIENIOB
lim f (z) n lim . f(z) paBen 6ecxoneqnoctu (pue. 86 a)).
—+To—

T2+
> [paman y = kz+b HaspBaeTCa Haxaonnoll acumnmomoti rpaduka
dyukuuu f(z) npu £ = +oo (upu £ — —o0), ecau hm (f(;c} -
—{kz + b)) = 0 (cooTBeTCTBEHHO, zEIElm(f(LE) - (k;c + b)) =0
{puc. 86 6)).
Mpamas y = kz+b apnserca HaKJoHHON acuMuToTOl rpaduka (hyHKUMH

f(z) npu £ = 400 (Ipu T — —00) TOTZA #H TOJIBKO TOTAA, KOTAA CYLIECTBYIOT
NpenesIs

lim =) =kwu IEIBOO[)‘(I) —kz)=0b

Z—++00 I

?TIpuBenenHoe 3Meck HAMIAAHOE OAMCAHME ACKMITOTHI He ARAALTCH, POOGIIE TOBOpA,
CTPOTHM MATEMATHUYECKHMM ONpeaeeHRen.
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(cooTBETCTBEHHO,
. =) ,
:EIPW = k u zl}rllw[f(m) — kx] = b).

YacTHEIM CIy4aeM HakAoHHOH acumnrorsl (fipu k = () ABAAETCA 20pu-
JoHmaabran acumnmoema (puc. 86 B)).

IIpamaa y = b AapnsAerca ropuzonTaneHofl acHuMuToTol rpaduka dyhxk-
uun f(z) opu £ = +00 (Npu £ = —00) TOTMA H TOJIBLKO TOTAA, KOTAA

lim f{z)="5

o0
(coormercrBenno, lim f(x) = b).
T——00

Moctpoenue rpacpukos byHKuMA

IIpr nocTpoennu rpacduka nanrol (hyHKLHN HenecoodpasHo TONb30BATE-
CA cAenymel cxeMol:

1) wajitu 06nacTE ONpenenenns GyHKUNH;

2) uccnenoBate HYHKUMIO HA Y€THOCTD, HEMETHOCTD M TIEPHOAHYMHOCTD;

3) valiTu yuacTKH HeNnpepHIBHOCTH (hYHKLIFH, 8 TAK XK€ TOUKH PAIPLIBA C
YKa3aHWeM BUIa pA3PLIBA;

4) HaliTH TOMKM nepeceueHus rpathuka ¢ 0CAMH KOODIMHAT;

5} HAHTH MHATEPBANE] 3HAKOTOCTOAHCTBA (DYHKLIMA;

6} HAallTH ACHMITOTH;

7) HAlTH UHTEPBAJIB BO3PACTAHNA B YOBIBAHHA, SKCTpeMyMbl byHKIHY;

8) HaliTH MHTEPBANL! BRIMYKJIOCTH W BOTHYTOCTH, TOYKA neperuda.

7.4.1, Hatttu untepBanet Bospactanusa 4 yOwipanus dyuxnum f(zr) =
=% —62% +5.
(Q DysxuMa onpenesena HA Beell YHCI0BOH OCH, a €6 MPOH3BONHAN
pasna f'(z) = 322 —12z = 3(z —2)(x+2). Pynxuua f(x) sospacta-
eT TOrOa 1 TOJABKO TorHa, korga f'(r)) > 0, te. (z—-2)(z+2) > 0,
oTkyHa £ € (—o0; —2) U (2; +00). AHanoru4uo, AaHHAA GYHKIHA
y6uiBaer B TouHocTH Koraa f'(x) < 0, re (x - 2)(z +2) < 0,
oTkyaa € (—2;2).

Taxum obpazom, (hyHkuus f(z) BO3pAcTaer Ha HHTEPBAIIAX

{—o00; —2) u (2; +00), a yboiBaer Ha uHTepBane (—2; 2}. [ ]

Haiimu unmepeaaw sospacmanus u ybuwaanua dyncyuu f(x):

742, fl@)=(-2° (z+2).

7.43. f(z)=In(z®> -2z +4).

7.4.4.  Haittu sxcTpemymsl dynkuun f(z) = z* — 9z° + 15z.
(Q Pyuxuma onpenesena n audpdepenuppyeMa Ha Beet uncaopolt
npsaMofi, mputem f'(z) = 32°-185+15 = 3(z—1)(z—5). Kpuruue-
CKHe TOUKH x1 = 1, 2 = 5. Bocoas3yeMcs BTOPHIM JAOCTATOYHBIM

320



YCAOBHEM 3KCTpeMyMa, 4A 4ero Hahaem f'(1) a f*(5):
fizy=6x-18 = f"(1)=-12, f"(5) =12.

Mockonexy f'(1} = 0, a f'(1) < 0, T0 & = 1 — TOuKA JNIO-
KAJIBHOTO MakCcuMyma, mpudem f(1}) = 7. AHajorn4no, TaK Kak
F'(58)=0,a f'(5) > 0, To £ = 5 — TOUKA NOKANBHOTC MEHHMYMa,

a f(5) = —25. ®

Hatimu sxempemymoe Pynxyutl

7.4.5.
7.4.8.

7.4.7.

flz) = ln:c
@) = 2y

+z
HailTy uHTEpBAaNBl BHINYKMOCTH W TOYKYU nepermba GyHKImA
1
z) = :
&) =73
(Q ®yukumsa onpenenena n Apaxas AuddeperimpyeMa ga peell
Hetticrpurenbsoft ocu. Haxonum sTopyio npoussongym:
2 _ 1
6(z* - 3)
(=2 +1)3
Orciona nosy4um: ¢hyHEIAA BLITYKJIA BBEPX TOLAA H TOJIBKO TO-
1 2 _ 1 1
roa, koraa f¥ < 0, T.e. 3 < 0, wm |z| < 7 PDyuxuna

BBIIYK/I& BHU3 TOTA@ M TONBKO TOTIA, KOra T2 — % > 0, Te

z€ (—o0;— L} u (Lo +00).
r](ja.I::M Ogéa).BOMF gﬂxz}[ BBINYKJ4 BBEDX HA (‘——%; 715),

fz) =

BBLINYKJ/IA BHU3 HA (-oo; —715) ¥ Ha (713, +oo). O1kyna scHo,

4MTO TOYKH ) = —-% HIy = % ABAAIOTCA TOYKaAMH nepemﬁa

3
Jannoit GyHKOHn. ®

Hatimuy unimepsaan sunyxiocmu 4 mouxu nepezube dymxyud

7.4.8.
7.4.9.

7.4.10.

21 - 2361

ChFerl

fla) =2t —42® — 4827 + 62 - 9.

Hailr acamnroTs! rpaduka byseumn f{z) =

-1
(Q PyHKUMA HempepvIBHA BCIOAY, KpOME TOYKH 2 = 1, B KOTOpOil
2
OHA TEPNUT DPA3PHIB BTOPOTO POOA, MpUYEM luln . x“’ 1 = —%,
x— -

lllil’_li_ 0z —1- = +o00. OTCIOOa CAeyeT, YTo NpaMaa £ = 1 — eep-
r— -
THEaIbHAA ACHMIITOTA H APYTHX BEPTHUKAJIbHBIX ACHMIOTOT HET.
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porepum, ecTe s ¥ rpaxpuka GYHELIMA HAKTOHHLIE ACUMIITO.
Ter. Haxoonm

k= lm @ lim

T—+o0 I = =+ —1 =1 OTKyNa
2
. . T . 1
b= zllbl-lr-loo(f(x) B kI) - x&l—l#loo(;c -1 - I) - zllbl:l-noo z—1 =0.

Taxnm 06pa3oM, NpaMad ¥ = £ — HAKJOHHAA aCHMIITOTA rpadmka
hysgun opa © — +00. AHAJOrHYHO NMOJIYYHM, YT0 9Ta NPAMan
ABNAeTCA Haknonuoft acnvnToTOl 1 npn £ = —oo.

IMockoneky yrnoeol koxdpnunesns X HAKAOHHON ACHMIOTOTH
HE DABEH HYJD, TO rpapuK (PyHKUMHM He UMEET TOPHIOHTAJIBHBIX
ACHMIOTOT. ®

Hatimu acumnmomw zpagure dynnyuu f(x):

7.4.11.
7.4.12.

7.4.13.

322

2
fla) = HE2.
f(z) =x-€°.

3
[posecty nonsoe uccsenosanue GyHKMU §f = —Fw-s U NOCTPORTH
—z

4
ee rpadnk.

(@ O6nactb onpenenenus D(f) GyHKUmMH — BCA YHCAOBAS OC,
34 HCKNIOYEHHEM TO4eK T = —2u r =2, T.e.

D(f) = (—o0; =2) U (=2;2) U (2; +00).

(I)yHKHHﬂ HenepuooniecKad; UHCCaeayeM e Ha YeTHOCTE H HeYeT-
HOCTB:
(_$)3 3'.'3

fo2) = g = o = (@),

CrenopaTenbHo, NaHHaA GYHKIUA HEYETHAA M ee rpaduK cUMMe-
TPHYEH OTHOCHTEJIHHO Hauasra kKoopanHaT. [loatomy manee uccne-
ayem GyHKRUIO TOMBKO npu T 22 0,

Haltnem To4KH nepecedenna rpapuka ¢ OCIMH KOOPOHHAT:

¢ ocsio Oy rpacpuk nepecexaerca npd £ = 0, oTKyna

y=f(0)=0,
T.e. M(0;0) — Touka nepeceuenns ¢ ocbio Oy;

3
¢ ocwio Q2 rpachx nepecekaercd, ecu f(z) =0, T.e. %2‘ =
-z

= 0, orkyma £ = 0. Takum obpasom, M(0;0} — emnHCcTBeHHAA
TOYK®, Nepecedenus rpadiKa ¢ OCAMH KOODIHHAT.
HaxonuMm UHTEpPBAJIEl 3HAKOOCTOAHRCTRA (DYHKIMH:
23
flz) >0 & = >0 = z(4-2%) >0,



21

M TAK KaK Mbl pACCMATPUBAEM TOJBKO cy4ail £ 2 0, o nomy4aem
b<x<2

Asasornuno f(z) < 0 npn z > 2.
Haree,
3 23

lim =400 lim =
z2-0 4 — 3':2 Toz240 4 — _1:2

7

T.€. NPAMASA & = 2 — BePTHKAJILHAA acuMnToTta. OTciona, B CATY

CHMMETPUH, CJIEAYET, YTO NPAMAA & = —2 — TAKKE BePTHKAJILHAA
ACHMIITOTA.
Halinem naxioHHBIE ACMMIITOTHL:
2
. I . I
k= lim M: lim —— =-1,
z+o0 T =+ 4 — 1
z? 4z

b= lim (f(z) —kz)= lim (

T—++00 r—+0o0

+:r) = lim =1,

4-2° ptoo 4 — g2

T.€. IpAMAA § = — — HAKJIOHHAA ACHMITOTA IIPH £ — +00 (TO
e 7 npy 2 — —o00). TOpH3OHTATBHBIX ACHMIITOT TPABHK HE HMEET,

Halinem uHTEPBAIBI MOHOTOHHOCTH H 3KCTPEMYMBbl (DYHKIIHH,
HCCAeny s EPRYIO NPOH3BOIHY:

w3y 2212 -2%)
2) =

_ 22(2V3-2)(2V3 + 2)
41—z '

fllz) = ( (4-aHE (A—22)

Orcrona sagso, yro npu z 2 0 (cMm. puc. 87) dbynxumsa umeer
MaKCHMYM B Touke = = 2v/3 (mpuuem f(2v/3) = —3v/3 ~ —5,2),
BospacTaer Ha (0;2) u (2; 2+/3) u yGupaer Ha (2v/3; +00).

=Y VARV 1@
-7 7 \ -

Puc. 87

Yrobel onpeneNuTE HHTEDBAME] BRITYKJIQCTY ¥ TOUKH HEperi-
6a, BEIYMCIIUM BTGPYIC NPCHUIBOAHYID:

ae s 8z(12+2%)
Fiiz) = -7

Orciona sicko, 470 npu z 2 0 dbyskumsa Bemykna Beepx (T.e.
f" < 0) va (2;+o0) n punykna suns (T.e. f7 > 0) na (0;2),
z = 0 — To4Ka neperuda.
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Puc. 88

YunuThIBAsA HAKOIUICHHYO HHGODMALMIO, CTPOUM rpacduk
¢yukupn npn £ 2 0, a 3ar€M CHMMETDHYHO OTPAXKAEM €re OTHO-
CHTENILHO HAYANA KoOpausaT (puc. 88). ®

Hpoaccmu noanoe uccaedoearue u nocmpoums 2paguru Pyrxyud:

7434, f(z) =227+ 1. 7.4.15. f(z) = %f

BononumrensHeie 3agaqm

Haflmu unmepsain goapecmenus u yoneanus dynxyutl

74.16. f(r)=z+e " 7.4.17. f(z)=zlnz.
7.4.18. y= 1—15 7.4.19. S(t) =+ cost.
-z

Hatimu axcmpesymn dymxyuil

7.4.20. f(z)=2*-3z+1 7.4.21. y= e —iT5,

7.4.22. y=zx—arctgzc. 7.4.23. r=5—-2¢+.
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Halimu uxmepeaan ewnyxiocmu u mowsu nepeeuba dynsyul:
7.4.24, flz)=e2. 7.4.25. y=215—1022+ 7z - 9.

7.4.28, y=cosz. 7.4.27. z=1-arctgt.

7.4.28. TIpu kakom 3saveHny o GynEuusa ¥ = i+ aln r umeer exuncTBen-
HYIO TOUKY neperuba mpu z = 17

Healtmu ecumnmomn zpeduxos dynxyudl:

= 3z _ — et
7.4.29. y= T+3 7.4.30. y=e=.
= 1 7.4.32. ) =& — arctgz.
7-4.31. f(.’u‘") m. f( ) B
Hposecmu noance uccaedosanue u nocmpoums 2paduxy Gyrxyuil:
7.4.33. y=e77. 7.4.34. y=In(l-2?).
2
.41.35. =_.T 7.4.36. =z% — 42? + 3z.
7.4.37. y=1z+ % 7.4.38. y=z%.e"
. .
7480, y= &+ 7.4.40. y=3Z52
T -2 5z

7441 y=Eo 7.4.42. y=z-lz.

Bonee cnoxnbie 3agaun

7.4.43. [Ilpmeecta npumep auddepenunpyemoit dyuxkunn, nMeomeft sxe-
TPEMYMEI TOJIBKO B TouKax £ = (,+1,4+2, ...

7.4.44, [Hoxa3aTk, 4To ToYKa nepernba HYHKIMH He MOXeT OLITh OHOBDE-
MEHHO €€ TOYKOH 3KCTpeMyMa.

7.4.45. [okasars, 410 BCAKUil MHOrOUnNeH Hewernoii crenewn n (n 2> 3)
uMeeT no KpaitHell Mepe OfHY TOUKY neperuta.

7.4.468, [Ioka3arsb, YTo BCAKMH YeTHLHI MHOTOYJIEH C IOIOKHTENLHBIMH KO-
acpbuupenTaMy He HMeeT TOUEK nepernda, HO AMEeT EIHHCTBEH-
HYIO TOYKY MHHHMYM3.

7.4.47. Tloka’aTh, 4TO KPUTHYECKAA TOYKA 2-ro pola ne 00A3ATETbHO AB-
nserca Toukoll mepernta dyHKIHYM,

7.4.48, Ilycrs ¢ysxums f(z) apaxnm gaddepesumpyeMa ¥ BbIIyKIa
BBEpPX (BLIMYKNa BHH3) Ha uATeppane (a;b). JJokasars, 4ro dyHk-
uma f'(z) crporo yompaer {COOTBETCTBEHHO, BOSPACTALT) HA, HTOM
HHTEpBATIE.
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KOHTPONbHAA PABOTA
Bapuanr 1

1. Haittu nposasogiyio $bysrnum

VT

r+2

y = arctg® In

2. Hafitn npouaponmyio byukumn y = (/z)*7n 2,

3. Hatiru nponseonnyio y'(r) neasnoll dyAxkuan

£
sin(z — 2y) + 7 =Tz,

4, Hatttn %, ecia T = e ¢ -cost, y = e’ - cost.

5. Haiit mpemen, Henosb3ays npaeuiae Jlonuranaa

Y
lim —.
I—r40o0 £
6. IlpoeecTn nonnoe uccnenopanne byuxmmu fz) = 2 + ;12' U IOCTPOMTS
ee rpaduk.
Bapuant 2

1. Hafirn npoussonsyo QyHKUMR
-3
= 9/sin? (’5 )
Y in p

2. Hafitnn npomssonnyo $ynaknum y = g8 7%,

3. Hattru npomssognyio y'(z) Heasholt byHKUAH

™Y + ¥y _ cos 3z.
jr ol

4. Halitu %, ec T = cost+ sint, y = sint — ¢ - cost.

5. Hafitu npemen, ucnonsaya npapuno Jonurans
t
lim 22 33.
o3 tgx

3
6. Ilposectu nonHoe uccnenopanne byuxuun f(r) = —5— n nocTpours
I —

4
ee rpacduk.
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Bapuanr 3

1. Haitra npowssopayw ¢GhyHKumH

tgv(xi/-%‘l)

2. Ha#itn npouseoanyo dyuxumu y = (22 + 3)'8°,

y=2

3. Haiiru npouseonnyio y'(x) HessHoR dyHkumn

z+1
232 - % = arcsin 4z.

4. Hafttu gg, ecnn x = th:—l-,y= L_f-l

5. Haittu npenesn, ucnonbsys npasuno Jlonurans
. Incosz
lim .

z—0 T

i
6. Ilpopectn nonnoe ucenenopanue yuxnun f(z) = €*-27 U MOCTPOUTD e

rpacuk.

Bapwuanrt 4

1. Hafiru nponssognyw pyHKium

y =log; arcsin( :c‘/—55 )

2. Halttu nponssoanyw byHkuun y = (cosx) :.
3. Hattru npomssonnyio y' (z) nessroll dyHKuMn

-2
¥ — —tg{z +5y) =7°.
T

4. Haiitu %, ecom T = e - sint, y = € - cost.

5. Halitm npenen, ucnone3ysa npasunc Jlonaransa

2

6. IIposecru nosmuoe uccnenopasine bynkwun f(r) = 22 -€™* u noCTPOUTHL

ee rpacuk.
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Mnasa 8. HEONPEOENEHHbIA UHTErPAN

Q

§ 1. BAXXHEALLWE CBONCTBA WHTErPMPOBAHMA
MNepeoobpasnan yHkymn

= Iycrs byukuua f(r) onpeneseHa HA HEKOTOPOM (KOHETHOM WIIH
Geckoneunom) unTepBane (a,b). Torna dyukuma F{z) nassiBaer-
ca nepaoolpdanod oma ¢pyuxkunu f(2) Ha uHTEpBaJE (a,b), ecn
F'(z) = f(z) ana scex x € (a,d)>.

Ecm F(z) — nepsoobpasnaa ¢yukuusa ans byaxoua f(z), 1o gynk-
A Fz) + C, rae C — HexoTopas NoCTOAHHASA, TAKXe nepsoolpasHas nia
dynxun f(z). KpoMe roro, ecnu F(z) u G(z) — nse nepaooGpasutie ans
dyuxam f(z), TO OHY OTITUYAOTCA HA HEKOTOPYIO TIOCTOAHHYIO, T. €. CYIe-
creyer Takoe yucyio C € R, yro Fz) - G(z) = C.

TakuM 06pa3oM, 3HasA TOALKO ONHY neppoobpasiyw F{z) nna byurumn
f(z), Mu1 Ge3 Tpyma HAXODMM M MHOXECTBO BCEX NMEpBOODPa3HbIX s 9TOH
dysKUMH, KOTOpOE COBNANAET ¢ MHOXecTBOM (yukumii snoa F{z) + C, roe
C — UpOM3BOMBHAS MOCTOAHHAS,

Ecnu ¢pynknus f(z) HenpepbipHa HA JAHHOM UHTEPBAJIE, TO ¥ Hee CYIIe-
CTBYeT neppoobpasHas Ha 9TOM HHTEpBANe,

HeonpepenenHuwli wHTErpan

= CoBokynHOCThL BCeX mepBoobpasneix Ans dyaxuun f(z) HaswBa-
eTCA neonpedeschnbim unmezpatom or byurknuu f(z).

O6osnauenus: | f{z)dz (uuTaerca Taxk: «uHTErpPas ™ OT HKC I3 NKC»).

Takum obpazom, ecnu F(z) — kakaa-aubyns nepeoobpasHas nia GyHk-
uu f{z), T0
ff(;r) dz = F(z) + C

(B npapoll YaCTU AOCTENHEro PaBescTEa 6oMlee NPaBANBHO GbLIO OBl HANUCATH
{F(z) + C}, nockonbKy peys UOET O MHOMXKECTBE BCEX MepBOODPA3HBIX, HO
durypHeie cKobkH, 0603HAYAIOIIHE MHOXKECTBO, OGBIYHO He MHLIYT).

3uak [ nasbipaerca unmezpatosm, yurnus f(z) — nodunmezpesvroti
dynxyuet, a f{z)dr — nodvinmezpasthom awparcenueM.

= Onepaling HAXOMICHHA HEONpedeNeHHOr0 MHTErpasa OT NaHHO®
(hyHKIHYN HABLIBAETCA UMMEZpUposaruesm ITOR (pyHKIHN.

3B panueiinrem yxasaune unreprana (a,b) Gymem omycxars.
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Hurefpuposanne — onepauus, obparnas onepauun gudpepesnuupoba-
nuA (T. e, ONepaLHY, 33K MIOYAIOWICHCH P HAXOK OCHIN IDOHIBONHOM OT JaHHOH
¢yaxuuy). ¥ BcAkOl HenpepblBHOR HA TaHHOM uHTepsane (byHKUMM cywe-
CTBYET HeONpeng/IeHHBIH HHTErpaJlL.

OcHOBHbIE CBOWCTBA HEONPEAENEHHOr0 WHTErpana

Beane nanmee npennaraercs, YTO BCE PACCMATPUBAEMbIE HEOIPENS/IEHHEIE
HHTErpaJibl CYWECTBYIOT.

1. f dF(z) = F(z) + C.
2. d[f(:c) dz = f(z)dz.
3. faf(:c] dz = a[f(;c) dz, toe a # 0,

T. €, NOCTRORAKHHT MHONCUTIEAD MONCHO GUHOCUMD 30 3KAK HeonpedeaeHHO20
unmezpasa.

4. [If@) + 9@ dz = [ $(z)do+ [ g(z) da,
T. &. Heonpefeaennnll unmeepan om cymmos Pynxyull pasen cymame xeonpe-
desenn uxmezpeaoe om amur dyrxyud.

5. Eco [ f(z)dz = F(z) + C, 10

ff(ﬂx+b)dr=éF(am+b)+C, rae a # 0.

Tabnuya npocreiwnx UHTerpanos

CHEJIleHI,He HETErpannl OOBIYHO HAIBLIBAIOTCA MalAtYHBMY unmepani-
MU,

1. fO-d:z=C.
a+1
2.fxadx=§+1+c,(a;e-1).

B‘Ia»CTHOCTH,fl'd:E=I+C,f%=2ﬁ+0,[‘iz=—%+C_
3.f%=ln[$|+c.
gy — 85
4./& dz = lna+C'
Bqa.cTnoc'rn,fe"‘dmze“+C,
5.[sina:dm=—cos:c+0.

6. fcos:sd::: =sinz + C.
dz

] - =tgr+ O
cos‘ x &
dz

=== =—ctgz+ C.
sin“ &
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9, Ez%gziarctg§+c, (0960)

B uactHoCTH, [ ?d% = arctgz + C.

dz__ _ arcsin
10. f7——a2 — = arcsin - +C, {(a > 0).
B uacthoCcTR, f f@—z = arcsinz + C.
1-— 22

dr __ 1
1 f %, = 20111\ |+C‘ (@ > 0).

r+a
12.[ dz =ln|x+\/:s2+a|+0.

;; 22 4+
Huorna K sTOMY CIUCKY O0GaBAAIOT €lIe HECKOIBKO HETETPAJIOB:
13. fsha:d:r =chz+C.
14. fcha:dx =shz+C.

15. ft.g;cd;cz —In|cosz|+ C.
16. ctgzdz = In|sinz| + C.

dr T
Sz ln|tg 3 | +C.

18. [z ln‘tg(%+—g)|+0.

HHTeraJ'IbI oonyvawieca U3 TaOJHYHBIX JIUHeHHBIM COBHTOM apry-

MeHTa {T. €. MHTETPAJIEl BHIA [cos3:v dz, [4$df %) [67‘”"‘1dm, ...) Bymem

HAILIBATEL NOWIMU MAGAUNHBMY uHmMezZPpaatm.

8.1.1. Henonesys tabauny, HattTu crnenywmne HHT?iI:;:prI:
dz. .
1) f o5 2) f ot
dr .
3) f2zda:; 4) fﬁ'
di
] —_—
) f val -7

Q 1) Bocnonesyemca Tabnmusbiv usrerpaiaom 2 (o = —3):

_ _2 1
% o o3 = - L
_f dz = _3 [+C="5+C=-75+C.

2) AHANOTHYHO HAXOLHM!

dz dz _
[T==[g=[te=
= Ejﬂ +C=£+C:—-*+C.
2
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8.1.2,

8.1.4.

8.1.6.

3) Ucnoneaya Tabnuuneilt uurerpas 4 {a = 2), HaxomuM:
4

e 2
f2 dﬂ?—m‘i'c.

4) Toncrasias a = v/5 B TabanuHell nuTerpas 10, noayaum:

. T
= arcsin — + C.

dx dx
f¢5~z2=]\/(ﬁ)2_$2 Ve

5) BocnonesyeMmen tabmmarbiM uRterpanom 12 (a = -7):

do
——— =+ V22 -7 +C. ®
[ 7= =mle+ Va2 -7l
Hatfimu unmezpaan, ucnoavays maebauyy:
[ da. 813 [4.
4 dz
[ ¥zda 8.1.5. s
dz dx
= 8.1.7. .
f x? - -[ Jz2+3

8.1.8.

Henonbays rabauuy v OCHOBHBIE CBOHCTBA HEONPEUENICHHOTO HH-
Terpana, HallTv HHTerpas:
2
1 ](3.52_ 2 T)dx' ]:.c —3z+5 4.
) B 2 R A
(Q 1) BocnonnsyeMca cpoftcTeamMi 3 M 4 HeOTPEAENEHHOTO HHTe-
rpaJna:

f(3-5=—%ﬁ+7)dx=f3-5=dx—f3iﬁdx+f7dx=

3 57dr—2 [o-tdes7 fdee 2 2. 28 e
—f —fa: £+]x_lna_.—~%+1+x+ =
=3 s ¥Fste+C

Ina

2) [lounenHo nOOe MM YHCITHTENb NOALHTErpaibHOd Npobu Ha
2 — ES 1 1
IHAMEHATEND: Hﬁﬁ =122 ~ 327 + br~ 7. Orciona
T

2 -3z +5
Nz
=fz%dz—3fx%dx+5fx-%dz=

dr = f(:r% ~ 3% +5:r_%) dz =

i



i 341 po3+l
= 3 +5.

- +C=
3 1 1
§+1 §+1 —§+1

= %x% —t 410zt +C @

Hadimu unmezpaan, ucnoassysa mabauyy u ocrosnse ceoticmea neonpede-
AEHNO20 BHMEZPAAA!

8.1.9.

8.1.11.

8.1.13.

8.1.15.

T+

[VEE + 1) da. 8.1.12. f%@dw-
4 2
23 +2)? - 3__11
f LTE_ d. 8.1.14. f (4 sin 2+8¢ m) dz.

Hattti «moury Tabnnunetity uaTerpan

fz:«l f —6z 5. 8.1.10. f(% - % - —23—?) dz.

dz
f V16 — 922
Q Hockomexy +/16 — 952 = /16 — (3x)2, To mannsIil METErpPAn
dz
OTJINYALTCA 0T TabANYHOTO f 7=-_=I2 samenoll ¢ Ha 3z. [losto-

MY B COOTBETCTBMH CO CBOHCTBOM 5 HHTETpDAA HMEEM:

i-—larcsingz+0
f\/m—ng_s 4 '

®
Hatimu «novmu malaunnses uHMezpan.
8.1.16. f cos 2z dz. 8.1.17. f (9 + 2)Vdz.
dr 35z
8.1.18. [T 8.1.19. f4 dr.
di
8.1.20. f /3% ¥ ddz. 8121 [
8.1.22. Haittu uarerpans:
1) fsingzrd:r 2) f AP
Q 1) Bocnomesyemcs (opMysIol MOHIDKEHMA crefienu: sin’z =
=l=cos2z n 2Z_ Orciona
1- 2 1
fsing:cd:c = f #dﬁ =3 f(l — cos2z)dr =
1 1 in2 in2
= a(fda:—fcos%dx) = 5(3:— Sm2 a:) +(C= g~ sm4 Z i
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2) HpeobpasyeM NOOLHTErPATLHYIO APODL:
£ _(P+n-1__ 1
22417 2241 T 24t
Orcrona umeeM

fa:2+1dx_f( 2+1)dm_

=fda:—f£-$-—1-=x—arctgw+0. ®

Haitmu unmezpaawv:

8.1.23. fcosza:d:c. 8124 [Z=2
2 3
rodx 5+ sin® x
8.1.25. [ 54z 8.1.26. [3ES2 g

HononHurtencHoie sagaun

Hattmu nepeootipaanyro F(z) dan dyrnxyuu f(x), ydosaemsoparwgno ycro-
auso F(zg) = yp:

8.1.27. f(z) =cosz, 2o = T, 30 = -2.
8.1.28. f(z)= —,, To=vV2, 3o =1

Healimu unmespaan, 4CNOAbIYR MabAUYY HEORPEILAENNBLY UHMEEPGACS, U pE-
ayavmam nposepums duddepenyuposaruem:

8.1.29. ;,dj_; 8.1.30. ng-g.
8.1.31. L gz, 8.1.32. dz__
f 5 f 4 — 2
dx dz
8.1.33. f 7= 8.1.34. [dr.

Hailtmu unmezpaan, UCNOABIYR OCHOGHNME COOUCTIOR HEONPEDEAEHH0Z0 UNME-
epana:

8.1.35. j(x+—§—)2d:c. 8.1.36. fﬁgz_
8137, [(7-B+dcsz)ar. 8138 [(B - 35-L)ar

5
8.1.30. j@\/@m. 8.1.40.  [(0,7:5791402:(05)) dz.
8.1.41. f(sshx —~7chz+1)ds. 8.1.42. f(a,-2 —1)(/Z + 4) dz.
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8.1.43. f%}c@dx. 8.1.44. f(@)adx.

Hattmu «novmu malausnses uHmMezpain:

8.1.45. f sin 7z de. 8.1.46. f Y2z — 8dz.
_ Any2001 dx
8.1.47. f (1 — 42)201 g, 8.1.48. [odE.
dz dz
8.1.49. f o 8.1.50. f T

11z d
8.1.51. f32 1z gy 8.1.52. f74£§‘__1

Haltmu unmezpaan:

8.1.53. fsin2 3z dx. 8.1.54. f(:c-s2 8z dz.
8.1.55. ftg2 x dx. 8.1.56. %dm.
8.1.57. f(3 tgz — 2ctg z)’dz. 8.1.58. f @Eﬁ
8.1.59. fﬁ% 8.1.60. f%dx.

KoHTponsHee sonpock M Gonee cnoxvbie 3aga4m

8.1.61. Ilycrs f(zx) u g(z) — wuenpepoiBuble ¢yHKUIAM H ff(r)da: =
= fg(a:) dz. Bepuo s, yto f{z) = g(z)?
8.1.62. [Hoxasarb, 4TO QYHKLAA
_ )0, ecuz <0,
v= l, echiz >0

HE HMeeT neppoobpasHoit.
8.1.63. HafiTu nepsoobpaskyio nna byukuua y = |z|.

Hedtmu unmezpaasi:

z'dx 1
8.1.64. f Ll 8.1.65. f —E
8.1.66. f sin 3z - cos 57 dz. 8.1.67. ﬁ.
8.1.68. fﬁd&:. 8.1.69. fllﬂ’ de.
8.1.70. fz T 8.1.71. [m
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dz 4
s.172. [ 8.1.73. [sm zdx.

8.1.74 ] sin®z + cos® 2
sl - ] " ]
SIN“T —SINTCOST +COs“T

8.1.75. Tlycts dbyukunn f(x) u g(x) nenpepsisue. Bepro sm, yro
[1@) -g@de= [ f@)de- [g(z)dz,

T. €. HHTErpas oT NPOU3BENEHAN OBYX GyHKINHA pasen npou3apene-
HHIO HHTErpaJIoB OT HuX?

§ 2. OCHOBHbIE METOAbLI MHTEFPUPOBAHNA
Merop, nogcraHoBku (3ameHa nepemeHHoi)

> IlycTe Tpebyercsa BHIMHCIIATL MHTETPAJI f Flp(z)) - ¢'(z) dx, npn

atoM GyRkImM ' (z) ¥ f(T) HeNpepLIBHBI HA 33AHAOM RHTEPBAJIE,
Torna 3T0T MHTErpan MOKHKEG YIPOCTHTS ¢ MOMOUIBIO NOACTAHOBKH
t = {z}, UCTIONIB3YA PABEHCTHO

[ 1te(@) -/ (2)de = [ 1(t)at. (2.1)

Sta dopmyna HaseiBaeTcA GopMyIOl sament nepesmenrofi B Heompene-
JIERHOM HHTErpasne.

Unorna ynobuee nenats noacTanosky He £ = p(z), a x = ¥(t), rne ¥ (t) —
dyurnua, UMemAas HeMPEPEIBHYIO TPOH3IBOAKYI (T. e. Henpepnisro nudde-
penuupyema). [IpaMenss Takyio NOACTaHOBKY K HHTErpaty f f(z) dz, nony-

9HM eme ogHy (hOpMyJly IaMEHE IepeMeHHOR

[ i@ dz = [ e @ (22)

Honyvanomuecs nocie npuMeHeHns ToH WM HHON NOICTAHOBKY MHTErpa-
Jibl DOJDKHB! OBITE G071ee yOOOHE! N1 UHTEIPHPOBAHWA, YeM HCXOOHEBIE,

He cywectbyer ofwero «peuenta», Cesya KOTOPOMY MOXHO BCErOa Mo-
HATH, KAKYI0 NOOCTAHOPKY HAAO NDMMEHMTL K JAHHOMY uuTerpany. QmHako
CJIEOyeT HMETh B BHOY CJIENYIOHIHE MOMe3HkIe NORCKAIKH!

1) ecivt oA 3HAKOM MHTErpana CTouT cnoxuaa gynkmus f{p(x)), 10, Kax
IPABKI0, HCIONBIYETCA NONCTAHOBKA | = () (k npuMepy, ecim B NOABIHTE-
rpanbHOM BBIPAKEHHH BeTpeuaerca GyHKuUUsA sin 7 TO cTouT nonpoboBaTh

2
MOACTAHOBKY ¢ = %, aecm e —Tot=x?uT 0);

2) ecnM B MOALIHTErpANbHOM BHIPAXKEHMH €CTh roToBbI Muddepenunan
dyaxumu (), T. €. Bipaxenue ¢'{z) dz, To HMeeT cMBICH NONpoGOBATL NOI-
ctanosky ¢t = (x). [losToMmy Henecoobpasno 3aNIOMHHTD chenyioue hopMy-
N s Haubosee 4acTo Berpevaommxca audrepeHnanon:
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cos z dr = d(sin z), sinzdz = —d(cosx),

e* dz = d(e*), rdr = %d(z::’),
1gr = L=
- dz = dfInz), 7 dzr = 2d(\/z),
1 e — _afl =1
dyds = d(z), dz = Ld(ez + ),
1 _ 1 __
m dr = d(tg 2:}, m dz d(Ctg .'.C) T O

B npocTeix cnyuaax eeenedue HOBOH mepeMeHHOH MOXHO (nocse npu-
0OpeTeHrs ONpeleNieHHOT0 HABBIKA) MPOBOJAHTL B YMe, MBICIEHHO 0603Ha-
4B COOTBETCTBYIOUWYID (QyHKUUIO Yeped ¢ uwam Kakyio-nubo unyio 6yxby:
U, Y, 2y

Wuterpuposanne no Hacram (merop cTpenok)

> [Iycte npouzsonusie dyuxumii u(x) u v{x) cywecrsynT U Henpe-
PHIBHEI Ha 33JaHHOM BHTepsane. Toroa MMeer MecTo papeHCTBO

fuu'da: = uy — f’uu’d&:. (2.3)

9ta dopMysia HaspipaeTcA GOPMYIIOH UKMELPUPOSAHER N0 YGCTIAM.
IMockonsky v'(z) dz = du(z), v'(z) dz = du(z), To opmyay (2.3) 1acTo
3aNECHEBAIOT B G0Jlee KOMIIAKTHOM BUIE:

udv = uv — | vdu. (2.4)
/ /

MeTon MHTErpHpOBAHHA M0 YACTAM HENeCooOpasHo MPHMEHATh B TEX CIIy-
yaAx, korma nosyuawomuitica » npasoit yactu dopmyns (2.3) (unm dopmy-
sbt (2.4)) vaTerpan npowe BCXomHOro JMGO nomnoBeH eMy. DTHM METOOOM,
HAIPHMED, TOJbL3YIOTCS, KOTOA MOI 3HAKOM HHTErpaJia CTOHT MpOW3BEIeHne
MHOTOY/I€HA HA OnHY U3 ¢yHxkumd sine, cosz, o, Inx, arcsinz, arctgz n
T. a. B gacTHOCTH, MHTErpUpOBAHME MO YACTAM MPHMEHAIOT K HHTErpajiaM

BHOA fm“ - e dx, fx” sin r dz, f:c“ cos & dz, fx” In z dz, f:t“ arcsin z dz,
(n=1,2,3,...) anu nonoGHBIM.
Taxxe ¢ NOMOWbK) MHTEIPHPOBAHNA NO YaCTAM HAXOOATCA WHTETDAJIBI
BHOA farcsina:d:c, farocosa:d:c, fa:ctga:d:e, farcctga:da:, fe‘ cosz dzx,
€” sin z dz » nonoBHBIE UM.

Bonee Harnanno H NpOCTO HHTErPHPOBAHHKE II0 YacTAM 3AIIHCEIBACTCA C
NOMOIILID BKBUBAJIEHTHOTO Memoda cmpe.monl

[ #@) 9(@)dz = F(2) - 9@) - [ F@) -¢'(@) da, (2.5)

Fiz) g'(=)
! Aprop C. H. Qenun.
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1. . TPH MHTErPHPOBAHAN NPOH3BEIeHUs AByX GyHKUMA non Kaxaol U3 HUX

pucye*rca CTpeNKa, IPH 3TOM Ha KOHIEe onaoi CTDENTKH (HHTBPP&J‘IBHOH fl)

HIeTcAa mepsoobpasHan cooTBeTcTRylomett dbyHKUMM, a HA KOHIE ApYrod#
(gnd}cbepenuua.nbnoﬁ lr) — npousponHas propol GbyHKIMK; TOrAa B Npabol
yACTH PABEHCTBA IONYHYaLTCA NpoussefeHue PpyHKUMY, crogmel HA KOHLE HH-
TerpaJILHON CTpenkuy, Ha hyHKUMIO 8 Hadane npyrodt crpenkn (3Tn GbyHKIMH
coemMHEeHbl MYHKTHPOM B ¢opmyne (2.5)) MEHYC UHTETDPAJ OT MpOUIBETCHUA
¢dyuxuui Ha koHnax crpenok. Hau, Gonee kpaTko, Cipasa NOJIyY2eTCA: KOHEY
UHTNEZPRALHOT CINPEAKY NG HAYQA0 dpyeofl Munyc unmezpaa om npouseede-
nus PynKyull HE KOHYLXT CMPEroxK.

8.2.1.

22 - 2351

HaliTi unterpan, HCNOAb3YA MOAXOMALLY TOACTAHOBKY
1) f (Tz — 1)%3dz;
2) f -sin(z? + 1)dz;

N

Q 1) Haunwtit uaTerpan — mouTd TaBAMYHBIN U TOITOMY JIETKO
BBIMHCJIAETCS € MOMOIIBIC CBOBCTBA 5 HHTErpasa |3 NpelbYIero
naparpacha. OmHAKO TAKHE HHTErpaJIbl MOXHO HAXOIOKTE H C TOMO-
LK 3aMEHEI IIEpEMEeRHOH.

B namem cnyuae npuMenum noncravosky t = Tz — 1. Torma
dt = 7dr, oTkyma dxr = L. Hoatomy

7
23 23 1 23 t*
f(?x—l) drzft 7ft dt = ? 5 +C
Bo3ppamaiack K MepeMeHHOH T, MONIYYHM OKOHYATENLHO!
By~ T2
f(h 1 de =~ + C.

2) TlonpHTErpanbHOe BHPAKEHUE CONEPKHT CIOKHYKO (pyHK-
wmio sin(x® + 1), NOTOMY CTOMT MOMPOGORATHL MOACTAHOBKY | =
= 23 + 1. Torma dt = d(z® + 1) = 3z2dz, orkyma z2dz = Lldt.

3
Taxum obpazoM,
1
2 3 — { cinfn3 caldm — f et 2ot —
f:l: sin(x +1)dr—fsm(:c +1)-z°de fsmt 3dt

1
= %fsintdt = —§cost+C = —%t::t:-s(a:3 +1)+C

3) ockombky zde= %d(a:2)=%d(a:2+1), a BeIpaKenue 2 + 1
CTOMT B 3HAMEHATE/IE MOILIHTErPANLHON 1pobH, TO uenecoobpasHo
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cnenars sameny t = x° + 1. Torga

rdr 3dt 1 cdt 1
[ovi=l*T =2 T=3nu+c=
= %lnk?:2 +1|+C = —;-ln(:r:2 +1)+C.
Mut uzbapHiiCh OT 3HAKA MOLYNA B MOCJENHEM BRIDAKEHUM, TAK
Kak 22 +1 > 0, vz, ®

[Mocnensnit U3 pa3oOpaMHEIX MHTETPAJIOB ABJAETCA YACTHBIM CITY4aeM

f(z)d=z
HHTErpaJIOB BHIA = (B umcTMTENE MOOBIHTErPATBROK DpPOBH 3meCH
CTONT NPON3BOIHAA 3IHAMEHATENS), PEWIAEMBIX € IOMOLIBIO 3aMenbl ¢ = f(x).

MMoatomy

jﬂ)%% —In|f(z)| +C.

Hattmu unmezpasn, ucnoasays nodzrodiwgoe nodemanosny:

8.2.2.

8.2.4.

8.2.8.

8.2.8.

8.2.10.
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f VAT —5de. 8.2.3. [ wﬁi—fzy‘
fsina:c ccoszdx. 8.2.5. fe“s - z22dz.
In® inzdz
f h-zde 8.2.7. ] suzde

z2dx arctg z dr
[ &= 8.29. [EAELE.

HaltTi MHTErpas ¢ NOMOWIBIO OACTAHOBKH, PEABAPUTEIIBHO IPe-
06pazsoBaB NONEIHTETPAIbHOE BBIPAKERHUE:
—sinl oz —1
T —sin 2 / r—1 4.
1) f 22 Idx; ) - 32
Q 1) MNpencTasum ncxonnsilt UATETPAT B BUIE paaﬂocrn IBYX MH-
TErpaJios:

[2 (5 - - [ S

Ileperift 13 OBYX MocnemHEX HHTerpa.non — Tabauanseill, a BO

BTOPOM HAOO CHEJIATH MOOCTAHORKY § = % Toroa df = —d;f-, or-

Kyna d—%- = —dt. CnenosaTenbHo,

x —sin 1 ) .
de:t:ln|$| —fsmt-(——dt) =ln|:.r:|+fsmtdt=

1
=] —cost+C =In|z| - 008;+C.



2) 3anumeM DasHBIR HHTEIPaJ KAk PA3HOCTh OBYX HHTErpa-
JIOB: ’

br —1 d f( ST 1 ) e
—_— g = — e
V4 — x? Vi-g2 Ji-2?
=5 f zdz de
V4 —g? V4 —x?
Bropoft U3 asyx MOMyUYeHHBIX MHTErpajiop — TabnMYHBIA, a B
neppoM chenaeM noAcTarobky ¢ = 4 — z?. Ilpu sTom ycnobuMmcs
MUCATH BCE BCIIOMOTATESIBHEIE BHIKJIAOKYN U 0003HAYEHHA, OTHOCHA-
muecs: K JAHHOH NOOCTAHOBKE, B KBAIPATHHIX cKoDKax nmom coor-
BETCTBYIOIIMM HHTErpanoMm. B wacrtHOCTH,

zdz t=4-2° > dt=-2zdz
JAi—z2 | >ede=— 1
1 rdt 1
= —-— —_— = = = - = - — 2
2] 7="3 Wi+ C=-vi+C=-Vd-22+C.

Taxum 06pa30M,
. T
f = -5v4—-1x? — arcsin - + C. ®
V4 - :a:2 2
Hatimu unmezpaan ¢ noMmowjbio nodcmanosox, npedeapumenstio npeofipaso-
806 NOJUNHTEZPAADRBIC GUPENCEHUR!

8.2.11. 174“123;3=d$. 8.2.12. fesm = . sin 22 da.
x —

8.2.13. %&%ﬁﬂd@ 8.2.14. f3’3 4.

8.2.15. Hafltu maTerpan, HCOOIb3YA NOAXOAAIYK TOICTAHOBKY & = 1f(1):

1) f la:_ z? dr;
2 | Zidsve

Q 1) Cuenaem Takyw 3aMeny T = (¢}, 4T0Ob! TONKOPEHRHOE BHI-
paxenue 1 — z? crano nosneiM keaaparom. Ilonxonut, Ranpumep,
noacranoeka T = sint (nnm & = cost). Toroa

V1= 12
flTIdI = [z = sint = dz = costdt] =
_f V1-—sin?t-costdt _ f veos? t - costdi fcosztdt _

sin’ ¢ sin? ¢ sin® ¢
1 - sin? t 1
= —1]dt =
f sin? ¢ f(sin2t ) sin ¢
=-—ctgt—t+C.
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YuuThiBas, ¥TO { = ArcSin £, MOJYYAM OKOHYATEILHO:

V1—z2
f—l Qx dx = — ctg(arcsinz) — arcsinz + C =
z
Jv1-—x2
= —% — arcsinz + C.

2) Cnenaem 3ameny = t?, uTo6bl KOPHH H3BJIEKANTHCD HATIENO:

2 dt
f\/_(1+\/_) [z=8 =dz=2tdt, t=7}= ft(1+t

dt
—th_'_—l—21nlt+1|+C—2ln(\/E+1)+C. e

Haltmu unmezpaas, ucnoassys nodrodawino nodemancexy = = ¥{t):

8.2.16. f\/g—:z:2da:. 8.2.17. f#
8.2.18. fa:\/_2—_x'd:.r:. 8.2.19. f@_

r+16
8.2.20. Halitu urTerpas, HCnoNbp3ya UHTETPHPOBAHNE TI0 YACTAM:
1) f x - e dx;
2) f Inz de;
3) f:c2 cosz dz.
QO 1) MpounTerpupyeM No HacTAM, UCMOIb3YH METON CTPENOK:
f:c-e’da: =g-e*— [efdr=uxe” - "+ C.
! “\‘ f
1 e*
3amerum, uT0 ecad Obl MBI MOMEHATH NOPAROK CTPENOK, TO B
HTOTe noNyuaca 6wl Bosee cnoxxHbIit HHTErpAN:

2 2
T _I__f‘_ .'L'_
fl"’(i dr——z e fzedx
il

YMeune BRIGHpPATE HYXHBIH TOPANOK CTPEJIOK (K CYACTBIO,
3NECh BO3AMOMKHBI TONLKO IBA BADHAHTA) IPHXOANT C MPAKTAKONH.
2) dns roro, 4T06H X 3TOMY MHTErPAJY MOXKHO OBIIO NpPH-
MEHHMTbL METON, CTPEJIOK, HeoOXOOUMO MMETh NMpPOW3PEJeHHe IBYX
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8.2.21.

8.2.23.

8.2.25.

-
¢dyuknuit non 3HaxoM MHTerpana. Ins 3Toro JOMHOXHM MONBH-
TerpanbHyKy QYHKIUD Ha equHuLy. Tornoa

Inzgde= f1-Inrdr=x-lnx— x-ld:c=a:ln.r— dr =
/I l z
S

1

T =gzlhhz-2+C.

3) BocriosibayeMca METOOOM CTPEJIOK:

f:a:2 .coszdr=2z° sinz — /2:csina:dz.

2z -sinr

[Mocne ooHOKPATHOrO MPHMEHEHNA METOOA CTPEJOK MOy YU
Gonee npocto#t urrerpan. Tem He MEHee 1JIA €10 BBIYACIEHHS Tpe-
Byerca eme pa3 NPUMEHHTH TOT METO:

f2:c -sinzdr = —2zr-cosx— | 2-(—cosz)dx =
, lf
2-(—cosx)
= —Zx-cos:c+2fcosxdx= —2z.cosr+2sinz +C.

Otciopa OKOHYATEBHO

ff—cos:.cd:.c=z2-sinx+2zcosa:—2sinz+6'. ®
Hafimu unmezpaas, UCROALIYA UHINEZPUPOGONUE TIO HACTRRAM:
fa: sinz dz. 8.2.22. f(2z: —1)-e32 dz.
h‘—i’,d—-’". 8.2.24. f z- 9% dz.
fln2 zdx. 8.2.26. f:rarctg:rda:.

8.2.27.

Halitu nurerpan fe’ - cos T dx.
(Q Hcnonbiyem MeTon CTpesioK:
fe" -coszdr =&¥ -sinx — fe“ - sin ¢ d.
’

Y

e®.ging

K monyyennoMy B npabolt 4aCcTH PABEHCTBA HHTETPAy {OTME-
THM, 9TO OH, B CYIIHOCTH, HE TIPOLIe UCXOAROIC) CHOBA MPHMEHHM
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MeTon CTpenokK:

fez -sinzdr = —e®cosz — [ e (—coszide =

; I‘““‘J j‘

e® - (—cosx)
= —¢£* cos;r:+fe’ coST dx.

Orciona
fe‘"‘-cos:rd:c =e°sinx — (—ezcosa:+fe" -cos:cdx) =
= e*(sinx + cosx) — fe‘ - cos & dr.

B urore cHOPa mosydunM McxoAHbii MHTErpan, # MOKeT mo-
KA3aTLCH, YTO PElleHHe 330 B Tynek. (JOHAKo, NepeHecs BToT
MHTErpaj b IeBYIO YACTh PABEHCTHA, MOMy4nM!

Qfe1 ceosxdr = e®(sinz + cosz) + C.

Terlepb OKOHYATEJbHO

fe’cosa:d:c=e (sma:2+cos:r) L °
Haitmu unmezpaan:
8.2.28. fe= -sinz dz. 8.2.29. [sinlnodz.

Tlpy BBIYHCASHHH HEKOTOPBIX MHTErPAJIOB NPHXOOMTCA KOMOMHMDOBATD
MOACTAHOBKY ¢ METOIOM MHTETPHPOBAHMUA IO 4aCTAM.

8.2.30. Hafltu gurerpam:
1) f arctg x du;
2) f §in /T dz.
(9 1) Crauana pocONh3yeMcA METOROM CTPEJIOK:
rdz
fl -arctgrdr = zarctgr — [ ——.
.~ l1+x
f - lf

-
Fl

1
¥ 1+ 72

Mosnnenue konctants C 06BACHALTCA TeM, UTO (PAKTHYECKH BCE MHTETPATBLHEE POP-
MyJIbl, B TOM MHCTe W POPMY.JIa HETETPUPOBAHNA N0 YACTAM, PEPHEL C TOMHOCTBIO OO KOH-
CTANTHl, KOTOPYIO 0G6I4EO B 3Tux (hopmymax He numwyT. Hy a mocKobKY B JaHHOM CJ/Iy4as
OPOHIBOJIBHAA KOHCTAHTA C HESBHO NPUCYTCTBYET B MHTErPase 13 nepoll 9acTH PABeHCTBa,
T0 OHA OOKHE MOABKTBCA W B npasoll wacTa.
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K nosiyueHHOMY HHTErpaJsTy NPMMEHHM NOACTAHOBKY £ = 1+2%:

zder
1+22

zdt _ 1 pdt
t  2J ¢

=%lnlt|+C=%ln(1+3:2)+C.

1
[t=1+3:2=>dt=2mdx=>zdz=§dt]

Orcrona HaxonuM

1
farctg:cd;c = rarctgr — 3 In(1+2%) + C.

2) B sroM unrerpane, Ha080pOT, CHEYANA CIENAEM NOACTAHOR-
KY, & IGTOM NDHMEHHMM METCI, CTPENOK:

fsin\/;,d:czf

i1

r=82= .
de = 2tdt| (—cost)-2
=—2tcost+2fcostdt=+2tcost+2sint+C=
= —2y/rcos vz + 2sinz+C. @

Haftmu unmezpaan:

8,2.31.

f arcsin z dz.

QonoanutencHme 3agaun

8.2.32.

sint-2tdt=—2t—cost—f(—cost)-2dt=

fuzsc

Hattmu unmezpaan, ucnoas3ys nodrodaue nodemanoexy:

8.2.33.

8.2.35.

8.2.37.

8.2.39.

8.2.41.

8.2.43.

8.2.45.

8.2.47.

fcos(ﬁ:c + 1)dz.

4

cos™

5 dx
Iy

(2z + 3)d
f(:.r: f-;z—f) '

v
|7

jln5;:dn:'

f4.r- V2% ¥ 8dx.

ftg 2z dz.

8.2.34.

8.2.36.

8.2.38.

8.2.40.

B.2.42.

8.2.44.

8.2.46.

8.2.48,

dz
f Y5z -2t
f e dr
PLEJINY
f dr i
arccosz - V1 — x2
/cos“ 21 - sin 2x dir.

e=x
x

fct.g:cdz.
fcos:cdx

sin‘x
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8.2.49. f e==" . z2dz. 8.2.50. f 7 dz‘

2
. - (3;;,- —2z+7)d:c
8251 [(8cos-5) singde. 8252 T

8.2.53. f £(2z + 1)%dz. 8.2.54. f (z — VT T ddz.

Hatirnu unmezpaav, npedeapumenvro npeolipaioeas NOJuHMEZPAALRYUE Gbi-
PAHCCHUR!

3\/5—2‘:05;15 8256 73 2 d(l,'
R [ 755

8.2.57. f 2 f‘e . 8.2.58. f %++—83dx

8.2.59. f @d&: 8.2.60. f (I_H-ﬁhjdx
-—Z

8.2.61. f(c052 z — sin® &) ¥/1 + sin 2z dz.

8.2.62. f €% — Tsing + 5sinds 4
COS T

Haiimu unmezpaatt, ucnoasays nodrodaupe nodemanoexy r = ¢P(t):

.2.63. -z . .2.64, .
8.2.63 V16 = 2dz 8.2.64 %;
dz
8.2.65. f:r:v T+ 3dz. 8.2.68. f m
2
8.2.67. zdz .2.68. T dr
f;?l-a: 8.2.68 f 1 -2
Hodtmu unmespatot, UCNOASIYR URMELPUPOSAHUE N0 YACTIRAM.!
8.2.69. f zlnzds. 8.2.70. f (22 + 3) - cos z da.
] z-cosrdr
8.2.71. /x sh 5z dz. 8.2.72. fw
8.2.73. f 2? Inzdz. 8.2.74. f (z? — 4z + 1)e~* da.
8.2.75. f 236 dz. 8.2.76. mc{’i"‘ dr
ool
arcsin /7 22dx
8.2.77. f AL dz. 8.2.78. f o
8.2.79. f cosln z dz. 8.2.80. f €3 - cos? x da.
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Haitmu urmeepaab, XoMOUHUDYR MEMOTh UNMEZPUPOBEHUR NO RECTIAM
u nodcmaNoexu:

vz zde
8.2.81. f evZ dz. 8.2.82. [-ZGE
8.2.83. f;c:" % da. 8.2.84. fln r+ V22 +1)dx
8.2.85. f sin 2z - Insin z dz. 8.2.86. f z? arccos 3z dz.
8.2.87. fa: - §in /7 dir. 8.2.88. /arcsinz zdr.

Hatimu unmeepaam:

8.2.89. f%da: 8.2.90. [arctg /zds.

P
8.2.91. .2.92. In"zde
Sm“’ 8.2.92 f:c —Inz
rctg 1 1
8.2.93. fiﬁ_fz_sidm 8.2.94. f3a:+531n(e=) s
eﬂ.‘

Bonee cnoxHbie 3agadn

Hoavaysace NpasuAoM UHMEZPUPOBERHUR NO YACTRAM, HATHMU uRmMezpain

8.2.95. f\/l—:cidx. 8.2.96. f\/1+x§d:c.

Hodtrmu unmezpaam:
8.2.97. f _dz

2
dz
Iz -z 8295 f—fdio.

14 x® (4z — 1) dx
8.2.99. ) .2.100.
2.99 fl_-a';_r‘d’: 8.2.100 f 2z + 10°
21, £—1
8.2.101. [s2mZzlar s.2.102. -4t

Henoavaya Memod unmezpuposanus no “wacmam, doxaiams, 4me

8.2.103. f % . cosbrdr = GCOSbIIgﬂﬂnbﬂf e%T 4 (.

8.2.104. [ o7 -sinbeds = 2siNbE=bgosbs oz 4

8.2.105. f\/:c2+ad:c=% 2+a+gn(z+Va2+a)+C
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§3. WHTETPWPOBAHUWE PALLMOHANIbHbIX .D,POBEVI
MpasunsbHele M HenpasunbHbie 4pobn

= Payuonaasnofl dpolivio HA3BIBAETCS BBIPAKEHHE BHOA g:), rae
P(z) u Q(x) — MHOrOUNCHBI.

P
= Paunonancuaa npobb a% HA3LIBAGTCA NPaeuadbHOl, eClH CTe-

ek MHOrOYNeHa P(x) B ee umcianTeNne MEHbIIE CTEEHH MHODO-
uneHa (z) B 3naMenarene. B nporueHoM cnywae npobh HASHIBa-
eTCH HERPAsUALROY.

Pz
Besikan HenpaBMNbHAA PAUMOHANBHAS APOGL 655% ¢ [TOMOUIbK) JeJIeHns
YHCAUTENA HA 3HAMEHATENb MPUBOAHMTCH K BULY

P(z) Py (x)
— = Fy(z) + , rae
0w ~ P9 o
Pa(z) — muorounen (uenas 4acTh NpH OEJEHUH), A 511 (:; — TpaBHJIbHAA

pausoHANIBHAA APOOL (0CTATOK).

Ioatomy f g(%dx =ng($] dx+fg—11%%dx.

Tak xak uHTErpan f Py{z) dz peruncnserca sneMenTapHo (CBOOHTCA K

cyMMe Tab/IMYHBIX), TO WHTETDHPOBAHUE HENPABH/ILHON OpoGH CBOIMTCA K
HHTErPHPOBAHNID HpaBunabeol npobu. aTerpuposanne npasunbHoll panuo-
HaJBHOM ApobH CBOIMTCH, B CBOIO OYEPenb, K HHTETPHPOBAHHIO NpocTeiiux
apobeil.

Paanoxenne npasunsHoB gpobu va npocrerwne ppobn

= IIpaBunbHbIE OPOOGU CAEAYIOMAX YETHIPEX THIOB HA3BIBAIOTCSA NPO-
emetliutmy (HNU 2aemermaprsimy) dpofamu:

A .
Tr-a’
1. (x—fE)T (k=2,3,4,...)
II. —2—'|'—A$ B :
+pr+g
v. 42+ B (=234 . )
(= +pz+ )" ( )
IIpu a10M mpennonaraercd, uto A, B, p, ¢ — necTEUTENIbHEIE
YuCna, a XpanpaTHeif Tpexunen 22 + pr + ¢ B apobax I n IV
TUNOE He UMeeT neficTBHTENbHEBIX KOpHe#H (T. e. P —-4g< 0).

Kaxpasa NpaBHNLHAA PALMOHANBHAA ApPoOb MOXKeT OLITh NpPEACTABJICHA
B BHJAE CYMMBbl NpocTefiiix npobelt yKazaHHbIX YETLIPEX TUMOB. A MMEHHO:
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Pz
eCJIH 3HAMEHATE/IbL NAHHOH NpaBHAbHOH Opobu é@} Pa3/I0KeH HA HEeNOBTO-
pAlIHecs Juneliuble  KBanparHble MHOKHTEIH

Q(:r)z(:n-al)"‘ -(m-ag)kg—...—(:r+an)"" -(m2+p1:c+q1)"‘ X
X (22 + P + gm)™,

rae ki, k... kn,71,72,.. . — HATYPAJLHBIE YHCJA, TO 3TY Jp0OL MOXKHO
NpeICTABHTE B BHIE ciaenyiomefi cyMmbl npocrefimux:

P(m) A] Ag Ah B].T + C]
= + +.. .+ +...
Qlz) (z—-a1)r (z-ay)? (z —~ay) @2+ mz+q)n
Bz +Cs B,-II-FC” (3 1)
(Z+pztan~t T ipr g '

Koapummentn A;, As,..., B, Cy,..., By, Gy, ... Bpaznoxenun (3.1}
HAXOOATCA € IIOMOIIBLIO Memoda neonpedesennuwr xosdPduyuenmos HIM Me-
moda wacmunr anavenudt {cM. pemenne zagaqn 8.3.12.). OrMernm, uto obilee
qHCA0 3TUX KoadbamenTos papHO CTeneHy MAOTO4NIeHa ().

Taxkum 00pasoM, HETErPAPYA NPABMIBHYID OpODE, MBI CHAYANIA PACKIIa-
ABIBAEM €€ HA CYMMY npocTeflinX, & 33TeM HHTErPHPYEM KaXKAOe CJIATAEMOE
B 3TOM DA3JIKEHHH.

Bhiuncasis HHTErpans o1 npoctelinux apobeli, HAI0 HMETh B BUIZY, YTO:

1) Npocrefimue Apody MepBbIX IBYX THNOB — NOYTH TAOIHYHBIE:

f A r=Amjz—a +C,

T—a
A A 1
dr = : 1;
f(:c-a)" 1-k (:c-a)’“‘1+0’ k#L
2} INpu uuTerpupoBarun npocrefimett apobu TpeThero THNA ?%’

rae p° ~4q < 0, CHA%ATIA BhLAENAIOT B YHCTHTENE MPOU3BOARYI) SHAMEHATENH,

T. €. 2z + p: @

Aw+B=%-(2z+p)+B— 2

Orciona

2-@2c+p)+(B-2F
fszfpziqdmzfQ w2+pa’-(l-q 2)dx=

_ At (2z+plde Ap dz
T2 x2+p:r+q+(B 2)[2:2+p2:+q'

B nepeoM M3 MONyYeHHBIX MHTETPAJIOB OeNacM 3aMeHy t = x° + pT + q,
otkyna dt = (2z + p)dz u

/ 2z +p)dz _ rdt

= [ % -t + C=m(z? c.
P r—— ; n(t) + (= +pz+q) +
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Bo BTOpOM MHTErpaJle cCHAYaNa BbIENAEeM NoMHbI KBAAPAT B 3HAMEHA-
Tene noaslTerpanbHoll opoby, a NoToM JenaeM NOOXORAMLYH) JUHEHHY IO Nog-
CTAHOBKY':

P2 2 20+p
=la=y/g—=—| = +C.
/ 2‘“‘2 { I~ Vagp i
OxoHyaTenbHo 4
f—ZAI+B dm:é-ln(m2+px+q)+2B* p-a.rctg ztp
z“+pr+4q 2 Vg - p? Vag — p?
3} Ecnu tpefyeTcsa NpOHETETPUPOBATH NpocTelmyo Apobh 4eTREpTOro

mna[ A$+B &, rie n =2,3,4,... u p® — 4g < 0, T0 cHavaNA, KAK U
@ +pz+q”

P OYHKTE 2, B qncnmene ApobH NPOM3ROOHAA OT KBAJPATHOID TPEXMJ/IEHA B
3HAMEHATEJE, OTKYIA

Az + B =f~;i(2z+p)+(3—é2£)
(2 + px + g} (22 + px + @)

2z +p _Ap . e

2f(a:2+pa:+q dm+( 2) f(:=2+p:=+4)"_
Cemstiperd =2 [ (-2, e
=[t=a"+pzta]=35 [ Z+{B- f[(x+g)2+(q—-"§)]”_

[y 3+§] (1“1”) ($2+P331+q]”— +(B-%£)—'[W;

dr =

Toe a= 1/ q-— % TMocnenuuft ueTErpan cuuTaeTCA C MOOMOUIBIC PeKyp-
pen'moﬁ ¢$opMynbl, no3poaaomell cpecTn ero K HoMee NPOCTOMY HHTETPaTY

f(TFTE’ﬁ

dy . 1 y + 1 2n-3 dy
f (¥ +a*)  2(n-1a% (2 +a2)*! a2 2n-2 J (y2+e2)n-1
Harnee x unTerpasy f GﬁTyQ)n__r CHOBA [IPUMEHACTCA peKxyppenTHasn dop-

MYJIA, NOHIDKAIOWAA CTeNeHb 3HAMEeHATEN nonmumrpa.nbuoﬁ npobu, 4 Tak

AaJiee, moKa He [ony4IuTes TabnHyHbi HHTErpan f ;2—_3-52'

8.3.1.  Hafitn unTerpan f "‘Z:ﬁ—ﬁ

(Q JIMCKPHMHHAHT KBAJPATHOTO TPEX4YIeHA B 3HAMEHATeNe Mo-
AbIHTErPANBHON ApobH OTPHLATENEH, NO3TOMY NAHHAA Opobt —
npocTeltnaa TpeThero THIA.
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CHaqana HalloieM NpOM3BOOHYIO 3HAMEHATeNA apobH:
(€ + 4z +13) =2z + 4.

3aTeM BhIEIMM NPOU3BOIHYK) 3HAMEHATENA B YHCARTENE APO-

Gu:
6z — 7 = 3(2z +4) — 19.

Orciona, yunteipas, 910 22 + 4z + 13 = (2 + 2)° + 9, umeem:

f 6z —7 _f3(2z+4)—19
22 +4z+13 ) z2 +4z+13

B (2z + 4} dz _ dx _
_3f32+4:r+13 19.[(::+2)3+9_
[ t=2%+4z+13, y=r+2, ] _
dt—(2z+4)dm dy = dz -
_ 19 Y _
_3f 19f 2+32—3ln|t| s arctg s +C =

= 3In(z? +4:!:+13)—-l§a.rctgz-;2+0

B nmocnenneM paBeHCTBE MBI BOCTIO/IBIOBAUCE TeM, ¥TO 22 + 4 +
+13 > 0 (Vz) u, cTano 6biTh, |22 + 42+ 13| =2 +42c+13. @

Hatitmu unmezpaam om npocmetiwur dpobell nepens mper munoe:

4dx dz
8.3.2. Adz 8.3.3. f(Tl)g
11ds
8.3.4. . 8.3.5.
(@ + 27 f:n +10.r+29

z +6)de dr — 1) dr
e s sar. [T
8.3.8. Haiitu unterpan f Ez%dx'

(Q TockonbKy JMCKPHMHMHAHT KBAJPATHOrO TPEXUJICHA B 3HAaMe-
HaTeNe MONBIHTErPANIBHOR npobH OTPHLATENEH, TO 3Ta Apobh —
npocTefiias YeTPepTOrCc THOA. DBbigesusM TPOHIBOIHYI) 3TOrO
TpeX4WIeHa B YHCIHUTENE Opobu:

8r+5 =42z - 2)+13.

Orciona

f 8r+5 L 8245
(g2 — 2z +17)2

(22 — 2)dz
_4j(ﬂ':3 2x+17)2 f[(z—]2+16]
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_[t=2*-22+17, y=x-1,| _

- = (22 -2)dz dy = dz
_ dt dy _ 4 dy
_4ft2+13f[y3+16]2_ m2~2:c+17+13f(y3+16)2'

J1A BLIMMCNIEHUA NOCAENHENO MHTErpasa BOCHOJABIYEMCH PEKYp-
pentHoft bopmysolt npu n = 2, a? = 16. Torna

1 y
f(y2+16)2_2 116 @ +16)+16 2 ” +42‘
y larctg +C =

=32 +16) 132 1

—1( z -1 +larct z-1 +
TR\ _2r17 18T :

O1cioma OKOHYATEALHO

8z+5
f(ﬂ—d::

Hailtmu unmeespaam:

8.3.9.

8.3.11.

8.3.12.
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— 2z +17)2
13/ z-1 1 z-1 4
_13 _ _ . ®
32( “r s 18 4) Z—2z+17 ¢
dx dz
@ +1)% 8310 | @y ooy
3r—2
dz
% T Y]
f(:n + 62 + 10}

Boiuucnnts HHTErpanbl

Tz +4 .
a)f -9z dz;

2% + 5z — .
G)f 1)($a:+1 dz;

|
B)fz o g gl

(Q a) Monsmrerpanbiasa npobb — npasuabHas. PasnoxuM ee na
cyMmy mpocTefimux gpobefi mepeoro THoa:
Tr+4 A B
@-3)@z+2) z-3 z+2
JLns Toro, yTobbl HARTH HemasecTHLIC KoadybmnenTsl A 4 B, npu-

BeaeMm npobH B Npaeol 4acTH paBeHCTBA K 00MeMy 3HAMEHATEJTR),
OTKYOa

Tz +4 _A(z+2)+B(r—3)
(z-3)z+2)  (@-3Px+2)
e Te+4=A(z +2) + B(x - 3). (3.2)



H3a monyvennoro papeHCTBA MOXHO HaliTu koadduumenTsr A
H B OBYMA CHOCOG&MH: C NOMOLIBEID METONA HEONPENEeJIEHHBIX KO-
apUMUMEHTOR MJIM METOA YacTHbIXx 3Hadvenunii. Paccmorpum oba
cnocoda.

1. Memod neonpedenennnr xozdpduyuenmes. Packpoem ckob-
KM B npasol 4yacTu paseHCTBa (3.2) H crpynnupyeM 4JIeHH C OOU-
HAKOBLIMH CTEIICHAMHN!

7z +4=(A+ B)z + (24 — 3B).

Tak Kax MHOTOUJIEHBl B 00ONX YACTAX MOAYYEHHONO DABEHCTRA TO-
IECTBEHHO PERHbI, TO ¥ HHUX JO/KHBI OBITh PABHBI U Koadduim-
€HThl NpH COOTRETCTBYIOILMX CTeNeHax nepeMentoll r. Cpasuubas
aTH K03 UIHERTE], NONYYAEM CHCTEMY ABYX ypaBHEHHIL:

A+B=T7
24 -3B =4.
Pemas aty cucremy, Halinem A = 5, B =2,

2. Memod wacmnwz anavenuil. [Ipuoanum HeuspecTHOMH T B pa-
BeHcTRe (3.2) yacTHOe 3HaueHue ¢ = 3. Toraa nonyuum

7-3+4=A-(3+2),1¢ 25="54,

otkyna A = 5. loactasnsa teneps B ypasnenue (3.2) 3Hauenue
T = —2 (ynobHee BCEro OACTABIATE SHAYEHAA, 0OPAIIAIOIIHE OAHY
HAM HEeCKOJBKO CKOOOK B Npasoll 4acTv papeHCTBA B HOAb; 3TH
3HAYEHUA COBMATAIOT ¢ ASHCTBUTEbHBIMU KOPHAMH 3HEMEHATEA
NoOBIHTErpansHoit apobu}, nony«nM

7-(-2)+4=8-(-2-3),
oTKyma B = 2.
Takum 06pasom,
Tz +4 _ 5 N 2
(-3 {(z+2) -3 z+2

W, CTANO ObITH,

Tr+ 4 B dr
f(:c—3)(z+2) 5] f:c+2_
=5lniz—3l+2ln|m+2|+C.

6) NonrinTerpansHas npods — NPABWIIBHASL, ONHAKO €€ 3HaMe-
HaTenb He [0 KOHIIA pasnoxkeH Ha MHoxuTeau. [foaToMy cravana
npeobpa3yeM 3HaMEHATENb:

(@ -De+=(x-Dz+z+1)=(z-1(z+1)>
Orcrona

22+ 5 —2 _ 2 +5c-12
(z2 -1D{z+1) (z—D{r+1)2%
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Paznoxum a1y Apobb Ha opocTetmye:
2+ 5z -2 A B C

C-DE+1? z-1 @+ "z+1

Ilpusona k ofmeMy 3HaMEHATENIO 1 H30ABNAACH OT 3HAMeHATeNnel,
HNPUXOONM K DABEHCTBY

2 +Ex-2=A+1)*+Blz-1)+C{z—-1)(z+1).

Jna BLIMHCIEHUS HeW3pecTHHIX koaddummentos A, B u C Boc-
MNONB3YEMCA METOMOM YAaCTHBIX 3HaveHuil.
Tlonowum = 1, Torna

1245:1-2=A4-(1+1)?
T. 2. 44 = 4, otkyna A = 1. Ananoruuno, nonoxum ¢ = —1. Torma
(-1)2+5-(-1)-2=B-(-1-1),

oTkyna B = 3.

Octanock nalitn koaddmment C. [Nockoneky <«ymoOHbIX®
YACTHBIX 3HAYEHHUI yKe He OCTAJIOCH, NPHIROMM & Kakoe-HHOyIn
3HRYEHHE, NPUBOOALIEE K HE ONEHb TPOMOIIKUM NOACTAHOBKAM.
IIpowe Bcero nonoxure ¢ = 0. Torma -2 = A - B - C, orkyaa,
¢ yueToM Haliperunrx snavenuilt A u B, monyuum -2 =1-3 - C,
T.e. C=0.

Hrax, 2
-+ 0r—2 1 3

= +
z-DE+1)? z-1 (@+12
T. €. OKOHY3TEeJIbHD

2+ 552 dz dz
(x2-1)(x+1)d“’*fz- 1 +3'f(z+1)2 =
—lnjz~1]- ——+C.
r+1
B) Jannasa noakHTErpaibHan Apofb — HENMPABUIbHAS, HO3TO

MY CHa4ana BbBIOAEJSTHM HEeAY10 4acThk, MOJEJIHE HHCJIHTESE HA 3Ha-
MEHATENb «CTOJOUMKOMS:

2 +0- 2 +0- 25 4+0-22 - 1|28+ 22+ 2
T+ w2t + 28 -z

- - 2B +0.27 -1
— i g3 g2
¢ -1
T. €
—_— s =I - I N
B +22+z 2 +z?+z



23 - 2361

Orciona
5 2
-1 -1
—d$=f$2—$ d.’.!?+/—d.’£=
f:r3+.7:2+:n ( ) P +z2+x

7 +f -1 d
T3 2 Braiz

Pa3snoxkupe Ha MHOXUTENN 3HAMEHATENb NONYYEHHOH NpapuabHOH

Apolu, NpencTasiM ee B BHOE CYyMMEL Mpocrefinmx:

z2-1 A N Bz +C
iz +z+1) z 2+ +1
Us6apnascs or 3HaMeHaTes e, MOJYUBM
P -1=A*+z+ 1)+ (Bz + O)z.

Crayana BOCOOSL3YEMCH METONOM 4acTHHIX 3HaueHuit. [Tono-
KHB £ = 0, Haftnem A = —1. Janee BoCmosIb3yeMCA METOOOM He-
onpeneseHHbIX KoahPuuMerToB (Ha NPAKTHKE YACTO NPUXOINTCA
KOMOMHHpOoBaTE 00a meroma). Packpoem ckobkn B mpapoil yacTu
NOCJIENHErO PABEHCTRA M NPHBLIEM NOO0GHEIE:

P —1=(A+B)? +(A+C)z + A

[IpupasHuRas COOTRETCTBYIOMMNE KOdDhHIMEHTB NMPK T2 ¥ T, B
Jepoil ¥ npaBolf 4ACTAX DocreqHero papeHCTRa MOMTYYHM CUCTEMY
NBYX ypaBHEHHI:

A+B=1,
A+C =40,
OTKyna, yYUThIBadA, 4T0 A = —1, Hailnem octapmueca koaddbunn-
edthl: B = 2, ' = 1. Takawm obpazom,
z2-1 1 2z + 1
P+a24+z oz 24z+1’
OTKYNa
f 2t -1 _ fd.?: / 2041,
;c3+:c2+z: B :z:2+:.-:+1

=[t=2>+z+1=dt=(2z+1)dx] =

=—mm+f@=—mm+mm+0=

z? +x+1|+c_

=-Injz|+In(z*+z+1)+C=In |
Bosspamanck K HCXOOHOMY WHTErpasly, NONYYAM OKOHYATETbHEIHA
OTBET:
5 _ 1 3 2 2 T 1
+z+z 3 2 z
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Hottmu unmezpaas:
2r —3

8.3.13. f z—5){z+2
dz
B.3.15. .
r+zx
dz
317 .
8.3 =

AononuvtencHole sagauv

Hatimu unmezpaas om npocmethuuz dpobeil:

Sdx )
z+;2

7dz
[:z:+3)a'

dz .
z*—dr +8

8.3.19.

8.3.21.

8.3.23.

dz.

8.3.25. f e+l gy

¢ — 8+ 25
z 42
r“+3r+5
z—1

83.20. [ &+ 35 137

dz
8.3.31. fm

8.3.27.

Heftmu unmezpasas:
2r -3

dz.

8.3.33. [mdz.
8.3.35. ;%.
-3z’ 42419
83.37. [=dteyyde
(2% + 2)dx
8.3!390 m-
4
8341, [ zdr __
3 (* -1z +2)
rdz
8.3.48. [ =l
2
8.3.45. f o 2r —3r—3 g

—2r+5){(z—-1)
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8.3.14.

8.3.16.

8.3.18.

8.3.20.

8.3.22.

8.3.24.

8.3.26.

8.3.28.

8.3.30.

8.3.32.

8.3.34.

8.3.36.

8.3.38.

8.3.40.

8.3.42,

8.3.44.

8.3.46.

[—zi-Ldz.

2 =6z +5
2 42t — 8
f x° — 4z de.

7z° —102* 1502 —77 4.
(*+9)(z°+z-2)

[3:r+2):"
[
4+r+1

Sz +2

f:n +2:1:+10dm'
_2—23_1 dir.
szt +2z+1

f(—,&"l—),dx.

+2r+5

/ (3z +2)dz ‘

(2 —3z+3)

z—4
fix—Ziiz—Mdz'
222 — 11
Z+z—6

_1
(= + T)(;r;2 %

f —"'—3-(2‘”_ 2:'),’ dz.
[#5

dz
f (x° + 1)(z° +4)°

f:r:“+:ca+m2+:c+1d$.
(z*+1)* -z



4 3
8.3.47. f ' -2z +3r+dg,  8.3.48. / ﬁ% dz.

™ +1 z° +1)
8349, [ Zde . sss0. [pdo
8351 [optindr 8.3.52. f(l—l_"éﬁ??dz.
8.3.53. f (sinx Eof)a(:gﬁz ) 8.3.54. f %.
Bonee CnoxHbIe 3apaqun
Hatimu unmezpaasi:
8.3.55. [ 8.3.56. ﬁ}m dz.
8.3.57. [ $28§4++23df 5 s.358. [ Gﬁfumr{%; dz.

§4. NHTErPUPOBAHUE WPPALINOHANBLHBLIX
PDPYHKLUA

Ecsin B pannoHanbHOM Apo6y HEKOTOpPhIE U3 CAraeMbIX B YHCINTENE MIH
3HAMEHATEJIE 3AMEHKRTL KODHAMY OT PAUMOHAJIBHBIX npoleft (B TOM YHCAE OT
MHOTOY/ICHOB), TO HOJIY4eHHAR (PYHKOHA DYIEeT HASBIBATLCA UPPOUUOHAAD-
notil.

B HeKoTOPEIX CRyuasax MHTETPANL] OT HPPAUMOHANBHBIX (YHKUME yaaer-
CA PEYUONAAUIUPOSATAD, T. €. ¢ NOMOUIBK NMOAXOAANEH! NOACTAHOBKH CBECTH
K HHTErpajaM 0T PAlMOHANbHBIX Apobelt. PaccMoTpum Haubosiee THOMMHbIE
cay4an (Besne nafiee MOAPA3YMEBAETCH, YTO NOALHTErpATbHAA DYHKINA —
HPPALMUOHAJILHAL).

1. EcAu KOpHH B NOIBIHTErPAJILHOM BBIPAXKEHHH HMEIOT BHI;

Vem, Hzr, zt

M T. 0., TO OHO Npecbpasyerca B PAHOHANBHYIO Ap00b ¢ MTOMOWIBIO MTOICTa-
HoBkM z = ¥ roe k — Hanmenbmee ofiee KpaTHOe NMokasaTesell KopHeil,
T. e, MHCeA N, ¢, §,...

2. Ecnu BeipaxeHue non 3HAKOM HHTErpasla COZEPKHT TOMBKO KOpHM
Y{az + b)™, {/(az +b)?, {/{az +b)" u T n. (B yacTHocTH, U b=0,a=1
nony4aeM cayuaii 1), To oHO NPpUBOAUTCA K panuoHaNLHOH NpobU ¢ TOMOIbIO
NOOCTAHOBKY az + b = t*, rne k — Haumenbmee obmee kpaTHOE NoKasarenedi
KOpHe#l, T. €. yucen n, ¢, 8,...

L3910 onpenenenne uppanHoHansHoH QYHKIMA He COBCEM CTPOTOR, HO OHO BIIQJTHE TION-
XORMT DA Halmux ueneit.
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3. Ecru Bblpaxenne moj 3HAKOM HMHTErpasia COIEPKHT TOPKO KOPHM
m » r
v(%‘%) , (/(3;_33) , \’/(g;"—_tg) U T. 4. (B 9aCTHOCTH, NpH ¢ = 0,

d = 1 nonyuyaem cnyuatt 2, anpu c = b =0,d = a = 1 — cayuait 1}, 1o ong

NPUBOMUTCA K PallHOHAJIBHOR Apofu ¢ mOMOmEbI0 MOACTAHOBKH %{—g = tk,

rae k — HauMeHbilee obliee KpaTHoe mokazarenelt kopHell, T. . uHcen n, g,
8...

4. Ecnu noapHTerpafbHoe BHIPAKEHHME NPEICTaBndgeT cobolt duddepen-
yuavkwil Bunom, TO cTh paBHO ™ - (a+ bx™)P dz, rae m, n, p — paBHOHATIL-
HBIE 9MCAA, TO JaHHbIH HHTErpaJ CBOONTCA K MHTErpajy OT PallMoHaJILHOMN
apobn B CAEOYIOWMX TPEX CAYYadAx:

1) p — uenoe YHCAO; TOTOA MHTETPAN MOKHO PALHOHANMIHPOBATH IPH
MOMOLIM NOOCTAHOBKHU I = £¥, roe k — obmmit 3HaMenarTens apobeli m u n;

2) %1 — [EJI0e YHCO; TOTAA PallHOHAIN3AlHA JOCTHTAeTCA HOACTa-

HoBko#t a + bz™ = t*, rne k — sHamenaTensb uncsa p
3 f—”-;;t-l— + p — UEJIOe YMCJIO; B 9TOM CJIyHae HHTErpaJl PailHOHAJIHIH-

PYETCA € HOMOUIBIO TIOACTAHOBKH & - £~ ° + b = t*, rne k — smamenaresn
YHCIIA P.

8.4.1. Haiéita Hﬂmrpanfﬁ—‘f%.

(Q B mombiTerpansHOM BHIPAXEHHE €CTh KOPHM BTOpOH H Tpe-
Toelt creneHelt OT i, MOSTOMY neslaeM MOACTAHOBKY ¢ = 8 (6 —
HaMMeHbIee obimee kpaTHoe yncen 2 u 3). Orciona dz = 65 dt n,
3HAYMT,

6t5dt_ £2dt
f\/'+\/' ft3+t2_ t+1

#+1) - ARy | dt
T dt= —_—dt—- ] ——| =
6[ t+1 Sdt=6 t+1 ft+1
E+D{EP -t +1)
6 dt-Inft+1]| =
[f t+1 nit+1]

:6[/(t2—t+1)dt—ln|t+ 1;] =

£t 8 au2
=6(———+t—ln|t+1|)+C=2t -3t°+6t-6nft+1]+C =

3 2
=2/ -3Yz+6¥z-6Wm|¥z+1|+C @

Hatimu unmezpaan:

8.4.2. f -"’d“’ 8.4.3. f%ii‘_ﬁ
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8.4.4.  Hailitu uarerpan f ﬂg@d&

1+z
(Q Haumennmee ofee KpaTHoe mokasaTesieli kopHell B IombiH-
TErpAJILHOM BHIDAXEHMM DABHO B, MOITOMY AenaeM MOACTAHOBKY
(cay4ait 2) 1+ ¢ = 18, orkyna ¢ = t8 — 1, dz = 6¢° dt, T0 ecTs

V1 6_1 3
udg;:/%.5;5&:5[@9.};3_;3)&:

\3/l+:1:
T LA 1% 31
_G(E-'-?_I)-'-C_Gt(10+?_Z)+0_

=63/ (1+2)?- (1L$+¥—%) +C. @

Hatimu unmezpaan:

8.4.5.

dx
8.4.6. .
f\/(2z+1 -2z +1 f1+ T+1

1+z =z
(J BcoorpercTRHH C yKaaaHHOﬁ Bhile pexoMeHanueit (coayua 3)
cnenaem noactanoeky 1=% = 2. Orciona 1 — £ = (1+ z)}t%, 1 e.

8.4.7. Haiiru unTerpan f

l+:1:
Q:-uauanm"r
14¢%7 '
_ g2y 2y _ 2yrpq 42
dz:z(l )1+ %) £12+t)(1 t)dtz— 4t22dt
(1+1¢9) (1+1¢)
Takum obpazoM,
/‘ l-z dr 1+t2_(—4t)dt_
1+ :z:_ 1-£2 (141¢2)2
(t -1)+1 _
4/(t2 1)(1:2+1)“Elt e e~

4[/@%&#@?%] -
_4Ut2 2 (t2—1 tﬁ-lkl)dt]=
=4ft26f|t-1 +2ft2d—t1_2ft2i=

dt dt 1. [t-1
= = =In =
2(ft2+1+ft2—1) 2(&rctgt+2 t+1|)+C’
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8.4.8.

8.4.9.

1-=z \/_%_2_1
- +z
= 2arct 1 C =
& l+;t:+n /1—z+1+
1+z

=2arctg\/1+ +l"1_z itz +C @

Vi—-z++1l+z

Haiitu anter f V2 dx
past 2 T -1
Haiitu unrerpan f Yz V1+3 Va2ds.
(9 Tlpencrasum naHsk MHTErpad B CIEMYIOMEM BIIE:
1
f:z:% -(l+3-:.-:%)§d3:.
OTciopa BUAHO, 49TO 101 3HAKOM MHTerpana crour audpepennu-
anbHLE OuHOM (Ciyaall 4), npu aToM m = %, n=35p= % Tax

1
Ly
KaK B JAHHOM CJy4yae m%l = 3 _— = 2 — pgenoe uncno, TO

CleyeT NpUMEHUTh NOACTaHOBKY 2), T.e. 1 + 323 = 3. Cregona-
1 (4 4 — ¥33 L 2
TENBHO, T = t* — 1)%, n zHaquT, dr = tt —1)7 -t dt.

Taxkum 0bpasom,
/\/‘ 1{1_'_3 f . .é.\(ﬁ_l.tzdt:

f(ts 1)etde = /[ts -HE-)4o-
=% \3/(1+3 2)7 - «.3/(1+3 4C @

Haitmu unmezpaan:

3 /714 dz
8.4.10. fﬁ(l"‘ \/3_7) dr. 8.4.11. f'm.

AononHurensrbe sapadqdu

Hadimu unmezpaan:

dz T
8412 [ —d&__ 8.4.13. 44— dz
T+ Va? f 1+ Vz?
3
z+ Vz2+ ¥z :Bd-r
A4.14. . 8.4.15.
8.4.14 /—yiz(l_ L de fx_ z.
8.4.16. flfd‘; 8.4.17. f%
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4.4.18. f@dz.
dx
.4.20. .
8 f(;c+1)3/’~’+(x+1)%
8.4.22. fvf%—__l
8.4.24. f o w);, - [37Ldz.
.4.26. :

B f%/(x—1)2(x+1)

dr
8428, [—dr

f:z:- (1+ ¥=)

dx
8-4v301 fm-
8.4.32, f:z:5 -1+ z3)2dz.
8.4.34. f Vi(l + v7) dz,

dx
8.4.36. fm
8.4.38. f 32-5 _ gr

—4r+5
8.4.40. f@ dz.
8.4.42. f ¢ ¥z —2dz.

Bonee cnoxHuie 3apaun

Hatimu unmezpaan:

8.4.44. dr
f\/:l:-l-\/:l:-?
2
8.4.46%. ¢ =1 _ dr )
saev. [l

8.4.19.

8.4.21.

8.4.23,

8.4.25.

8.4.27.

8.4.20.

8.4.31.

8.4.33.

8.4.35.

8.4.37.

8.4.39.

8.4.41.

8.4.43.

8.4.45.

8.4.47.

zdz )
VI+1l+ ¥z+1

¥1+I+1dﬂf
vi+aor-—1

dz
f\/1—2z—{‘/1—2z'
f\/(:c—13(:c 2)

[ai—
f 7% /1+ r2dr.

| 7wt
[%ﬁtq-;dg
f !:.-:—2!d:.-:

— 10:.-:+2
f I+1 dz.
;;21:—1:2

f\/mfdx.

dr
[ el

(vt

[T,
»/_+\/_

§5. M(HTETPUPOBAHWUE TPUMOHOMETPUYECKUX

OYHK WA

Hurerpaner or TtpuroHomeTpuyecknx GyHKuu# BO MHOPMX CHTyAUMAX
YIAETCA PALHOHATHINPOBATL JMB0 CyMIeCTBEHHO YIPOCTHTb. PaccMoTpHM

wecTs Hanbonee THITHYHBIX CJIy4aceh.
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1. Ecnv n1on 3HaKOM MHTErpasia CTOT Beipaskenue R{sin £, cos ©), nonyqa.
wieecsd 3 GYHKUWA §in T W €08 T U HEKOTODBIX KOHCTAHT C NMOMOIIBI) Y€ThI-
pex apudpmernyeckux neficreait {(R(sinx,cos ) HA3KBAETCA PaUMOHATIEHOY

¢dyHrumel or sing u cosT), TO DaHHBIH MHTErpan fR(sin T, co8 )dr Cro-

OUTCA K HWHTETPally OT PALMOHANBHOH APOOH IpH OOMOIIM YHRUGEPCEADHON
mpuzonomempuyecxott nodemanosxu t = tg % Torna

2 cosx_l—ﬁ o 20
1462 1+ T 14
XoTa yHuBepCcaabHAS NOACTAHOBKA NO3BOAAeT HallTu mobolt MHTerpan puaa

sing =

f R(sin z, cos 2)dz, onsaro B GOMBLHIMHCTEE C1y4aes OHA MPHBOOUT K Yepec-

4yp TPOMOBAKHM BLIYMC/JIEHHSAM, U TOTOA ynoDHee mOJIb30BATHCA OPYTHMH,
Bosnee adrpeKTUBHEIMM NOOCTAHOBKAMH. TeM He MeHee HEKOTODBIE HHTErpa-
Jbl Hanbosee GHICTPO CIMTANTCA UMEHHO ¢ MOMONILI0 9Tol moncTanoeku. B

HACTHOCTH, 3T0O OTHOCHTCA K HHTErpanaM BHIA f

asinz + beosz +¢ @
win b He PapHBI HY/I0.
2. Ecan noppinTerpansian yukuua R(sin #, cos £) He MeHAeTCA npu ne-
peMeHe SHEKOB y Sing M €OS2Z ONHOBPEMEHHO, T. €. eCJIH
R(sine,cosz) = R(-sinz, —cosz), (5.1)
T0 ueaecoebpasHe NPUMEHHTh HOACTAHOBKY ¢ = tg . B 4acTHOCTH, 3T0 OTHO-
CHTCA K UHTErpaNiaM BUOA

asinx + bsinz-cosz+c-cos‘z+d

3. Ecu nonpiaTerpanenan ¢yHxuna A(sin ¢, cosx) MeHAeT 3HAK npu 3a-
MEHe Sinx Ha — sin T, T. €. eCJu

R(-sinz, —cosz) = —R(sinz,cos ),

TO HHTErpaJl PalMOHAJIH3UPYETCS ¢ OOMONBIO NMOACTAHOBKH ¢ = cosz. B
YACTHOCTH, 3TO OTHOCHTCA K MHTETPANaM BHAA f sin®* 11
n=01,23,...

Ecsau xe nonpaterpannHas dyukinus R(sinr,cos ) meHser 3nak npua
3aMEHE COST HA — COSZ, T. €. €C/IN

z - cos?® xdx, rae

R(sinz, - cosz) = —R(sinz,cosz),
TO HHTErpaJl PAuMOHANMMAUPYETCA ¢ MOMOIIBI NoncTaHosku f=sinz. B
YACTHOCTH, BTO OTHOCUTCA K HHTErpajiaM BUIa / sin®" z - cos? ! g dx,
k=0,1,2.3,...
4. Ecnv nogpHTerpansHaa GyHKLA npencTasngeT cobolf npoussencHue
YSTHBIX CTeNeHel CHHYCA H KOCHHYCA, TO €CTh NHHLIK HHTerpaJs HMeeT BHA

fsing";c-coszkxdx, rtmen=0,1,2,..., k£=0,1,2,...,
TO CRENYeT YIPOCTHTD e ¢ MOMOLIBIO GOpMyJ 8in’ £ = %, cos® z =
= 1—""320—52’:, sinxcosx = %sinh.
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5. IIpH BWYHCHEHHH HHTETPANIOB f sinnx - cos kx dx, [ sin nx - sin kz dz,
Al

COS T - €08 kE d¥, MONAB3YIOTCA TPHTOHOMETPHYSCKUMH (HOPMYTAMH npe-
oBpAa30BAHAA MPOA3PEACHUA B CYMMY:

sina - cos g = %[sin(a — B3) +sin(a + 8)],
sina-singd = %[cos(a — ) — cos(a + 8], (5.2)
cosa-cosf = %[cos(a — ) + cos(a + 3)).

6. Hurerpane! BUga f tg” xdr n f ctg" © dr BEIYMCIIAKTCA ¢ IOMOMIBIO

dopmyn tg2e = E;z_x —luetg?z = —4— — 1, nosposmomux norusaTs

sin“z
CTEMEHL TAHMCHCA HITH KOTAHICHCA.

4sinz—3cosz—5"

8.5.1.  Ha#itu PIHTEI‘pa.J"If —dz

(Q Bocnonbsyemcs YHUBEpCaNbHOR TPHrOHOMETPHYUECKOR NOACTa-
HoBkofi (cnyqafl 1):

2dt

f4sm:r: Jcosx — 5 f4 —, m 5

1+t
2dt a _
8 —3(1-£)-5(1+1¢2) ft3—4b+4_

dt 1 1
= - Ejﬁg—:3+c—%gt§+a ®
Hatimu unwmeepaas:
dz dr
8.5.2. de 8.5.3. fEEEEI?

8.5.4. Haiitu nHTerpa.n[m
in

(Q Iockonbky moasisTerpaibian GpyHKIUHA YIOBIETBOPAET YCI0-

euo (5.1), TOo npuMesuM moacTaHoOBKY ¢ = tgx {cayyall 2, Toroa
dt : — £

dr = %o sinz = HCOST = 1 . Jna yvoobersa
1+t i+ ?1+ﬁ) ¥

NONESIMM YHC/INTEM M 3HAMEHATE b MOIbIHTErpaIhHol Apobu Ha
cos? T H BOCIIONIB3YEMCI TOXIECTBOM —C-B-;-g—z— =1+ tg®z. Toroa

cos” ¢ _ digz L B
= = =lt=tgzxj=
f1+3m r f_!_+§m§__ 1+t ) +tglx [t=tg 2]

cosiz | Ccos
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arctg ——— +C =
(7-)

arctg(v2tgr) + C. @

_ g _ 1
f2c2+1 2ft2+(71§)2_2

1
= _—arctg V2t +C =
72 e

77

\/_
Hattmu unwmezpasns:

8.5.5. O : 8.5.6. f
3sin’z + Seost §indx - cosx a: cosxz

8.5.7. HaliTh uurerpad:
1) [sin3 xi/eosz dr;

dz
2) f sinz - sin2z’
Q 1) HoavixTerpanbhan ¢GyHKUMA MEHAST 3IHAK [PH 3AMEHe
ginz Ha (—sinz), noaromy npumeHAem (cayuall 3) moacTraHOBKY
t = cosz. Toraa

[sin?':c “yeoszdr = fsinzw ‘yfeosz-sinzde =
= f(l —cos®x) -y/cosz - sinzdr =
=[t=cosz = dt = —sinzds) = f(l — OWEH(—dt) =

= [ - pmae =2 - §¢3/2 +O =

= %\/cos'?:r, — %\/COS3I +C.

2) MpeofipasyeM moapHTErpasIbHYIO (hbYHKUHIO
1 B 1 B 1
sinz-sin2z  sing-2sinz-cosr 2gin’z-cosz
Teneps 6udno, 4T0 314 QYRKOUA MeHAET 3HAK HpPH 3aMeHe CO8 T
Ha —cosx. [losTomy Bocnosbsyemca (caykalt 3) noacranoexolt
t = sinz, npeaBAPHTEALHO AOMHOXKHE YHCIUTEL H 3HAMEHATE b
npeobpa’oBaHROl NONBHTErpanbkol Apoby Ha COS2:

1 2_[ coszde

2sin T- cos:c sin® 7 - cos? ¢

cos ¢ dr
2 sin® ¢ - (1 — sin® z)

1—t2+t2) 1{ rdt dt
2ft2(1—t2) 2[ 11(1 — £2) 5( t_2+f1—2)‘

1 1 Jt-1 1/ 2 sinx
_5(_?_5111t+1|)+c__3(smx+lnsm +1|)+C ¢

= [t =sinx = dt = cosz dz] =
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Hetimu unmezpaan:

8.5.8. lf sin® z da. 8.5.9. f 80513 rde
sin® z

8.5.10. Haliitn usTerpan fsin“ z - cos® zdz.

(Q B nannoM nmpHMepe HMeeT MecTo cny4dalt 4, nosToMy CHAaYasIa
YIPOCTHM MOOLIHTEIPAJIEHOE BBIPAXKEHHE.

[sin“w-cos?md:z = fsin2:c - (sin z cos z)%dz =
- 2
= /% . (%sinh‘) dz = %f(l—cost)sinZZr:da: =

= %fsin22xdx— %fsin22:n‘cos2xdx =
= [t = sin2s = dt = 2cos22dz] =

Sfl—cos4xd __/ 2,@_16(fdz_fcos4zd:c)

1 8 1 ( sindr  sin® 2z

16 3 186 4 3

)+C. ®

Hattmu unmezpaas:
8.5.11. f«;os4 rdr. 8.5.12. fsin2 z - cos® z dz.

8.5.13. HafiTu maTerpan fcos az - cos 3z dx.

Q 3mecy ynobro BoconbsosaThes Gopmynamu (5.2). Yuntnipas,
970 €08 5z - cos 3z = %{cos 2z + cos 87), nosmy4HM

1
fcos5:z-c033x = §f(c0322:+c038x)d:c =

1 1/8in2r sin8z
= -2-(fcos2xdx+fc058xdx) = 5(-—5-— +T) +C =
| |
= Zsm2x+ EsmS:c-i—C. ®
Hadtmu unmezpaa:

8.5.14. fcos2:z-sin4:z dz. 8.5.15. fsm % sin 57 3"” dr.

8.5.16. HatiTu unrerpan ftg5:rd:r.
(9 Hmeer mecro cnyuaht 6. Iloaromy ucnosnssyem dbopmyny nis

tg?
ftgs:cd:c=ftg3a:-tg2xdx=ftg3x-(cosl2 —1)d:1:=
ft.g zdr = [t-t.g:z:—dt— (iﬁ:c] =

= /tg
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4

=ft3dt—ft.g:c-t.gz:cd:c= £ —ftgz(ﬁ —I)d;-;:
tg ad fg c032 ftg:cdx:[t:tg:c]=

—ftdt—fsmwdx = [y =cosz = dy = —sinxdr] =

COS T
tg z dy _tg'z tg’z
—_ - — —_ = 1 =
2 3 + f i +Inly|+C =
tod
=27 tg +Injcosz{+C. @
4 2
Hatimu unmezpaan:
8.5.17. [ ctg® z dz. 8.5.18. f tg? z de.
Dononvurtensubie 3apauv
Hatimu unmezpaan:
8.5.19. . 8.5.20, [ —dz__
COST 1—sinzx
_de 2-sing
8.5.21. szSm,. 8.5.22. [2-SiLZgy
dz gin
8.5.23. 2sing —cosT +5° 8.5.24. fil +cosxismx
8.5.25. dr . 8.5.26.
5.25 Ssin“x — 3cos’x + 4 8.5.26 f4sm r+9cos’ s
daz
.5.27. —-——2— .5.28,
8.5.27 1+3cos’z 8.5.28 [sm
8.5.29. f sin® z dz. 8.5.30. f sin® = - cos® zdz.
sin 2z dr sin? r dx
8.5.31. [ SI-gdr, 8.5.32. f sn_zdr
8.5.33. f sin® z dx. 8.5.34. f sin? - cos* z da.
8.5.35. fsin“ x - cos? xdr. 8.5.36. fsin:r - 8in 3z dz.
X x .
8.5.37. fsm 15 0083 dx. 8.5.38, fcos:c cos 3z dz.

8.5.39. fcos:r-oos&n-cos Srdr. 8.5.40. [ctgsxdx.

8.5.41. f tg* £ dr. 8.5.42. f tg z dz.
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KOHTPOJIbHAA PABOTA
Bapwanrt 1

Hatimu unmezpaani:

d
lf(s““si)

22+ 5
'fmg—x2+2x—2dz

dx
3. f 2cos’x + 3sin’
Bapuant 2

Hettmu unmezpaan:

1. f Ezd.’.l:
;6;7 2:3

322 —4)d9:
3. f x+7)(:c —2x+1)
5. ftg 2z dr
Bapuwanr 3

Hotimu unmezpaaw:

3/arctg 3z — 4
1.
f 9z° + 1

3 fxz-i-_41:c

5. fsm 2rdr

Bapwant 4

Hadimu unmeepaaw:

1f\/7sinzz+ cos 2 da
z? — 25) de
3'.[::: + 6z° + 9z

5'f2+cos:c

2. f(:c3 +5z)Inzdz

4[ dr
1+;2a:+1

6. fxa,rcsin 2z drx

2 [ 142 dr
4_[ 8 —x)de
T+ 4r+ 8

6. farctg\/%d:c

2. f(Sx—l)-sin?xdx
4 [Ya=ly

6. farccos(3 —r)dr

2 f(l’2 - 4z) - logy z dz

4[ 4r - 1) dx
' ;;'x2+‘2:::+5

6. f(x + 2)arctgr dx



Mnaea 9. ONPEOENEHHBLIA UHTErNPAN

W]

§1. NPUEMbI BLIYUCIIEHWSA
OcHoBHble NMOHATUA W CBOACTBA

Ilycts byukuua y = f(z) onpenenena sa oTpesxe [a; b u Ha 3TOM oTpes-

K€ MPOH3BOJIBHO BHIOPAHEl TOMKH T, T1,---,8p, TAK 94T0 @ = T < &1 < ..,
.. < Ep=b — eoIGpano pasbuenHe 3TOro OTpPe3Ka Ha n yacTelt. B kaxnom un-
repBadie (2i_1;Z;) NpOu3POIbHBIM 06Pa30M Brbpana Touka ¢;, 1 = 1,2,...,n.

=2 Cymma BrIa "

Sn =) flei)Ag;, (L1)
i=1

roe Az; = T;—&;-.1, HA3LIBAETCA UNIREZPAALHOT cysmamotl byHKIIR

f{z) na orpeske [a; b].

= Onpedenernmm unmeepasom or dpyHkmun f(xr) Ha orpeske [a; b
HA3LIBAETCH NpENesl MHTErpPasbHBIX CYMM S, TPH YCJOBHH, HTO
LJIHHA HAHOO/TBIEro YaCTUYHOTO OTpeska Ax,; CTPeMHTCH K HYJIO:

b
[#@)de= Jim Zf(c,)m‘ (1.2)
a max Az —>U i=1

Ecnu pyukuus f(r) Henpephipsa Ha orpeske [a;b], To npemen (1.2) cy-
IHeCTBYET H HE 3ABHCHT OT crocoba pasbueHns orpeska [a;b] u or Bribopa
TOYEK ¢; (meopema cyujecmeoeanus ONpeNeneHnore uuterpana). Oyakuns
f(z) B 3TOM CMyuae HasmiBAeTCA UNME2pupyemoli Ha oTpeske [a;b]. Bonee
Toro, ecne Gyskuua f(r) orpanuyeHa Ha orpeske [a; b] 1 HenpepbBHA B HeM,
KpOMe KOHEUHOrO YACIa TOYEK PAsphIBa IEPBOIG POAA, TO OHA HHTETPHPYEMA
H& 9TOM OTPE3KE.

CeoiicTBa OnpenesIeHHOTO HHTErPaa:

b

1. f fx)dr = — f #(z)dz.
a b
2.fnf(:r)d:r=0

b b
3. ff(:c) dz = ff(t) dt, T. €. NIEPEMEHHYI0 HHTErpHpPOBAHUA MOKHO 060~

3Hatm;b mobo 6y1?30ﬁ.
] b b
1. [(h(@) * fo(@)de = [ @) dz £ [ fols)ds.
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5. fcf(.r) dx = cff(m) d.

6.ff(a:)dx:ff(x)dx+ff(x)dx, a<ec<h

7. Ecm f(z) > 0 na orpeske [a;b], To f f(z)dz > 0; ecom £(z) <0 ansn
scex ToueK T € [a; b], To fb f(z) dz <0.

8. Ecom f(z) < g(z) na orpeske [a;8], To f fz)dz € f g(z) de.

9. Ecnu M — naubonemee, m — Hanmeﬂbmee 3HaquHe f(z) ua [a; b],
b

10 m(b—a) € ff(:r)da: < M(b- a).

a

b
10. f f(z)de = flc)(b—a), ¢€ [a;b] (reopema o cpennem).

b
< [1f@)de
12. (fzf(t)dt), = f(z).

@opmyna Heovona-Jleibumuya

Ecnu ana senpepriBHOl Ba orpeske [a;b] pynkumm f{z) mower GuiTh
Halinena ee nepeoobpasdas F(z) (em. [n. 8, § 1), 10 npocTeiM 1 yoo6HBLIM
b

METOOOM BbIYHC/IEHHA ONPEIeIEHHOr0 HHTErpasa, f f(z) dr aBnaerca gop-

a

myaa Horomona—Jetibnuya:

b
[ #(z)dzx = F(x)|:= F(b) - Fla). (1.3)

IIps HETErPHPOBAHHN %eMNHE U HEYemHuE PyHryutl B CHMMETPHYHBIX
Npenesax HHTETPUPOBAHN TOJIC3HO HCHONb30BATE (POPMYJTY

fa flx)dx = 2! f(z)dz, ecnmu f(z) — vernan bynkums,
- 0’ €y f(ﬂ}') — He4YeTHAHA cl)yﬂxm.
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9.1.1.

9.1.2.

9.1.3.

9.1.5.

9.1.7.

9.1.9.

9.1.11.

Henonnsya gopuyny Hewrona-Jlefibuua, BEIYMCTHTL HHTEMPaN:
4

2
i/.:r:d:z:.

(Q TMonmiurerpanbhas bynkumsa f(x) = z% ra orpeaxke 1;4] umeer
s
neppoobpasnyic F(z) = -, Torna no dbopmyse (1.3) umeem

—2
BLIYHCIHTE MATErpas f __dr
Jy V5—dz—2?

Q TonuinTerpanbuan QYHKINA HMEET «NOYTY TaOMHUHbIHS BUI,
Jna saxoxnennsa nepsoofpasnolt npopeaeM npeobpa’oBaHUA TAK-
Xe, KaK 9T0 Zenanocsk panee {cM. 3amagy 9.1.10).

]__mdi___ ]2 dz _f dx+2)
d Vi—aw-zz J @+ I F-_(z+27

22 . . 2 . 2
Li = arcsinQ — a.rcsm(—é-) = arcsin 3 e

= arcsin

3
Henoavsys dopmyay Horomona-Jeiibruye, nafimu unmezpanse

L 1g 2
f (22 + sin 2z) da. 8.1.4. f - 5% da.
0 0

: d ‘ 2

T T+

[ o.16. [Z+2dr
2 1

e
1f # LE da 9.1.8. of R

5 1
f—f",da: 9.1.10. f\/_4x ~Zda.

l+zx

i H

7 9

&2

f:r: 9 77 de
0

9.1.12.
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%
Haiiti 3naqenne nHTErpasa f cos (5 - :r:) dr.

(Q 2710 Takxe «nouTH TabawgHbi» uATErpas. A KaxoxaeHud
nepsoobpasHofi (1 ncnonpzopanns dopMynu Hewrona—Jleltunn-



1a) MpuMeHAM (GOPMYY HOHICKEHUA CTENeHH (KAK 310 CAENaHO B
3anaqe 8.1.22):

1 3 1 1 1
TR -1 ).
4 4 2 2 4 2
Hatimu unmezpaav mpuzonomempureckus Gynxyud
- 3
.1.13. 3p-3 . .1.14, dz
9 3 f(COS oot 4COS$)d$ 9.1.14 f m
0 3
3 i
9.1.15. ftg%:da:. 9.1.16. fsmzz-cosszdz.
z 0
i 2 1
dz 8in =
o.117. [ . 0.1.18. [ Zozdr
o L
a x
1
9.1.19. fcos3r.pd(p.
1]
9.1.20.

24 - 2361

2
4
" +1
Bbl‘{HCJ'IHTblf—a—z-'I-—x E 1) dz.

(Q Ton 3HaKOM HETErpala CTOMT PALHOHANbHAA Apobb. s Ha-
XOKOEHNA NepBoo0pasHOi MCNONMB3YIOTCA NPABNJIA, NPHBEIEHHBIE
B § 3 rnaewm 8. [Ipumennm ux. s aToro pasiiokuM nogbixTe-
rpanbHy0 QYHKUHIO HA CYMMY npocrefimnx gpobefi:

z*+1 A B C Dz+E
G2 i, Sttt
ez +1) = =z T z+1
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Torpa z* +1 = A(2? + 1)+ Br(2? +1) + C2*(z? +1) + (Dz + E)a?,
re zt+1=(C+D)2*+(B+E)r® +(A+C)z® + Bz + A. Orciona

C+D=1,
B+ E=1,
A+C =0,
B=40,
A=1
Haxomum, yto A=1,B=0,C=~1, D=2, E =0. Hrak,
' +1 1 1, 2

—_— e — — + —_—
222 +1) 2 ¢ 41
Ileproe u BTOpoOE cAAraeMbie UMEIOT TaOTHYHbIE HHTErPasbl, TPE-
The — «MOYTH TADJIHYHLIE®, JETKO BulMHCIISHYICS HOCTE BHECCHKS
Zr non, 3nax suddeperunana (M. 3angaqy 3.2.1).
TlosToMy

2
=
1 1 5 3

=—g+§—ln2+ln1+ln5—ln‘2=ln1+g. ®

= (-21? —Inz +In(z? + 1))

Hatimu unmezpaan om payuonaistus dpobetl:

9.1.21.

9.1.23

8.1.25

9.1.26.
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3 3

dz dx
!m. 9.1.22. lfm
5 s 3 e
49
3[ z — 2 dﬂ?. 9.1.24- lfm .

3
f 2‘:2 + 1 dx
* — 2
2
2
Haittn 3navenne nuTErpana f f(x) dz, econ
0

e, 0z <,
flz) = P
2, 1gz2g2



(Q MomsiaTerpansuas dyrkuus umeer Ba orpeske [0; 2] onny Tou-
Ky pasphipa (2 = 1) mepporo pofa, OrPaHHYEHA HA HEM.
Torma:

1 2

ff(w)dz=fe‘dz+f2d:c=
L1 1] 1

=e 1‘|‘237|2=€—1+4-2=e+1. L
1} 1

[ononHuTenbHbe sapaum

Buuucaums caedypousue unmezpaa:

9.1.27,

9.1.29

9.1.31.

9.1.33.

9.1.35.

e’ 2
f 1an dz. 9.1.28. f z+cosz g4,
1

3 z° + 2s8inx

w

£

1
4arctgz — inl
[rEdez oy, 0.1.30. [Enlnzg,
0

1+ /
; 3F-_2° ‘
=2 gy 8.1.32. zdz ___

_-{ 6 {-)[ t+ 22 41

H 3
f tg® x dx. 9.1.34. f tgz - Incos z dz.
0 0

2

zdz

] Ve+2+V3z+2

KowTponbHuie sonpocw n Gonee cnoxHele aapadn

Buvucaumo Unrmezpassl.

7 1 —cos2 V3 3+ +1
9.1.36*. 1/—-—-—58‘ dep. .1.37%, T2
F 1
9.1.38*. ftg“zd:c. 9.1.39%. f|3—z|d:c.
% 2

9.1.40*.

24

sin?z, mpuze€ [—%;0],
tgz, npuze (053]

f(z)dz, ecru f(z) ={

Q‘"‘"\MI

a4

an



1 1
dr _ -2 _ 1 ll
9.1.41. = = —-= = =] — = -2,
=7 f ™ dr L 1 1 Orser HEBEPEH,

9.1.42. BriuucauTs YCTHO MHTECPAT f —2+—1)3- dz.
9.1.43. BBIHCHHT]: He BBIMHCAAA, Kalcoﬁ H3 MHTETPAJIOB MEHBIIIE:

a) fcosa:d:c Hau fcos zdz;

@A
O oy

15 1
5 ¢ dg;
G)f:c da:n.nni[:: T

1
1

1
B) 6[4“ dz wan 6[5"" dx;

¢ 0
r) 47 dr nan 57%dx.
Jurdanm |
9.1.44. OnpenennTs, He BHIYUCASA, 3HAK MRTECPAJA:
2

a) {(z? — 4z + 3)dz;
/

6) f..":sinxd:c.

b
9.1.45. MHseectHo, 4TO f_f(:.r:) dr = 0. Cneqyer s orciona, 4ro f(z) =0

Ha [a; b]?

WNurerpuposanve nogcraHosxkod

le{ BbBIYUCJIEHHH ONpele/JJeRHNX HHTErPAIOB 4aCTO HCIIONB3YETCA METON

noocTaHOBKH HJIH METOO 3aMeHbl nepemeﬂﬂoﬁ HHTETPHPOBAHHA. HYCTI: JisA
]

BHYHCIIEHUS HHTErpana f f(z)dz or nenpepuisrofl $byHkuME cnenana noo-

i3
cranoBKa & = w(t). Ecnn ¢pyrxuua ot} n ee nponseonrasn ' (t) HenpepuIBHE
Ha oTpeske [a; 3], npudem

a=pla) B b=p(f), (1.4)
TO CHpaBenauBa GopMy.a:

B
[ f@)de= [ sle)e ) de. (1.5)
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PopMyna (1.5) HasbiBaeTCA Popmy.aotl 36.menv: nEpemMenHoll UNMEZPUPOSBHUA
5 OTTPEIESIEHHOM HHTErpase.

OTMEeTHM, 4YTO:

1) dyuxuuio £ = p(t) cnenyer nonobpaTs TaK, 4TOOH, NOOCTABHE €€ BMe-
¢TO ¥ B TOAWHTErPANBHOE BLIPAXEHHE, TICIYYHTL Gosee IPOCTOR HHTErpas,;

2) HOBbBIE Npenesibl HHTErPUPOBAHNA HAXONHTL M3 cooTHOmernutt (1.4};

3) npa BHIMKC/ICHHM OTIPERENEHHOTO HHTETPAJIA METOIOM NONCTAHOBKU
BO3BPALIATLCA K cTAPOil NepeMenHol He Tpebyerca (B OTNHYHe OT Heompesie-
JIEHHOTO HHTEIPAJIA);

4) BMECTO TIOOCTAHOBKH T = (¢} NIPUMEHAIOT W NOOCTAHOBKY ¢ = ().

9.1.46. BuiyacaMTE HHTETPAN [ ¢ MOMOMIBI} 3aMeHbl HepeMeH-
Pt [ e ovE o P

HbIX.
(9 Mpumenum noncranosxy /z = t. Torma z = %, dz = 2tdt.
. z _[1]9
HaXO,U.HM HOBLIC Npeacyib HHTErpDHPORAHHA: g \/E | 1 | 3
Npumenas Gpopmyny (1.5), noay4um:
f dx _f 2t _ F2U+5-5
/ 5+2\/;?"l 5+ 2 _1 2 +5 -
[ 1 ? 11 2 ?
_lf( - _t|1—5--2—n|t+5l1—
5 5. 11
=3-1-2(all-k7=2-ln>. @

Buyucaums unme 2paan;

In 2

9.1.47. - dj_ - 9.1.48.
0

zdz
N e
dz

1+ Vz+1°

'l"g"“"\-: 'l"{"'"“-n.-

16
dr
9.1.49. 1[ L 9.1.50.

€ [NOMONIBK) MOOCTAHOBKH.

T
9.1.51. BeraucauTs uHTErpas f 3+2cosz‘
0

Q MHonoxum tg% = t. Torma monywaem z = 2arctgt, dz =

m

-2 _1- z |0
_mdt, COST 1—5 Ilpenesnsl uRTErPUPOBAHHA o1



9.1.52.

CrnenopatensHo,
1

1 2 dt 1 2
fs vl vweril vt
g + 2cosz J 3+2'1_+t7 J 2 +5

2 1 2 1
= —arctg —| = — arctg —.
VAR L VA
ITpy nomMomp 3aMeHbl nepeMeHROR BHIYHCIATL HHTErPAJE
a3

f:c(3 —z)7 da.

b

(Q Tonaraa t = 3 — z, noayuum: ¢ = 3 — ¢, dz = —dt. [Ipenenn

HHTeI'pHDOBaHHA z 2 3
rpup t11l0

1] 0
z(3-2)de= [B-tW(-dt)= [(*-3Tdt =
/ /

w"""‘--m

£ 3n° 1 3 19
=(5-8)="5%5=% ®

Brnucaums unmezpaan ¢ NOMOWDBI0 3aMeHd RepeMennoil:

9.1.53.

9.1.55.

9.1.57.

9.1.59.
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fl z {2z — 1dz. 9.1.54. fg ;"zdi SR

0

0[4 (2 + 52)* d. 9.1.56. Ufsm(%:r - g) dz.
Dj TP 9.1.58. jxﬂﬂdz.

Briaucnuates IpH [NOMOMH MOICTAHOBKH HHTErpan

2
f dz
{ avVri+r+1

1 z|1] 2

Q Myers z = %— Torna dx = -2 dt. AR . Honyuaem

B3|

1

f dr =f -gdt =‘fL=
i I\/272+2?+1 i l«fl!’"'%'l'l ! ‘/t2+f+1

]




=f dlt+3) ln|t+ Ve FE+1 ||
]

_ 323
24T
9.1.60. Bri4ucauTe MHTErpas f 2dg
a:;; 2 +
9.1.61. Bzvucnare unTerpan —n TP TOMOMIH 3aMeHB! IeDeMeH-
J (4+27)
Hol.
(Q MNpumennm noncrawosky z = 2tgt. Torma dr = &rdt,
z |0 2
t 0] %
2 i
[ dz _ f 2dt _
: (4 4+ 2%)° ] cos® (4 + 4tg? £)?
i i
:f 2dt n 2:%[00@”&:
0 lﬁcoszt'(cmﬁt) 0
1} 1/ 1 T
= — g P 2 =
wof(l+cos2t)dt 16(t+2 in )D
1/ 1 T+ 2
_ —_— - —— o — .
w(1+3) = 5

Borngucaums unm E2PaAb.

V3 1
9.1.62. dr 9.1.63. 1-2 g (2 =cost).
62 of—ﬂ(l”) !de ( )
/ /
9.1.64. 2 —x?dx. 9.1.65. tg® o dz.
i

ﬂononuatenbﬂue Jagaqym

BN%HCJ’I UMb UHMCZPpRAN.

9.1.66. —Sdr 9.1.67. j e —1de.

1+ cos

R .
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dx 9.1.69 cos T dT

9.1.68. TFcosz Foinz " PO . 6 — 5sinz +sinz’

(=3
b3 """'"-mla

9.1.70. f 32(1 — 2)!7 da.
1

KouTponuHuie Bonpock u Gonee cnoxubie sagaum

Bunvucaums unme 2paani.

1 2
.71, . 1.
9.1.71 Of - dz 9.1.72. Of e \/4”2
1 atcsin\/;
9.1.73. f 15v'z + 3 dz. 9.1.74 f Gsin’z
{ (z+3)°Vz e 4+ 3coslz
0
H 22 -9 i
9.1.75. f - do. 9.1.76. f cos? x dz.
3 1}
Z 64
dx 9.1.78. 2+ Yz
9.1.77. !m /(({/‘+2 \/_'l"\/_
; {z —1)dz
9.1.79. — )
lf Viz-42- V3z—4+1

dt_ _

9.1.80. PemuTh ypaBHeHHE
Wi -1

=3

5"“'-.&«

™
9.1.81. Brorvucauts J = f ﬁ—z dx, COeNaB MOOCTAHOBKY & =7 — t.

3
9.1.82. a) Moxuo su uHTETpan f2I V4 = 22 dr BBIMECINTD ¢ NOMONBIO

IOOCTAROBKM & = 2cost?
i

6} Moskno sin unTerpan / V12 + 1 dr BRIYUCIHTD ¢ TOMOIOBIO IOM-
1
3
CTAHOBKH T = —1—7?
sint

50 1
9.1.83. Beruncaurs f f(z) dz:ff(50z) dz
2 0
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9.1.84. Brruucnaa vxrerpan J = j —--——g € {IOMOINBIO MONCTAHOBKH

1 - _ dt  _ _ dz  _ _ .
T = t,no.r[ythJ— fl_-i-t! fmlz J. Orciona:

4 |
J+J =0, r.e. J =0. Oreer vepepen. B yem omnbxa?
1

9.1.86. Ilpy BEIYMCNEHUH HHTETPAJIA f 1 — 22 dz npuMeHuUM NoACTaHOB-

1
Ky & = sint. HoBrle npenensl METErPUPOBAHKA HAXOJHM M3 pa-
BeHCTB 0 = sint u 1 = sint. [lonywaem t;, =0 m ty = % MoxHO

JIA B KaveCTBe NMpeneop gyAa ¢ B3ATh Yucha ly =T u iy = %?

WHTerpupoBanne no 4acTam

Ecnua ¢yuxmpm ¢ = u(x) u v = v(r) UMEIOT HeNpepLIBHLIE IPOUIBOIHBIE
Ha oTpeske [a; b], To umeer mecTo dopmyna
b y b
/udv = uy fvdu. (1.6)
a @ [/}
Dopmyna (1.6) HaspiBaeTca GopMyscil UHMEZPUPOGAHUR TO “GCMAM 0as
onpefeeHHozo unmezpaan.

¢
9.1.86. Boiuncaurs uHTErpan f(:r + Dinzdz.

1
(Q TMpumenum bopMyny UHTErPUPOBAHUA 10 4aCTAM. [loa0KUM

2
= Inz, dv = (z + 1)dz. Torga du = %dx, v = % + z. Tlo

cdopmyne (1.6} umeem

if(:!:+1)1n;|:¢:l:r:= (§+z)lnxi-—j(§+z)%{=
= §+e—0—(%2-+:7:) j =§+e—5:--e+%+l= 82:5- ®

Ipu nomowsu Gopmyas URMEZPUPOBEHUR ND LACTIAM GHYUCAUND UHMEZPQ-
AL

0 2
9.1.87. f ze * dz. 9.1.88. f In(z? + 4) dz.
-1
e 3 0
9.1.89. f llz,i dz. 9.1.90. f 922 In(z + 2) dz.

1
IrT



1
0.1.91. quncnnn[arctg:cd:c.
0

(Q TMonoxum u = arctgz, dv = dz. Torna du = —lzg dr, v =1

1+
Hmeem
1 N
arctg x dr = Tarct :c| - dr =
c'n[ & & 0 of 14 22
T 1 nt 7 1 7 —In4
-:1‘—‘2-111(1+$)|0—1—§1n2— 1 . @
Buvucaums unmezpaase:
1 1
9.1.92. f4:narcsina:dx. 5.1.93. f(arcsin..'-:)2 dz.
0 0
1
9.1.94. f ’var—“ﬂidx.
§ V1i+a?
%
9.1.95. Halitn snauenne J = [ z%sin 2z dz.
)
(Q Harerpupyem mo gactam: u = g2, dv = sin 2x dr, du = 2z dz,

v=-3 cos 2.

J= —%xz cos2:c|f - j(—%) -cos2z-2zdr =0+ jwcos%d:r.

CHoBa yHTerpupyeM IO 4acTaAM: ¥ = I, dv = cos 2xdr, du = dx,

= §sin2:.r:.
1 iy 11 3 1
R 4 . T ] m
J= -z-zsmhlo —! —2-sm2:cd:z = §+-2---2-cos2z'o =871 ®
Buvucaums unmezpasas:
i z
9.1.96. f:rcosza:dm. 9.1.97. f..'-:3 sin r dz.
i 0
1 "
2qT1 T
9.1.98. fa: 3 dz. 9.1.99. [zcos Z d.
] s
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.uo NONHWTENbLHLIE 33349

BoinuicAums UHME2passi MEMOodoM UHMELPUPOSAHUR IO YACTIRM.

T 0,2
9.1.100. 9.1.101. T e%* dr.
| o /
8
3 e®
9.1.102. j 4z tg? x d. 9.1.103. f In? 2 dz.

9.1.104. f z C“-‘”dz
5

9.1.105. fTIL; dz
3 1+ ¢

o, 5
9.1.1086. Dfmdl' 9.1.107. /smv’:?d:c.
o
9
9.1.108. feﬁda;.
[

KoHTponeHeIe BONpPoOCcLl v Gonee cnoxdeie 3agaqn

Brvucaums unmezpaani:

z @
9.1.109. f e* cosr dz. 9.1.110. /x/az +z2dz,a>0.
0
3 1 )
9.1.111. 9.1.112, [ 2IC8INZT 4y
! (z+ 2) E}[ Vr+1 v
2,7
9.1.113. Kak npome BCero BuMUCAHTE HHTErPaJ E—%&&E z?
-2,7

9.1.114. Hokasars, 410 f 2°°”d:c—2/2°°”d:c

-1

z
9.1.115. Yemy paBeH HuTErpan / sin® zIn g_—"% dz?

1 £
9.1.116. [oxasars, 4¥To f dz. . - f COST g7,
4= A

379



§2. HECOBCTBEHHbLIE UHTEIPANbI
Wnrerpanel ¢ Beckoneqnsimn npegenamn (| poga)

ycts dyuknusa y = f(x) unrerpupyema na mofom orpeske [a,b]. To-
raa HecoOGCTBeHHBIE MHTErpaJsibl ¢ GeckoHeYHHIMH npemenamu (uau 1 pona)
OTPENENANTCA CISIYIOUIAM 00pa3oM:

+ 00 b b b
[ f@yde=lim [j@)de, [ fl@yde= lim [ fz)ds, (21)

+oo ¢ b
[ f@da= i [f@dat tm [ 1)z,

re ¢ — NpOM3BOJIbHOE YHCIIO (0OBIYHO ¢ = 0).

= HecofcThennble uHTErpasnsl I poma HA3BIBAIOTCHA CTOOSUUMUCK,
ecnu cyIeCcTBYIOT KOHeYHble Pedesbl, CTOSAIUE B MPARLIX YaCTAX
paseHcTB (2.1). Eciu ke ykazaHHEIe NPENENbl HE CYIECTBYIOT HIH
OECKOHEYHEI, TO HeCOOCTBeHHEIE HHTETPAJIE] HA3LIBAIOTCA PArTo0N-
ULUMUCR.

BoT HEXOTOPBIE NPUIHGKY CTOGUMOCTIL 1 PACTOTUMOCTIIE HECOBCTBEHHBIX
uuTerpanos I pona:
1. Ecan va npomexyrke [a; +00) menpepuieuble dyukuuu f{z) u o(z)

yoosaerpopaoT yeioeuio 0 € f(x) € p(x), TO U3 CXODAMOCTH HMHTErpasia
+ o0 “+ o0

f w(r) dr cnegyer cXOIMMOCTE HHTETpANA f f(z)de, a u3 pacxommmo-
a +oc o +o0
CTH HHTErpaJa f f{z)dz cnenyer pacxomMMOCThL HHTErpaJia f wiz) dr
& [:3
(«IIpH3HAK CPABHEHHA» ).

2. Ecam npa ¢ € {a; +00), f{z) > 0, p(z) > 0 n cymecTByer KOHeYHbI}
+0a

+co
npenen zl{l_lt_lw % = k # 0, T0 uHTErpasl j f(z)dz n j plz) dr cxo-

43
OATCA WM PACXOOATCA OXHOBPEMEHHO, {«TpenenbHbIi IpU3HAK CPABHEHHS» ).

+x
3. Ec/in cXOOmMTCA HHTErpan f [f{z)ldz, T0 cxomurcs w muTerpan
+ oo a

f f{z)dz, xoTOpEI B 9TOM CJIYYaE HASLIBAGTCH GHCOMOMHO CTOTRILUMUCS.

a

+00
9.2.1. BriducauTe HecoOGCTBeHHBIR HHTErpas f i:f- HJIH YCT2HOBHTBH
T

€r0 PaCXodMOCTh. it
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QQ Tlo onpenenenuio HecoGcTBeHHoro MHTerpana I poma (2.1)

HMEeEeM
[ = [ = (D)

T baeot b—oo
1

] 1 ) 1
= lim (——) + lim (—) =1,
b=soo\ b oo vl
HHTErpaJl CXOAMTCA ¥ €10 BeJIHYHHA papHa 1.
+ o0

Jamevanue. MoxHo MOKa3aThk, 4TO MHTETDaJT f %.’EY , CXOOUT-

ca npu a > 1 n pacxonurca npn o £ 1. 1 ®

Holtmu snavenue HECODCTMEENHMT UHINEZPAA0E LAY YCTRAHOBUNL UL PACTO-
Jumocm!

+co oo
9.2.2. f e dy. 9.2.3. f re dr.
0 1}
+oo dz +o0 d
XL
9.2.4. f e 9.2.5. / .

13 e?

]
9.2.6. HccnenopaTh CXONMMOCTE HECOOCTBEHHOIO HHTErPAJIA f zeosxcdz.

—_0

Q Tlo onpenesiennio Hecoberrennoro uaTerpasa I pona

0 0
fxcosxd:cz lim zeoszdr =
a—+—00
—_ )
u=zx du = dz . . |0 o
= . = lim [zsinz| +cosz =
dv=coszdr | v=sinz a——00 a a
=0- lim asina+1- lim cosa,
a—— 0 a—r—00

HHTerpaJl pacXomuTcdA, T.K. lim asine, lim cose He cymect-
a-—r—00 a-—+—0

BYIOT (3amaua 6.4.125). ®
0

9.2.7. Wecnenorats CXOAMMOCTE HECOOCTREHROTO HATETPAIA [ cos 3z dr.

+o0 -
9.2.8. Briupuc T HecoOBCTBEHHEI! HHTErpan f 1_;_%5 .
— 7
(Q Honpmirterpanbhas dynxmms f(z) = 14—_13:7 ONpeneseHa H He-

npepeibHa Ha beelt uncnobolt ocu. Kpome Toro, oHa ABAAETCA
381



9.2.9.

9.2.10.

9.2.11.

9.2.12.

382

yerHoit. CnenopaTensHto,
[ fmar=2 [ f@)ds
—o0 0

Ucxona us onpenenenna HecobeTpenHOro nATerpana {2.1), umeem

dz
1+x c-++ooo 14+2%
a7 ‘n'
= lim arctgz| =-—-0=
aboo OB 2 2’
mHTerpas cxomurcA. CrenoBaTesbHO, NCXOMHBIH HHTErPAJ TAKKE
CXOIORTCA U PABEH 1. ®
Haiitn 3HaueHne WH YCTAHOBPHTE DACXOIHMOCTb HECOOCTBEHHOrQ
+o0
HHTerpana f Mz
{ =tz
+oo
HecnenosaTh Ha CXOOUMOCTE HHTETDAN / L \/_3 dz.
x

Q 3nece f(z) = %—>0npn:c€[1 +00), npns'rom—"5—>

+o0
>1 = w(x). Ho materpan f ‘adL PAcXONHTCA TAaK Kak
T3 { V2

[z _ 1im3x%|b—3limb%—3—oo
[@—b-—»m 1_- b= -

+oo
ToaToMy, COTTIACHO NPH3HAKY CPABHEHUS, HHTErPAaJl f %\/—'% dr
' T

PACXOIATCA. ®

BriyuciuTe HecoGCTBEHHbIH HHTErpaJ HJH YCTAHOBHTE €0 pacxo-
+ oo

dz
OCTb! .
S s
U ocC e / de .
CC/IENOBATD HA CXOOMMOCTh HHTErPas 37z 13
(Q 3neck f(x)= W>0 PaCCMOTpHM dyHEURIO o(T) =
+o0

HHTErpan of KoTopoit f :{% cxonurcsa (cM. mpuMep 9.2.1). A Tax

1



KaK CYIIECTBYET mpemes lim %E%z lim Lszl;fo TO
g—too P(B)  aotoo 24432 37

+o0

dr
HCXOIHBLIH UATErpan f TaKKe CXOOIUTCH («Inpenesib-
X0 p ) GRS IuTCA («rpen
HEL} MDU3HAK CPaBHEHNA»). ®
+oo 9
.2.13. Hccaenopars CxONUMOCTh HHTEIDAA f o dz.
9.2 OB x P “+2x+2

[AononHUTENbHLIE 3afa4M

Bunwucaumo cneé‘ymmue HecobCmeeHHe UHMEZPAAN WAL YCMAHOGUMD UX

paczodumocme!

+o0 +o0

dr dz
9.2.14. .1/ m . 9.2.15. .1/ m .
I

9.2.186. f?a: sin z de. 9.2.17. f zed dr.
0 -0
+oo dr +oo
- - L - L] - —ﬁ .
02.18. [ 4 9.2.19 Ufu» dz
—co

KoHTpOnbHLIe BONPOCH 1t BoNnee CNOXHbIE 3apaqn

Hecaedosams va cxodumocms urmezpaasi:

+o0 +oo

9.2.20. f zds 9.2.21. f Acter 5
] 26 + 2 ] €
e Fugs

9.2.22. e 4% cos 2 dix. 9.2.23, InZ dr
] / x° +2
“+oo + oo

9.2.24. dr ) 2.25. 2+ 3coszx

2.24 Ufm 9.2.25 1[ 2430092 4

+oo " +o0 d

9.2.28. TArcig?T o, .2.27. £ .
o oG

0228 | Szt y9+a® 4 9.2.20. / InQ1+2) 40
4 V2 + 2z + 28 ] z
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+ 00 d + o .
9.2.30. L . 9.2.31. S
j; z? + Yzt +2 %[ r
TN Va d
9.2.32. L z dr.  9.2.33. L .
lf 224+ Vat+1 5/ Viz-2)(z-3){z—4)
+o00 +oo
9.2.34. / Ing gy 9.2.35. f e~ sin z dz.
1 z O
oo de +o0
9.2.36. . 1
f T+ 9.2.37. f po arctgx dr
V3 1
P leg? !
jop nxy
9.2.38. U[ ﬁ_x‘ dz. 9.2.39. Df T2L d

+o0
9.2,40. [HoxasaTs, 9TO MHTerpan f sin(z?) dz cxopuTCs.

0
+oo

2
9.2.41. [oxa3aTh, 4YTO UHTErPAJl €BEROSTHOCTEIM» f e~* dr cxomMTca.
0
Hecnedosams crodumocms cAefylouwus unmezparoe:

+ o0 +oc .
9.2.42. f sinldz 9.2.43. f 2%e=* dg.

[
+ox
9.2.44.

z ln.r Inlnz -
2

L]

+o0
9.2.45. Ilpu kaxux 3HAYEHUAX ¢ UHTErpAs f % dx cxomurca?
0

Mnrerpans: ov neorpavnderHux tyrkumis (11 popa)

Ecnu dbynknus y = f(r) HempephisHa B TPOMEXYTKe [a;b) # MMeeT pa3-
pwe [1-20 poda (cum. Tnasy 6, § 5) opu £ = b, T0 HeCOBCTRERHBI HHTErpAT OT
Heorpanuuennoit pynxnuu (II pona) onpenensierca ciaenyomuM oBpazom:

L] b—e
f f(z)dz = limy f flz)dz . (2.2)

> Ecnn npenen, crosmmuit 8 npasolt sacru pasenctsa (2.2), cyme-
cTBYyeT, TO HecoOcTBeHHRI nHTerpan 11 pona Haseivaerca crods-
WUMCH; B IPOTHBHOM CNyHag — POCTOORUUMCR.

384



AnasiornyHo, ecyin GyRkupA y = {z) TepnuT becxonennwil paspuie 6
mouke T = @, TO NMOJIAraloT

f f(z)dz = lim f Flx)dz. (2.3)

a+s

Ecnu dysxuma y = f(x) repnur paspme Il-20 poda 6o snympenned mouxe
¢ € fa; b], T0 HecobeTREHHLI MHTETrPA BTOPOrG posa onpenensercs GopMy-
Jioft

/b f@)ds = [ F(z)ds + f flz)ds. (2.4)

B »TOM ¢jiy4ae HHTErpaJl HA3BIRAETCA cTo0AUUMeA, ecii 0ba HecoOC TBEHHBIX
HHTErPAJIA, CTOALMX CIHPABA, CXOIATCH.
IIpupenem HEXOTOpHIC NPUIKEKL CTOdUMOCTRUL U PECTOJUMOCTIY NI HE-
cOOCTBEHHBIX MHTEIPAJIOB BTOPOIO POIA.
1. Ecou Ha npoMexyTke [e;b) dyukuuu f(r) n ¢(z) Henpepwsam, npu
z = b repusar paspwis II-ro pona u yoosnersopsor yeaosuio 0 € f(z) < of2),
b

TO M3 CXONMMOCTH HHTerpana | @(z)dr cnemyer CXOOUMOCTb HHTerpasa
b b

1
f f(z)dz, a w3 pacxomumocTu unTerpana | f(z)dz cnenyer pacxommMocThb
b

a a
MHTerpania / () dr («mpH3HAK CDABHEHHA»).

1}
2) Mycts ¢yuxumn f(z) M @(r) HempepblBHBI Ha OpoMexyTke [a;b) u
B Touke r = b Tepmar paspue Il-ro po,n,a Ecnu cymeCTnyer npenes

lim a:) =k, 0 < k < 00, TO UHTETPAJIBI ff(a:) dr a fcp x) dz cxonATca

L=hton

HJTH PACXOOATCA OHHOBRPEMEHHD («npe,nenbublﬁ NpU3HAK cpaaneuna»)
3) Econ dyuxknun f{z), 3HaKOIepeMeHHas Ha oTpe3ke [a; b, uMeer pas-
b

PHIB B TO4YKE T = b, 1 HeCOBCTBEHHBI MHTErpaJ f | f{z)| dx exomurcsa, To
1
CXOOUTCA W UHTErpas f f(x)de

@
3amevanue. B xauecTse 3TanoHa nna cpapnenna ¢ynxunit 9acto Gepyr
1
HKIH = . MoxHo nok H HHBI# 1
byuxnuo ¢{z) (5= z)7* Moo noxasars, 510 ecOGCTBEeHHRII MHTerpas

b
f dr > 0) CXomuTCANpH & < 1 ®| (2.5)
PacXomuTes npi o 2 1.
&
3T0 e OTHOCHTCA H K MHTErPasiaM / de .
(x —a)®
a

3as

25 - 2361



9.2.46. BroNMHCAHTH HecOOCTBeHHBIN HHTErpa f Tiu;; WJIHM YCTAHOBUTY
eTO PACKOLHMOCTD.
(Q TNoopinTerpasibas (YHKUASA TEPOMT pa3pbib NIPE T = J
(lim Vh = +oo). CornacHo dbopuyse (2.2) umeem
-

r—3

3
d
Of Norrl Hof ¢g—mz

. L x| . 3—¢ 7
= lim arcsin — = lim arcsin 0=,
£—0 3o £—0 2
MHTErpaJ CXOMUTCA H €10 BeJIMYHHA COCTABJIAET % ¢

9.2.47, DBuuNCIHTE 3HAMEHHE HHTEIPAJIA f Inz de.

)
Q Ilpn z = 0 dyskmma Inx — —oo. Ho dopmyne (2.3) nmeem

L 1

1
Inzdr = lim f Inzde = lim{zlh s — x)
a0 J

£=0 £
=-1-lim(elne—-¢g)=-1-0=-1,
=0
T.K. .
Ine .. = .
limelne = hm — = lim £ = lim(—¢) = 0.
€0 =0 = e+l — = £=0
£ £
Hnrerpay cxonutca B paseH —1, @

Buivucaume necobemeennsie UHMEZPAAN UAU YCMAHOSUMD WI pacxa&u—
MOCTRYL.

% 1
dz
0.248. [ =% 9.249. [zincds.
Q 0
F
iy
9.2.50. / Az,
(]

1
9.2.51. Hcenenosars CXOIMMOCTE MHTECPATIA f %’fy
~1

(3 Buyrpm orpeska unrerpupopanns [—1;1] dyHkuns ;12-, mpH

z -+ 0, HeorpanuueHHo pospactaer. CormacHo dopmyne (2.4)
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fdr [ dz [de ¢ dg ¢ de

f—=f—+f—2=llm —2+llmf—2=
i fra fra ] z =0 T
-1 -1 0 41 0+5
1y —* I 1 1

=lim(--—) +1im(—-—)| =lim~-—-1+1lim=>--1=00,

e—0 rll-1 d&=0 /s =20 g 50 &

HHTErpaJ pacXoouTCs. @

Bunucaumos necobcmeennnie UHMEZPGAW UAU YCMOROSUTND UWE pac:mau-
MOCTID!

3 5
dz dz
9.2.52. 1f T 9.2.53. 2[ iy

4
di
9.2.54, !W
OOS g

9,2.55. Hccnenoparh Ha CXOIHMOCTE HHTETDAaJ f m

2
Q Oysxuua f(z) = = COS & . TepnuT GECKOHEYHEI DA3PEIB B

(1= 22)2

2
T0uke ¢ = 1. [lepenumenm ee B Bume f(r) =

cos*x | 1
Va+a? (1-2)3
u cpabHuM ee ¢ Gyuruped (xr) = ———. Kak wussecrso

(1-2)%

1
(cM. (2.5)), naTerpan f(—lr dz cxomurcs (a = % < 1). Tax
Q

1-1)3
KaK
flz) _ cos® 1 _(l—x)g_
o o(@) w(z) = YA +z)2 (1-1x)t 1
— lim cos® _ cos® 1 (#0,# o0),

Yo Va

TG, COTJIACHO NpeneNbHOMY NPH3HAKY CpAaBHEHHA, UCXOOHLI uHTe-
rpast TaxKe CXOOHTCH. L

Heenedosamn cxodumMocms HECOBCMEEHNNT UHTNEZPAACE:

2
273 COsx
9.2.56. Of ma‘w. 9.2.57. f SR d
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9.2.58.

1
HecnenosaTh HA CXOOUMOCTD MHTELDAT f dx .
p ] 322 + %;:r

n = b
(Q Moapiarerpanenan byuxkuusa f(z) =+ s DPA3pHIBHA B

Touke ¢ = (. Cpapnum ee ¢ dyuxumedt o(r) = —%%; Tax xak

1
m < —é; Ho HecoGcTBeHHEIR MHTErDAS Of —% CXOOHTCA

1
(cM. (2.5)). CremoBaTeNbHO, HHTETPAT Of EQ%—\/E 1O NPH3HAKY

CPaBHEHNA TAKMKE CXOOMTCA. ®

Heenedogams cxofumocms HECODCMEENHNT UHINE2DGA0E!

9.2.59.

1 1
dr___ 9.2.60. dr
-O[;;z-ﬁ b/ 3;;1—9:4

HononnurencHoie sagauv

Buvucaumo HecoDomeenHnie URINEZPOAY UAU YCIMGHOBUIND Wl pacrodu-

MOCTRY.

9.2.61.

9.2.683.

9.2.65.

9.2.67.

x 3
e 0.2.62. [ tgzds.
Aw E
4 [
2,5 s
dx 4
| P e R =
] 1 1
e*dr " etde
[ =5 9.2.66. [ e
Y 0
/ dz / 2d
. 9.2.68. z .
!3:533:2-23:-1 lf;.;(l‘-l)(?-m)

KouTponsHuie sonpocs u Gonee cnoxHele sapaqn

Hecaedosame secobemeentsie UHMEZPAAN M CTOMUMOCTID!

0.2.89,

3gs

1 1

e* sin 2%
f i dr. 9.2.70. / de.




9.2.79,

9.2.81.

9.2.83.

9.2.84.

9.2.85.

1
f_ﬁm—. 9.2.72.
tgex—
1]
3
ld—"'. 9.2.74.
nyr
1
<08(2 — §) 4y 9.2.76.
I
1
f%-}, a > 0. 9.2.78.
0
2
T 14
f sm? Eﬁ- 9.2.80.
1]
z
J = /lnsinzd:c. 9.2.82.
0

1
/
0
; dx
!m'
1
[
1

Jn = /(lna:)“da:, neN
0

H
sin T
-f 7-=—|1 = dz
3

Joka3aTh, YTO MHTErpaJ f (ﬁz—_—a, roe a < b, pacxomuTcs.

Hpﬂ KaKHX 3Ha4YeHHAX & HHTerpaJl [

&L _ ~yomurca?
sin® -

+0o

Hoxazare, uto waTerpan Jitnepa I'(a) = f e ?z* 1 dx, rme

a > (), cxonurea.

0

§3. MIPUNOXXEHNA ONPEAQENEHHOINO UHTErPANA
Buiuncnenune nnowageii nnockux curyp

Bce mogpieTerpannhbie (PYHKUHH, BCTPEYAIOLIHECH B 3TOM maparpadpe,
LRpennoIararTca HEMpEePEIBHBIMHA.
Brruucaenve moomane# mioCKux GUryp OCHOPAHO HA TeOMETDHUYECKOM
CMbICTIe onpemesieHHOro HaTerpasa. Ilnomans xpusosuxednolt mpaneyuu,

orpanuueHHOlt cpepxy rpadukom dyHrLan y =

f(z) {f(z) 2 0), cnepa n

Cnpapa COOTBETCTBEHHO NPAMBIMH T = @ M T = b, CHU3Y — OTpe3koM |a; b
ocu Oz (cM. puc. 89), errunciaerca no dbopmyne

§= f f(z) d.

(3.1)
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Puc. 89

Ecom f(z) <0 npu z € [2;8), 1o

S=—fﬂ@m. (3.2)
@opuyst (3.1) 1 (3.2) MoxHo me;uHuTb B omHy:

s:fuwnw. (3.3)

lnomane ¢purype!, orpaHuueHHcl kpupbiMU i = f1{r) u y = fa(2), npuuem
fi{z) € fo(z), npaMeiMM £ = a ¥ 2 = b BRIYMCTAETCA N0 dopMyne

b
S = [(falz) - file)) dr. (3.4)

IycTs kpuBOAMHEHHAS TPANCLMs OIPAHMYEHA KPUBOH T = (y), NPAMBIME
y = ¢,y = d u orpe3kom [¢;d] ocu Oy. Torma nnowals 3Toi Tpanenun
BEIYHCAAETCA N0 (POpMYJIe

d
= [olw)dy. (3.5)
[
Ecsn xpusonunelnas Tpanenus orpaHdveHa CBEpXY xpueotll, zadanmoti
= z(t),
NAPAMEMPURECKUMY YPLOHEHUAMY * I((t)) y(t) = 0, t € [ty; L], ops-
y=ylt),

MBIMH £ = a, & = b 1 oTpe3koM [a;b] ocn Oz, TO ee nNOWAKs BHYBC/IAETCA
no gopmyne
173

§ = f y(t)r'(t) dt , (3.6)

i

rae {, W t3 onpenenAOTCA u3 paseHcTs a = x{t), b = z(iz)-
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Puc. 90

[Inomany xpugoauretinozo cexmopa, OCPAHMYEHHOrO KpUBo#, 3anaHHON
B NMOJAPHEIX KOODAMHATAX YDABHEHHEM T = F{{p) M ABYMA AyYaMmu ¢ = @,
w = 8 {a < ), suunciagerca no dpopmyne (cM. puc. 90):

17,
S= ifr () de. (3.7)

Omsemum, 4T0 NNOmAAE BCAKOH mockoli ¢urypel, oTHeceHHol K npamo-
yronsHo# (monApHOR) cUCTeMe KOODAMHAT MOXeT OhITh COCTARISHA U3 M0~
manell KpuBosMHeRHEIX Tpaneuutt {cekTopos).

9.3.1.

Haittu nnomane ¢purypsl, orpanvdentHolt kpusoii y = sinz, nps-

Puc. 91

Q ®Purypa wmeer sum, usobpaxkeHnnl Ha pucynke 91. [Thomans
Gurypsl Haxoaum o Gopmyae (3.3):

x
4

—r 0 i
S = f | sinx|dx = f sinzdr— f sin:cd:r:+fsin:cdz:=
—§= —§ - ¢

-K 1]

_Zﬂ-i-cosx

—msm|§=1—?+1+1—?+1=

= —C005F

-

=%(3—\/§~\/§). ®
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Bunucaums naowadu Guzyp, 02panunesnsil AURUAMY.

9.3.2.
9.3.3.
9.3.4.

9.3.5.

y = -2, y =~z
y=arccosr, x=-1,z=0,y=0

y=tggm,x=%,y=0.

Hattru niomanpe Gburyprl, orpaHnueHHol JUHUSME § = 22 — 6 1
y = —2? + 5z 6.

—6

Pnc. 92

(Q Haiinem afcnmccel Touex nepecedenus rpacukoB AAHHEIX
hynkuuit. daa 31oro pemaeM cuctemy ypapHeHull

¥= 2:2 - 61

y=—2°+5z—6.
Orcona naxomum x; = 0, £ = 2,5. Hekomylo miomann {cm.
puc. 92) naxonum no dopmyae (3.4):

2.5

5
§= f(a:+5:a:6:c+ﬁ f(2m+5x)dx 5o @

Hattmu naowadu duzyp, 02panuNennss AUHUAMY:

9.3.6.
9.3.7.

9.3.8.
9.3.9.

392

y=sinz, y =2sinz,z =0,z = %‘n’.

y=$2;3=§g,y=0,$=0,$=3
y2=29:+1 y=z -1

y=-§a: +3x+6,y—‘%—x —z+1.



9.3.10.
9.3.11.
9.3.12.

9.3.13.

y=2’,y=2ry==
y=a> -3z, y==.
y=2°-224+3,y=3 -1

Halttn nnomanp ¢urypsi, orpanndensofl nuauamu 4> = 23, y = 8,
z=0.
(Q Jna BHMHCAEHUS UCKOMOH N/IOIIATH BOCMOMB3yeMcA OpMy-
aoit {3.5):
8 8
3 8
S=[Yidy= [vlay=248| = ®
0 0

Jamemum, 4T0 HCKOMYO INIOIANE MOXKHO HafiTh, ucnosssysa gpop-
myny (3.1) kak paswocts nnomanedl npsmoyronbiuka OABC u
rpaneuun OBC (cm. puc. 93):

4
2 5|4 64 96

=4-8— [ Veddr=32—228| =0 .22

5$5=4-8 b/ x3dr =32 5x 0—32 3 3 L

Prc. 93 Puc. 94

Ha@imu naowedu uayp, ozpanusiennns aunuamu:

9.3.14.

9.3.16.

9.3.18.

y = arcsinz, 7z = 2y. 9.3.15. zy=8,y =823 y =27

yr=Hd-zP z=0. 9.3.17. (y-x)?=zz=1.

Haittu nmnomaae Gburypsl, orpaanyenHo acTpounoll T = acos® ¢,
y = asin®t.

(Q Bocnoabayemca cummerpuelt burypst (oHa naobpaxena na pu-
cynke 94) n nallieM cHANANA YETREPTYIO HACTE HCKOMOH Wiomanu.
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Bocnoneayemcsa dopmystofi (3.6}, Haxomum, yro ¢, = 72—" (w3 papen-

crea 0 = acos®t) u ¢ty = 0 (u3 pasencrpa a = acos® t). Hmeem

0 0

1 . . .
5= fasm3 t{acos® t)’ dt = —q? f sin®t - 3cos” tsintdt =
1

B

3 g
= J sin I COSs = ofl sintcos sim =
3a® | sin? tcos®tdt = 3a® intcost)? sin’ tdt
1] 0

£y
=3a2fisin22tsin2tdt= a? (l—cos4t)-%(l—c082t)dt=
0

c""“"-suh
b | -

| L

z
=3a2 1—coszt—cos4t+1cosst+1cos2t dt =
f( 2 2

1 1
= E’—az (1 — = cos2t — cosdt + —cosﬁt) dt =
0

16 2 2
3 Ly 1. 1 1 nMEP 3,71 3k
= lﬁa (t 4sm2t 4z-:,ln-ii.‘+ lzslnﬁt) , = ma 5= 35
2
3naant, S = 3“8“. ®
Hatimu naowadu duzyp, 02penusentisil AuHuAMY,
9.3.19, (== 2+3cost, 9.3.20. Dnmmeon ¢ > 2°8h
¥ =3+ 2sint. y = bsint.
— 942 —
9.3.21. Ternetr 4=~ o0 9.3.22. 3“8"_"5: =1 (z21).
y=3t—¢2, y=8sin" ¢,
T =cos®t,
9.3.23. Acrpounofi 3 t € [0;2x].
y =sin" ¢,
z=t-—sint, 1
9.3.24. [leppoli apkoli UMKIOHOEI M npamolt y = 3
y =1 — cost, 2
0 <z < 27).
9.3.25. Haiitu mmomans ¢urypsl, orpaHMueHHol «TpexsenecTkopolt po-
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aofi» r = asinJy.

(Q Ha pucynke 95 usobpamen rpaduk ¢ynkumn. Hattaem cua-
9aJjla mMEeCTYH 4a4CTh HCKOMON IIomAanH (BELIENEHA Ha PHCYHKE).



Puc. 95

Henonwayes dopuyny (3.7):

1, 1 f 1 /‘-
-8 == [(asin3pP dp = Za® [ sin®Jpdyp =
6 2 2"
@ F1 a® 1 s
= ?of E(l—cosGw dyp = T(c,o— Esmﬁqo) , =
(].2 il ?Tﬂ.z
-7(G-9 =%
2
Buauur, § = T4, @

4

9.3.26. HaiiTy nnomans, orpanayenHyo kapauounolt r = a{l — cosy) u
OKPYKHOCTBIO ©* = .

r=a(l—cosy)

Puc. 96

(Q Ha pucynxe 96 moxasama durypa, niomans» xoropoit Tpeby-
ercs HaBiTw. Hallmem TOukw nmepeceyeHuA KapaMOUIbLl C OKDPYX-
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HocThio. Petue cucremy ypapuenufi

{r = a(l — cos ),

T =a,

2
BMHA MCKOMOH IUIOIALK pAaBHA CyMMe miomanel kpueponuHeltHbix

cektopo OmA;0 n OA;nO. B nepsom cekrope nonsapuuit yron
nsMenaeTca or 0 mo 2, & BO BTOPOM — OT % oo 7. Hrak,

HaXOOUM, YTO TAKUX TOUeKk — npe: A (a; %) u Ag (a; - 1). Tosao-

I —

1 1§ \ T
§sﬁsl+sg_§0f a{l — cos p))? dp + 2!0 dp =

1, § 1 1 1,
=30 (‘}[(1—2cos<p+§+§cos?cp)dqo+§a dip
1
2

%
B2
[&]

2(3 1 _
((p 2siny + Sln2tp)| + -a“y

() )=k

CNe10BaTeNbHS, S = 2a? (%r - 1). ®
Hadtmu naowedo dueyp, 02paruNERNNT AURHILRML:
9.3.27. r =>5cos¢. 9.3.28. r=+3siny.
9.3.29. r =3(1+singy). 8.3.30. r =2sin2¢p.

9.3.31. QOpnauM JenecTKOM «pO3bI» r = a cos 2@, a > 0.
9.3.32. Kapmuonnoii r = 2a{l — cosp), a > 0.
9.3.33. ¥Vnurkoft NNackans r = 2 + cosy.

fAononuuTenuHele sapaqmn

Bunucaums naowads Puzyps, ozponunennod] sunuamu:

9.3.34. y=2-|z|, ¥y ==x°.

9.3.35. y=7;1+—1,a:=—%,a:=n,y=1.
9.3.36. y=sin|z|,y = |z —7.

9.3.37. 22+ =16,y=2,y = 2V3.
9.3.38. y=22+8c—12,y=18z - 2>
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9.3.39.

9.3.40.

9.3.41.

9.3.42.

9.3.43.

9.3.44,
9.3.45,
9.3.46.

9.3.47.
9.3.48.

9.3.49.
9.3.50.

9.3.51.
9.3.52.

9.3.53.

9.3.54.
9.3.55.
9.3.56.
9.3.57.
9.3.58.
9.3.59.
9.3.60.

9.3.61.

9.3.62.

z = aft —sint),

Onnoif apxott ouxounb!
= a(l — cosi)

{x=2c.ost, 3(y>3)
y = 6sint,

= %cos ¢,
y = 2sint.
z = 3,5 cost,
y = 3,58int.

r:l,r=3,rp=%,(p=%.

r=2siny, r = 2v/3cos .

Jlemuuckarolt Bepryau r? = o cos 2.

y =cos?z, y=sinz, _% £z < %
=ln{z +2),y =2Inz, y = 0.

u ocsio Oz,

Mapa6onoit y = 2% — 4z + 5, kacaresbHof K Helt B Touxke A(3;2),

mpamolt x = 1.

IMapabonoit y? = &, KacaTesbHBIME K Hell B Toukax ¢ abuuccoit 16.

y=T'—L§:y:0'

+x
__8 _ 2
y_ I2+41y— 4
Lennof#t nunneit y = %(eE +e~%), npavbvu x = 0, z = a.

y=sinz, y= %‘1_"—

2 +y? =13, zy = 6.
y=cosz,y=x+1,y=0.
Herneft y* = z(z — 1)
BamkayTolt suHuel 2 + y? = y?.
24y =9, 2% —4y® =4
y = arcsinz, y = arccosz, y = 0.
y=36z(z-1)%,y=0
z=1 41,
y =13 -3t

x = 4(t —sint)},
{y = 4(1 — cost),

Ilerneit {

npamoit y =4 (y = 4), (0 <z < 87).
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9.3.63.

9.3.64.

9.3.65.

9.3.66.
9.3.67.

9.3.68.

{I = B cost, y=2\/§ (y 2 2\/3)

y =4sint,
r = 2sin 5.

=2 .
T = {p,npe [4,211‘].
r = cos® .

r = 4{1 — cos), r = 4cosy (obmaa obnactb).
r = a({cosy + siny), a > 0.

KoHTpontHbie aonpocsl v Bonee cnoxHuie 3apaqun

Bunwucaums naowadu Gueyp, 02parUMERHBL AUHUAML!

9.3.69.
9.3.70.

9.3.71.

9.3.72.

9.3.73.
9.3.74.

9.3.75.

9.3.78.
9.3.77.
9.3.78.

9.3.79.

9.3.80.

398

y:sinx,y:%m,y:ﬂ(m?(}).

y = 14coswz, y = 2272 (abCHUCCh! TOYEK NEpeCcedeHNs — Leibie
qUCAA).

[etneit nexapropa mucta z° +y° — 3azy = 0 (nepefiTi K NONAPHBIM
KOODIOHHATAM).

32% + 42 = 3, 22 + 3y* = 3 (obwasn vacTh).

y = z%2e~?", ee acHMITOTOH.

r=1—sint,

JByMA NEpBHIMA APKAMH MUKJIOM Ik (t = 0}, nps-
y=1-cost,
Mot iy = 2.
x=asin2t
{ L {a>0,b>0).
y = bsint

z=acost, y = bsint cos’t (a>0,b> 0).
r=a{l +sin’y), r=a.
r=2cos3p,r=1(r 21}

Ucnonbaysa reomerpudecknit cMbIcT
HHTErpaja, BHYUCIUTD!

1

a) f\/l - z2dz;
0

6) f 2% sin z dz;

-

6
B} [ |z —2|d=.
/

Ilo maHHBIM, yKa3aHHRIM Ha PUCYH-
ke 97, HallTH mnomank 3anITPRXO-
BaHHOH $UTYDHL.




9.3.81. IIpu KaxoM IHAUEHUH @ NPAMAA & = @ IEIUT NIOmMANb (PUTYpEHI,
orpaHmYeHHOH uHMAMY ¥ = 2|, £ = 1, = /3 nomosam?

9.3.82, 3anucars NnOmMadL 3IAMTPHUXOBAHHEIX (uryp {cMm. puc. 98) xak
CYMMY WJIM PA’HOCTE Iomanell xpuposuHelinpix Tpaneuuil.

Y

a &

Puc. 98§

1
9.3.83. Ilpu kakux suavennsx A, B w C nnowane S5 = f (Az?+Bz+C) dx

pasna nynwo? Ckonpko Takux 3Hauenuit A, B, C'?
1

9.3.84. CpaBHHTL, He BHIYMC/IAA, KAKAA H3 IUIOWATCH f( Yz — /) dz wnu

1
f(:r:2 — %} dr Gonbme.
d

Beluncnenue gnvHel gyru xKpueoii

IIycTh KpABan Ha IFIOCKOCTH 3a40aHa, ypapHeHReM y = f(z) unmun z = o(y).
Ha kpupoit pribpanu Toukn A 1 B ¢ xoopaunatamu: A{a;c), B(b;d). Ommna
! nyrn xpusolt oT Toukn A 10 Touku B BBMUCHAAETCA MO hopMYIe

b
] V1+ @) de; (3.8)
d

f V1+(z)? (3.9)

399



Ecnu kpueas 3a0aHA NOPAMETRPUNECKUMY YPAEHERUAMY
{z = 2(t),
y = y(t),
npuyeM ¢ £ ¢ £ to, TO INHMHA OYTH BHYUCIACTCA 10 (POpMYJIe

ta
1= f VER + )2 dt. (3.10)
t1

Ecnu xpupas 3anaHa ypaBHEHMEM B ROARPHuT Xoopfumamazr r = r(yp),
a % < 53, To IIMHA HyrM Kpueolt BeIYMCHAeTCA no GopMyne

8
= f VT ()2 dy. (3.11)

9.3.85. Bwuucauts onuEYy oyrd Kpupofl y =lInsinzorzp = % 00Ty = %Tr.
1'7 i§ 2n
v 3 3 3 z
4] ' E T

A B

FPuc. 99

(Q Maobpazmm yacte rpaduka byukuun y=Insinz npu z€(0;7r)
{cM. puc. 99). Bocnoneayemca dopmynoi (3.8), npenpapuTesnHo
Halina Bupaxenue /1 + (y')2:

2
) cosSE cos“ 1
y =Insinz, ¥y = VI+ )P =yfl+ ——=

sinz’ sin?z sing’

T.K. T € [%, %‘R’] Haxonum pnuny ! oyru AB:

[ e 2 G i Ji. ®
z;'f sinx_ln|tg§ =InVB-ln o =23,
¥
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Hotimu Gavried Jye Kpuen:

9.3.86.
9.3.87,

9.3.88.
9.3.89.

9.3.90.
9.3.91.

9.3.92,

y = ~2% + 2 oT PepIMHLI OO TOYKM ¢ abuwmccolt T = 2.
3
¥ = ‘% 10 Touky ¢ abuuccoit = 6.

=Ingz or z = v8 o z = V15.

y= %I2 —4z + %, orcevenHol oceio O.

z = y? or Touku O(0;0) no Touxu A(2v/3;3).

y = %(ea + e73) Mexay Touxamu, aGCUMCCH KOTOPSIX pasHs! 0

H .

oo

- 3
= acos” §,
Haiity piuny acTpomppn {$ * ) 33 (cm. puc. 94).
¥y =asin"t,
(Q Haiinem cuawana {/4, T.e. nyauny oyru kpusol, nexamedl B
nepeoll yereepTr. Bocnonsayemca dopmynont (3.10):

rafa

f V(acos? )17 + (asin® 1)} dt =

d

f \/ 3acos? t(—sint))? + (3asin®tcost)2 dt =
0

%
= f v/9a? cost £sin® t + 9a? sin? tcost tdt =

3
= f \/9&2 cos? tsin® t{cos? t + sin® t) dt =

i H (sin)? 3 3
=3afcostsintdt:&z[sintd(sint)=3a =-a
o 0

2 0 2

Cnenoparensno, ! = Ga.

(TMeTHM, YTO yPDaBHEHHE aCcTPONAL B IPAMOYTONBHEIX KOOpD-
OMHATAX HMeeT BUO X3 + y§ = ai. JInA HAXOMIOEHNS ee IJIHHE
MOKHO Ob110 6Bl BOCRONME30BATECH (hopMyoit (3.8). o

Haiimu daunw dyz xpuens:

9.3.93.
9.3.94.
9.3.95.

9.3.96.

26 - 23681

y? = 16z, orcederHolt npamoft = 4.
V=9-z,y=-3,y=0.
5y° = z?, 3aK.m0yenHoOl BRYTPH OKPYXHOCTH X° + 32 = 6.
=1 —sint,
’ s (ommolt apxwm).
y =1 - cost,
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9.3.97. {I = acost,
= asint.
— 942
9.3.98. z =3¢, (metna).
y=3t-13
9.3.99. {I_COS b ort=0mot= z
= sin® t,
9.3.100. {‘T =eleost b= Omot=1.
=elsint
9.3.101. Haiitu nnuuy kapruounss: r = a(l + cosy) (cm. puc. 100).

Puc. 100

(Q Bocnonssyemca dopmyoft (3.11). Crauana naiizeM nosoBURY
ANUHB! KpuBoll, T.e. 1/2.

T

= f V(a(l +cos p))2 + (a(l + cos ) 2dp =

T
= f \/a2(1 + 2cos¢p + cos? ) + aZsin® pdyp =

=f 2+ 2cospdyp = j1{cm2gd¢=
" kL
=a [2en
b

= —4a(0 - 1) = 4a,
sHaunT [ = 8a. ®

A

ip = —dncos -

N’l‘ﬁ

o

0

Haiimu daunw dyz xpusns:

9.3.102. r = /2sing.
9.3.103. r =3,5(1 — cosyp).

1 -3 -4
9.3.104. r = SOmrr,cu jrov=73.
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9.3.105,
9.3.106.

9.3.107.

r = 5y, HaxonAweica BHYTPH OKpYXHOCTH 1 = 107,
r=6&(1+siny), p € [—%;0].

r=\/§e‘°,0$(p$%.

[JononuurencHule 3apaqn

Buuucaume dauns dyz xpusw:

9.3.108.

9.3.109.

9.3.110.

9.3.111.

9.3.112.
9.3.113.

9.3.114.
9.3.115,

9.3.116.

9.3.117.

9.3.118.

9.3.119,

9.3.120.

9.3.121.

9.3.122.
9.3.123.

:2—£

x = cost + tsint,
{ Tl ort=0mot=m/4.

y =sint —tcost

z=4t-sint), 5 %
Tgtg &l

y = 4{1 ~ cost), 2 3
— é — _T
y=In Py orx=0m0zr= 6

¥ =+/z —1 or roukn A(1;0)} mo rouru B(2;1).

y = In{1 —z?) 0T:I:=0,ELOI=%.

2y — 22 + 3 = ) MexX Iy TOYKaMH mepecedenus ¢ ockio Of.

z2 = (y — 1)®, orceyennoit npamolt y = 2.
z =12

_,_ 1,35 (meraa).
y=t¢ 3t

x = 3sint + 4cost,
y = 4sint — Jcost.

= 2cost —cosdt,
y =2sgint —sin 2t,

T = 3(t — sint),

z=2cos% L,
4
—osit (actponna).
y 4
r

z = 38,
MEXKOY TOYKaMH nepecederns ¢ ocamu O u Oy.
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9.3.124.
9.3.125.

r=3p,0<p<d.

r = 2e¥, Haxonawelca BHYTPH Kpyra pamyca r = 2.

Bonee cnoxdeie 3agauwn

9.3.126.
9.3.127.

9.3.128.

9.3.128.

9.3.130.

9.3.131.

9.3.132.

9.3.133.

9.3.134.

9.3.135.

9.3.136.
9.3.137.

9.3.138.
9.3.139.
9.3.140.
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Hatiti nnuny samxHyTol kpusokt 9y% — z(z — 3)% = 0.

Haittu nepumerp nyHxu, oBpazopannolt okpyxuocTaME 22 + 32 =
—dzxma®+y® =2

Beramcnuts nnuny samknayToft xpusofi, cocroamelt us yuactros
xpuebix y2 =23 w22 + % = 12.

Buiuncautsh anuny kpusoti y=+/'z—224arcsin /2 +3, % gl

BLIMHCAHTL NnEpHMETD OOHOTO W3 KPUBOAUHEHELIX TPeyTrOJLHUKOB,
OrpaHUYEHHBIX JTHHUAMH ¢ = Insinz, y = Incosz, y = 0.

r = (t* - 2)sin ¢ + 2t cost,
BuIMHCIMTL [OJIMHY IyrH Kpusoft

= (2 - %) cost + 2tsint,
Ogtg%. y={( )cost + 2¢sin
=1t —sint,
Ha umxnoune Hafity Touky M, KoTopad menmT
y=1-cost

TEePBYIO ee apKy N0 IJuHe B oTHomenud 1 : 3.

ot :

r = ¢e*(cost +sint
BrrumcyuTs 1yMEY oyt Kpusoft t( _ ) 0gtgT.
y = e'(cost — sint), 4

Brrumcnmte nauey ayra kpusoft

£
— COs z
:r—lf - dz,

€
y:fmf_:zdz
1

OT HAYaNa KOOpAHHAT A0 bmnkaiimefi ToukH ¢ BepTHKANBHON Ka-
caTesbHOM.

T = cos’ ¢,

BhIYHCAUTL NHHY DYTH KpuBoi { 0t g %

y=sin’t,
Haitra navny xpusoft r = asin® 53‘%

Haittu anuny oyre cnnpanan ApxaMena r = 2, HAXOMAWeEHCA BHY-
TPH OKDYXKHOCTH T = 27.

1

BuiyacanTs 0MHY BYTH KpuBoOi © = TFcosyp

orp=0mop= %
Hatttn nnuny xpusoft r = 3 cos? f}i!

Hajtt nauny nyre xpusoit r = aeb? (a > 0, b > 0), naxonauefica
BHYTPH OKPYXKHOCTH ' = &.



Bwiuucnenne 06wemoB Ten

Buiwucaenue 06sema mead RO UIGECTRHHM NAOWATAM RONEPENHWT Cede-
nutl. Ilycts B npocTpancree 3agano Teno. IlyecTh mOCTPOeHBI ero CeveHns
IOCKOCTAME, NEPIEHOMKYAAPHEIME ocd O M NPOXONALME 4epes TOYKH
z € [a;b] Ha melt (cm. puc. 101). Tlnowans dburype, obpasywoueiica s ce-
qeHUH, 3ABUCUT OT TOMKH 2, onpenesometi mnockocTs cevenus. [Iycts ata
3aBICHMOCTH M3BECTHA U 330aHa HenpepbisHol Ha [e; b] byrkumedt S{z}. To-
roa ofbeM YACTH Tena, HaxomAweHcs MeX IOy MAOCKOCTAMH £ = a M X = b
BHIUACAAETCA IO HOPMYTIe

V= fS(:c)d:c. (3.12)

Puc. 101

Obsesmm mena spauwenus, oBpasOBAHHOrO BpalleHMeM BOKpyr ock (O
{nnu ocu Oy} kpusonuuedinolt Tpaneunu, orpaHudeHHo#t kpusolt y = f(zx)
(f{iz) 2 0) u npaMemMu ¥ = 0, £ = a, £ = b, BEINRCAAIOTCA COOTBETCTBEHHO
no dopMynam:

b
V.==x f ¥ dz, (3.13)
[ 3
&

vV, =2n / zydr, a0 (3.14)
3
3aMeTHM, 4TO eCsn Te/I0 0DPA3YeTCA NPH BPANIEHHHM BOKPYT O0CH (Y KpHRO-
snnettwolt Tpanemuu, orpanudennolt kpusott ¥ = (y) (w(y) = 0) u npaMbIMu
=10,y =e¢, y =d, To 00beM TeJNa BpallleHHs paBeH
d
V=n f 22 dy . (3.15)

[

9.3.141. Hailitu ob6vem V nupaMunn ¢ IIOWAILI OCHOBAHMA () W BBICO-
Toit H.
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(@ Hanpaeum ock OF NepneHAUKYIAPHO OCHOBAHMIO MHPAMEIBL,
a HAYaJI0 KOOPIHHAT COBMECTHM ¢ pepummnoll O nanuoit mapamuin
(cm. pue. 102). Ha paccrosnuu r ot Touku O nposemem moneped-
HOE ceveHHe mApamuabl. Ero naomann oGosnauum gepes S, oHa
aeiaserca dbyrxudel ot z: § = S(z). Kax wssectno, nowany ce-
YeHnA (Napa/IeSIbHOrO OCHOBAHMIO) M OCHOBAHHA OTHOCATCA Kak

Sz :52
KBAApaTH HX paccTOAHUE 0T BepmmHLl, T. €. = Ez Orcrong,

= %9:2. Io dopmyne (3.12) naxomum

o[ il o
o

Puc. 102 Puc. 103

9.3.142. Haittin o6bem Tena, OrPaHHYEHHOTO MOBEPXHOCTAMYM 22 + 4y? = 1,

406

z=z(z20),2=0.

(Q B pesynpTate mnepeceuenws OJIMOTHYECKONO UHJMHADA
2% 4+ 4y? = 1 nnockocramu z = 0 u z = z nosyyum Teno, H306pa-
xennoe na pucynke 103. Ceuenve Tena, nepneHOMKyNApHOE OCH
Oz, npoBENEHHOS HA PACCTOAHMM I OT HAYANA KOODHAMHAT NpEN-
crasnaeT coboft npamoyronsHuk ABCD. Halinem ero maowans
85 = 8(z). Boicora (unpnua) M N npaMoyrosbHEKA PABHA I, T. €.
|MN| = 2 (8 OpAMOYTOSLHOM TPEYTOJLHAKE NMO yron NOM
pasen 45°). Touka D{z;y) nexur ua snannce z2 + 4y> = 1. 3Ha-



9.3.143.

2 P
aur, MD = y = |/ 1 _4;" , .e. |MD| = 3@ Cnenoeparens-

wo, S(z) = AD - MN = 2MD .- MN = 2-@-:& Te.
S(z) = 2v/1 — 22. Ilo bopmyne (3.12) naxonum

1 11
1 .
V:/:r\/l—:c?dx=—§f(l—-x3)‘-‘d(1—-:r:2)=
0 1]
=3V =1 ®

3
Haiitu 06beM Tesa, OrpaHHYEHHONO NByMA NMJTHHAPAME T2 + §° =
=R*uz?+22=R:.

5==5(z)

Puc. 104

(Q N306pasuM Ha PHCYHKE BOCEMYIO YaCTh TEJA, PACTIONIOKEHHY IO
8 I okrante (cum. puc. 104). B nonepevHoM cedennd (nepneHayKy-
JsgpHoM ocu OF) Tena noayuMTCA Kpagpar. Ero cTopoHa a paBHa
opaunare Toukn M (x;y), nexawmeh Ha oxpyxuocTn 22 + 32 = R?,
T.e, a =y =+ R? — 2?. CnenosaTe/bHO, IOMAAb CEHEHAA PaBHA
S(r) = (VR? — 2% = R® — 7%, 0 € ¢ € R. Ucnoabayn ¢opmy-
ay (3.12) naxoqum

Ly R - oo = (Ro- 2
gV = [ ~)de = (B2~ )

Te V= %ﬁRa. ®
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9.3.144.
9.3.145.
9.3.146.
9.3.147.
9.3.148,

9.3.149.
9.3.150.

9.3.151.

9.3.162.

9.3.153.

9.3.154.

9.3.155.

9.3.156.

9.3.157.

9.3.158.

9.3.159.

HafitTu ofbem mapa paguyca R.

HaiiTu ofbeM KoHYCA ¢ panuycoM OCHOBaHuA It w BricoToit H.
Haiitn obrem Tena, orpaHuYeHHOro NapaboNMYecKuM NHIHHIPOM
z =122, nnockocTamu y =0,y =6,z = 1.

Haiitn o6bem Tena, OrpaRnYeHHOrG NapabonMUYECKHM IHIHHIDOM
2=1-y% mnockoctamu y =0, z=0,r =0, z = 12.

Ha#itn o6bem Tena, orpannyennoro napabomonnom z = 22 + 4% u
OJIOCKOCTEIO 2 = 4.

Hattti o6bem smmmconna =2 + y° + 422 € 4.

Boi4ucuTE 06beM IAPOBOTo G0, BEIPE3aHROro U3 mapa, 2 +y% +
+2? =25 nnockoctaMu y =l u y = 4.

Hafitu oibem Tena, OrpaHMyYeHHONC OIHONOAOCTHRIM FRIEPOOIOH-

JIOM$2+yI—Z2=1,HHJIOCK0CT}IMHz=0,Z=3.

Hafitu ofybem Tesia, OrpaHRYEHHONO JIMIOTHYECKHM Napaboion-
2 2
BOM % + %* = Z ¥ IJIOCKOCTBIO Z = 4.

Halitu ofvem obenncka, napasieNsHble OCHOBAHAA KOTOPOro KBa~
Apath co croponamu ¢ K b (g > b), BricoTa pasna h.
Haiitu o6bem Tena, OrpaHRYEHHOr0 KAaHOHHYECKO# MOBEPXHOCTHIO

22

(y-3)2= % + % M IIOCKOCTRI0 3 = 1.

z2
18
2

2
Haiitn o6beM Tena, orpan¥eHHONO MOBEPXHOCTAMHE zT + yT =2z

2
Haittu obvem Testa, OrpaHHYeHHOIO OBEPXHOCTAMHA yg— + iz =z,

z=2

2
(napaBonoun) u x_: + y‘T = 2% (xomyc).

[TumHEAD, OCHOBAHKHEM KOTOPOTO CITyXuT smtunc 422 + 25y% = 400
nepeceyeH HaKJIOHHOH MNOCKOCTLIO, IpoxoaAiel Yepes Mayio och
annenca. Belcora MOMyYeHHOr0 «IMIMHAPHYECKOrO KNHHAD PAaBHA
5. Haittu ero o6em.

HafitTu o6beM mapoBoro cerMenTa BrICOTOH 2, 0TCEMEHHOTO OT 1a-
pa pamuyca 4.

Hailtu ofpem Tena, OrpaHMYEHHOTO WWAOCKOCTAMA z = 1, z = 4,
eCJIH IOMAAk ero MONePeUHOro CeHeHM ODPATHO NPOTOPHMORA -
HA KBASMDATY DACCTOAHUA CeYeHUs OT Hadasla KOODAMHAT, 4 MPH
z = 3 nmomans ceuenus S(z} = 20.

Buivucaumo obsemst TREA, OZPAHUNEHHBLT RNOGCPIHOCTIAMU.

9.3.160.
9.3.161.

9.3.162.
408

z=9—x2 -y 2=0.
24+ =9y+z=3z:=0.
y=52,2=0,z+y=6.



4

z? ﬁ z
9.3.163. Tr9tiag

v, 1,z=0,z=1.

—

2 2
9.3.164. %+%=1,z=71§y (y>0),z=0.

9.3.165. Haiitn ofbem tena, 0Opa3OBAHHOTO BPAWEHUEM (DHIYDLI, OTDAHH-
yennolt munuamu zy = 6, x = 1, x = 4, y = 0, soxpyr ocu Ox u
porpyr ocu Oy (cm. puc. 105).

Y

—S=mp

B it st

LT

[
A mmm—————

Puc. 105

Q Ilo dbopuyne (3.13) naxoanm

4 4
6?2 1
Vz—ﬂ'lf(z) dﬂf—367{(_5) . =27r.
[lo popmyne (3.14) raxonum
i 6 4
V,,:Q»;rfz-—da::%-ez = 367. ®
T 1

1

9.3.166. Halitw obbem Tena, 06paz0BAHHOIC BpalleHMeM BOKpyr ocn Oy
obnacTty, orpannvenHolf muEnAMA y = e~ %, 2 =0,y =0(z 2 0).
Q MHcnomsaya dopmyny (3.15), Haxommm

1 1
Vy=a [(~InyPdy=n Inydy =
/ /

_ u=1In?y
dv = dy

du:?lny-%dy _
v=y
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1

1
u=Iny
-2 lnydy) =
0+s 6[ [du=dy
-y

1
=1r(0—2(limylny )) ==27(0—-1} =2n.
e=0 o+e o

Basmemun, YTO MOXHO HCNONL30BATL opmyty (3.14):

b
o) N
=0+ =27. ®

9.3.167. Haiitu ob6bem Tena, oOpasoBaHHOrO BpalieHHeM BOKPYr ocu O

= ﬂ(limylny
e—D

=1
du—ydy] _

v=y
1

+00
Vy=2m f re ¥ dr = 21r(lim (—xe™® —e™ %)

b—+00
0

z = a(t —sint),
APKH IHKJIOHNB 0Lt 2
y = a{l — cost),
(Q Jna Haxoxnenus ofbeMa TeJIa BpaIleHMA NCIOJIb3yeM op-

myny (3.13):

2 2x
V.=m / {a(l - cost))? - a(l — cost) dt = na® f (1 —cost)’dt =
0 0

2
= na® f (1—3cost + 3cos’t —cos® ) dt =
¢

i

3 cos 3t + 3cost
= 3 — — b A —. o TP . g el
= 7a 0f(1+2(1+ccus2t) 3cost 1 )dt
2
5 3 15 1
——- 42 — = - =
=7a 6/(2+ 2c032t 3 cost 4cos3t)dt

n

5 3 15 1
— 32 g — Y aint — — g =
= 7a (2t+ 4sm2t 1 sint 1251n3t) ,

=na®-5r =57%°%. @

9.3.168. Haiitu obbem Tesma, 0Opa3oBAHHOTO BPALIEHHEM BOKDYT npsamol
T = —2 06nacTy, OrpaRHMeHHOR MEAME ¥ = 25, £ = —1, 2 = 0,
y=4
(9 Tepenecem Hawano xoopouuar B Touky O)(—2;0), coxpanns
HampabjaeHre ocefi (cM. puc. 106). B HoBo# crcTeme KoOpOMHAT
ypaBHenue KyGmieckolt mapaboner npumeT pug y = (z1 — 2)%, o1-
cioga T =2+ /7. O6veM V), HiKHelt yacTh Tesa (non oceto Oz)
HallpeM Kax pasHocTe OByXx obvemos: 1, = V] — V5, rne

0 3 0
Vo=nx f (2+ ¥y)idy = 5™ Vi=nw f ldy==
-1

-1
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{1nn kak ofbem uuAHAPA C BBICOTOMH 1 M panuycoM ocHoBauns 1).

Hmeem V,; = —85—7r -7 = %ﬂ'. Ob6bem V, pepxuelt yacTn Tena (Hazm

ocee Oz), ovepnano, pasen V, = 12x (kax pasHocts obbemon
NpAMBIX KPYropwix muaupgpos: V = w44 —7-1-4 = 127).
Taxum obpaszom, V =V, + 1, = 57 + 127 = %r.
Jameuanue. Hekompllt obbeM Tena MOXkHO HalTH, HCIONL3YA
b
dopmyny V = f S(y) dy. JTwboe ceyenue Tena BpameHUs ILNOC-
14

KOCTBK), NEPNEHIMKYNAAPHOH OCH BPALLEHHA, €CTh KOJBIO, Orpa-
HUYeHHOe KOHUEHTPHYECKHMH OKpyxHocTaME. Halimem S(y) mns
BepxHel U HIDKHel 9ACTH Tesa BpallleHUA:

SB(y)=7TR2—TFT'2=1T'22—W-12=3?T;
Sulg)=mR: -l =n(2+ Yy’ -7 P=a@+4Y5+ VP

CnenoBaTesbHO,

I

I
5
®

4 1]
V=V,+V.,=[31rdy+ [ 2B+4Y5+ V) dy
O -1

¥
\
y=—r+2
1f----= Ao
Pl N2
AN
‘\‘(‘:a"
Puc. 106 Puc. 107

9.3.169. Haiitr 06bem Tena, 06pasoBaHHOrO BPAIeHHEeM BOKPYT ocH O ¢n-
rypel, orpanudenHoli rpacduxamu pyukunii y = 2r—1%,y = —z+2.
(Q TMocrpoum ueprex {cm. puc. 107). I'pacdbuxku bynxuuit nepe-
cexarporea B toukax (1;1) u (2;0). Vchonmbaya dopmynay (3.13),
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HAXOIMM

2 2
V= f@2r-22de— {(-z+2)°%de =
/ /
2
=f(4x2—42:3+x4—n:2+4x—4)d:c=
1

2
= [(m‘* —42° 4+ 32° 4 4z — 4) dr =
1
2?5 2
= (——x4+1‘3+2fr2 —4:.9)
9 1
Hodimu offisem mena, obpaiosannozo apaujenuem Guzyput, 02parUMERHOT Au-
HURMIL

1

9.3.170. y =z°, r =0, y = 8 Boxpyr ocr Ox.

9.3.171. y= H—zxg, y=0,2=0, =1 sokpyr ocu Oz.

9.3.172. 3? = (z + 1)3, = = 0 Bokpyr ocu Oy.
9.3.173. y> =16 — z, x = 0 sokpyr ocn Oy.
9.3.174. y = /ze®, 2 =0, z = In2 sokpyr ocu Oz,
9.3.175. y = 2sinz, 0 £ z £ ® BoKpyr ocu Ox.
9.3.176. y? = 4z, y* = z* Bokpyr ocn Or.
9.3.177. y? = 6z, y = v/6x2 sokpyr ocn Ox.

2

9.3.178. %g - %2’ =1,y = —b, y = b pokpyr ocu Oy.
2,2

9.3.179. %2- = 1 Bokpyr ocu Oy.

9.3.180. z° + y? = 1 Boxpyr npamoli x = 2.

9.3.181, y =cosxz, ¥y = —1 Bokpyr npamolf y = —1 npu x € [—%; 72—1']

9.3.182. y? =6z, r = 3, £ = 5 Bokpyr ocn Oz.
9.3.183. 3r—y =0, 35— 4y =0, y = 3 Bokpyr ocn Ox.
0.3.184. 2y =16 —z% y — 4= 10, y = 0 pokpyr ocu Oy.
9.3.185. /r+ /¥ =1,2 =0, y = 0 sokpyr ocu Oy.

= cos® ¢
9.3.1886. {:1: 0_033 ' Boxpyr ocn Q.
y=sn"t¢
9.3.187. y=ach %, z = —a, r = a BoKpyr ocu 0.

9.3.188. z =(y—2)%, =0, y = 0 sokpyr ocu Oy.
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9.3.189.
9.3.180.

9.3.101.
9.3.192.

9.3.193.
9.3.194,

9.3.195,

9.3.196.

9.3.197.

y=z€e%, r =1,y = 0 Bokpyr ocu Oz.

y= %x{ 2z + 2y — 3 = 0 okpyr ocu Ox.

y = 2x — 22, y = 0 Bokpyr ocn Oy.
x=2Rcost — Rcos2t,
y = 2Rsint — Rsin 2t,

z? —y? = a@?, z = 2a Bokpyr ocu Oz.

0 £ ¢t £ 27 (kapanouna) sokpyr ocn Ox.

¥= 1+_1:.r:2' BOKPYT €€ ACHMNTOThIL

y =2/ —2, ¢ = —1, y = 0 pokpyr ocu Oy.
r= t2,
1,3 (nerns) Bokpyr ocu Or.
= t— Et

2y = 2% + 4z + 4, y = 2 okpyr ocu Oy.

KoHTponeHbie Bonpocel 1 Bonee cnoxudoie 3agaqm

9.3.198.

9.3.199.

9.3.200.

9.3.201.

9.3.202.

Ha ecex xopnax kpyra pagnyca R = 9, napajaiefibHHX OOHOMY Ha-
[IPABJICHRK, IOCTPOSHBI CHMMETPHYHEIE napabonnueckue cerMeH-
TH NOCTOSHHOH BRICOTE H = 4. TInockocTu cerMeHToB nepneHan-
KyNnApHBE K mockocTn kpyra. Halite ofbeM moayueHHOTO Takum
oGpa3oM Tena.

IleHTp KBARDPATA NEPEMEHHOrO PA3Mepa NePEeMENIaeTCR BAOIL Jua-
MeTpa Kpyra paauyca R, mpuuyem miaockocTh, B Kotopoil Jiexur
KBAJPAT, OCTASTCA NMEPNEHATKYIAPHON K MAOCKOCTH KPYTa, 4 JBE
MPOTHBONOJIOMKHEIE BEPITNHE! KBAIPATA NEPEMEILAITCA TIO OKPYXK-
HocTH. Haitra 0bbeM Tena, 06pa30BaHHOrO 3THM IBHKYVIINMCAH KBa-
IPaTOM.

Buluucanth oﬁszem TeNIA, OrPAHUYEHHOTO OBEPXHOCTAMH 2 = /3y,
z=0,"‘—c33+%=1(y20)‘

Ocnopaune Tena ectb kpyr 2 + i € 4. Kaxknoe cevenue, nepnen-
aukyaapHoe ocu Oz ectb nonykpyr. Hadirn obvem tena.
Borancnnte o6beM Tesia, OFpaHHYMEHHOro aJumnconnom 36z +
+9y% +427 - T22 + 18y + 9= 0w nnockocTAMr y = —2 1 y = 1.

Hatimu ofisem meaa, noayuennozo spauenuem duaypu, ozpanurentotl aunu-

AMU

9.3.203.
9.3.204.
9.3.205.
9.3.208.

= 72, y = 4 BOKpYT npaAMo#l T = 2.
y = 2% — 1, y = 0 pokpyr npamoft y = —1.
22 + (y — 2)% = 1 Bokpyr ocu Oz.
y = arccosz, y = arcsinz, y = 0 Bokpyr ocu Oy.
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9.3.207. y=vz—-1,y=0,y=1,z =05 pokpyrocu Gz. :}
9.3.208. (z —4)y® = z(z — 3) sokpyr ocn Ox.
9.3.209. y= z%e~* BOKPYT CBOEH ACHMITOTHI ( e T dr = 3'2@)

a

+0o0
9.3.210. y = smx’ y = 0 Bokpyr ocu Oz ( [ su:;x dx = 12_r)
0

9.3.211. r = cos® p BOKDPYT NOJIAPHOH OCH.
9.3.212. z° + (y — 2)® = 1 Bokpyr ocu Oy.

9.3.213. y = %, 1 €2 < a y=0 Yro opoucxonur ¢ ofbeMoM NpH
a = +oo?
x = 2cost,
9.3.214. ) s0Kpyr ocu Ox.
y = 2sint

9.3.215. Moxer nu ¢durypa, oBpasopaHHAA [IPU BPAINEHNH BOKPYE oci Ox
rpaduka HEKOTOPOH dhyHIUN, OPPAHHYEHHOH TOCKOCTAMN T = g
nr=b(a < b), nmers obvem, Menpmnit 1, mpu mobom snavdennn b?

Boiuvcnenvwe nnowagv nOBepxXHOCTY BPALLEHMA

Ecnu myra xpusolt, zaganHas nmeorpuuarensHofi pyukunell y = f(z),
a § ¢ £ b, spawaerca pokpyr ocH (O, TO MAOWALL NMOBEPXHOCTH BPALICHU:A
BBIYMCNACTCA 10 hopMmyne

b
S =2 [ [yl 1+ (F (@) dz, (3.16)

roe ¢ n b — abconcesl HaMAJNA B KOHIA OYTH.
Ecnn ayra kpmpoii, 3aganHaa HeoTpuuarennuoli dynxumelt z = w(y),
% ¥ £ d, epamaeTca pokpyr oci Oy, TO IOMIALL IOBEPXHOCTH BPALICHUSA
BHIMHC/IHETCH MO Gopmye

d
Sy =2n [ 21T+ (@@ dy, (3.17)

rae ¢ 1 d — OpIMHATHI HAMAJA H KOHI@A JYTH. e
Ecan nyra Kpusoft 3a0aHa NEPpaMeEmPUTECKUMY YPAEHEHUAMY { B ’
1, €t < ta, mpuenm y(t) > 0, To y = y(t),
tz
Sy =27 f YtV + ()2 dt . (3.18)
ty
Ecnn oyra 3a0aHa ¢ noaspuss xeopdunamezr v =1(p), a < p < f, 0
8
Sy =27 f rlsing] {/r2 + ()2 dyp. (3.19)

&
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9.3.216. Halitu nnomans noBepxHOCTH Wapa paauyca R, paccMarpusasn ero
KaK TeJ0 BPaIleHud.
(Q Hosepxnocts mapa (cdepbl) Moxer BriTh 06pasoBana Bpale-
HHEM AYTH KpHBOH y=+/ [t —x2 (nonyoxpyxuoctu), —R<x< R ro-
Kpyr ocu Oz (wmm gy z = +/ B? — 2 soxpyr ocu Oy). lpumennm
dopmyry (3.16):

- o’ R
.F=—, 1 "2= 1 — y
y o Vv1+(y) \! TR 2 J =

R
Sz =2n f \/Rz—:cz-Ld:c=
KA R2 — 12

R R
— o f Rdr = 2:rr}it:c|_R = 4nR?,
“R

(um{: T =R -y, ;c'=_—y,

2 _y2
R

Sz =27 / /14 (2)2dy =
~R

VR —y?

Ecam okpyxHOCTE 3a0aHa IAPAMETPHYECKIME YPABHEHHAMU
{x = Rcost,

R
=2r f \/RQ—yz-%dyzflﬂRz).
iy

¢y = Rsint

T0, NpuMenus opmyay (3.18), raxoonm

3
%Sz =27 f Rsinty/((Rcost),)? + ((Rsint)})? dt =
0
i 3
=2—.-r[Rsin:-Rdt:%R?(-cosa)o = orR?.
4]

ChnenoearenbHo, S, = 4w R2.
ECH OKPY/KHOCTD 321aHA B MOJAPHLIX KOODIMHATAX YDABHE-
Huem r = R, to, npumensas bopmyny (3.19), Haxomum

z -
% z =2m / Rsingpy/R? + (R)? dyp = 2nR*(—cos ) : = 27R?,
o

T.e. S; = 47R2. ]
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9.3.217. Hafite nnocmanb nosepxHocTH, 0OpA30BAHHOR BpAICHNEM KPUBOH
x? =y + 2, ¥ = 1 pokpyr ocu Oy (cM. puc. 108).

¥
z"’—-----l ---------- .
—~y/2 0 2z
-2
Puc. 108

(@ Bocnonvayemca dopmynoit (3.17). Mmeem:
2r-2' =1, z'=—

1 1 Viy+9
1+ (@2 =41+ — =41+ = VuES

4z Hy+2) 2/y+2

S =2«f VY2V +9 .
v A 2/y+2

1
= [ Viy+9dy=S(13VI3-1). @
2

9.3.218. Hailite naomanbk NOBEPXHOCTH Tesa, 00PA30BAHHOIO BpPAILICHHEM
z = Rcos® &,

3¢
= Rsin” g,

Q I/Icno.nbayem ¢opmyny (3.18).

acTponakl 0 £t € 2x Boxpyr ocu Ox.

t t 1

2 - — 3 — . —

x; = 3R cos 1 ( sin 4) 1
¢ t 1
f_ H 2—1 — % —
y; = 3Hsin 1 coe;4 3

9 t ¢ 9 t t
N2 N2 — 2 raed — 6in® — 4+ —EB2a8int — fos2 = =
v (1) + () \/163 cos 4sm 4+ 16R sin 4cc»s 1

3 [t Lt 3 t ¢
—4R sin 4008 Z—4Rsm4cos4.
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1 _ . 3 t _
531—211‘ f Rsin 3 4Rsm4cos4dt
3 L, F .t : , Sm'gem gop
= §1rR f4sm Ed(San) =67R 5 s 5
CnenmoparensHo, S, = -lngrR?. @

9.3.219. Brruucnurh naomanas NOBEPXHOCTH, 0OPA30BAHHON BpallieHHeM Y-

27 - 2361

ri kpunolt r = cos? @ BOKpYT monapuoft ocu, 0 € ¢ < 7

il

(3 Henonbsysa dopmyay (3.19), naxonum

z
Sp=2m f cos? wsin cp\/(cos2 ©)? + ({cos? )}, )2 dip =
0

%
=27rfcoszlpsingo cost p + dcos? psin® pdyp =
3

%
=27 f cos® psin i/ cos? p + 4sin pdp =
0

cos® /4 — 3cos? pd(cos ) = [cosp = t] =

=27

&t

1
= 21rft3\/4—3t2dt= 21rft2-t\/4—3t2dt =
1] 1]

u=4|du=2tdt
= ldv=t/4—30dt |v= -11—8‘/(4_— 33| =
= 2«(—%8:2\,/(4 3t2)3 ft\/(4 312)3 dt)

—2n(—l + 1 1-4 313} d(4 - 3t%) - (—1))—
B 18 9! 6/)
_zﬂ(__l__}_.z_\/(“‘w'l) _
= - )=
11 1 1 31\ 47
=2“('1_8'ﬁ(1‘§)) (-5 + %) = 1" ®

417




Kpueas epaujgemcs soxpye ocu. Buvucaums naowadt noseprrocmu epage-,

HUA?

9.3.220.

9.3.221.
9.3.222.
9.3.223.

9.3.224,

9.3.225.

9.3.226.
9.3.227,
9.3.228.

9.3.229.

9.3.230.
9.3.231.

9.3.232.
9.3.233.
9.3.234.

9.3.235.

9.3.236.

9.3.237.

9.3.238.

9.3.239.
9.3.240.

9.3.241.

418

Qnaa apka umknousns ¢ = e{t —sint), ¥ = a(l — cost) Bokpyr
ocu Q.

Onmoit apxa nuKmOMAL! BOKPYT ocn (.
Hyra napabonst y° = 2z, x € [0;4] Bokpyr ocu Oz.
Hyra cunycounn ¥ = sinz, 0 £ ¢ £ m BOKpyr ocn O,

2 2
Bnnunc %2’ + %5- = 1 Bokpyr ocu Oz.

2 2

Bnnnnc ﬁg + %g = 1 eokpyr ocu Oy.

OKpyxHOCTL 1 = 48in ¢ BOKPYr OOJSPHOH OCH.

QupyxHOCTB r = 2€0S  BOKDYT TIONAPHOM ocH.

Jyra kpueoht y = %x3 or # = —1 mo 2 = 1 sokpyr ocu O,
Otpesok ¢ HadasoM B Touke O0;0) u xonuom B Touke A(R; H)
BOKpyr ocu Oy.

Oyra uennoft nuauu y = 2ch %, 0 £ r < 1 Bokpyr ocu Oz.

Hyra kpnpoii y =sin3z, 0 € 2 < % BOKpYT ocu Oz.

Actpoupa z3 + y¥ = a? Bokpyr ocm Oy.

Hyra xpueoit y = ¢™*, z 2  Bokpyr ocn Oz,

Kpupas %y@ - %lny, 1 £ y £ e Bokpyr oce Oy,
r = 2Rcost — Hcos2t,

ra KapauOHIbl 0 € t € 27 BOKpYT ee
Ay Lt {y:QRsint—Rsin2t, ST Py

ocH.
t *
= e"sint,
Jdyra nuaun {:r et ! ) orty =0moty = % Bokpyr ocu Oz.
y = €' cos
ot
Hyra kpusott 8 22 0 < t € 2+/2 Bokpyr ocn Ox.
¥= 4 - R
r=b
Hyra xpuBoit x4 2 0 < ¢t € 4v/2 Bokpyr ocu Oz.
¥= 4- 1_67

Kapruonna r = 10(1 + cos¢) Bokpyr nosapHoii ocu.
Jemunckara r = 2,/cos 3@ Bokpyr nonaapHoi ocH.

1
Hyra kpusoil r = R 0y < % BOKpPYT nonsapHolt ocu.
3



Bonee cnoxuybie 3agavun

Kpusas spaujaemen eoxpye ocu. Buvucaums naowade nosepruocmu epauge-
HUR!

9.3.242. Okpyxmnocte z° + (y — 2)2 = 1 Bokpyr ocu Oz.

9.3.243. Tasrencouna y =tgrorz=0g0x = % Bokpyr ocu Oz.

9.3.244. Ayraz®+y2 =1, 1 2 0, y > 0 BOKpYT cTRrUBAONIEH €€ XOPJbL.
9.3.245. Ilernsa kpmneott 972 = y(3 — y)? sokpyr ocn Oy.

9.3.246. Apka uMKIOHIBI g =t-smt, ¢ € t £ 27, ppamaowmwetica Bo-
4 =1 —cost,
KpPYr KacaTesJbHOM, mpoxomamelf yepes BEpISHHY IMKJIOWMbI, Ma-
paanensHo ocH Or.
x = 2(t —sin{),

BOKDYT €e OCH CHMMe-
y = 2(1 — cost) Py

9.3.247. OgmHa apka 1MKJIORIB! {

TPUA.
9.3.248. Kapauwonza r = 1+ cos BOKpYT KacaTensHol B ee eepwnne (2;0).

Ddusndeckne (MexaHUHECKUe) NPUNCXKEHUA ONPeaeneHHOro
MHTerpana

a) Mymo, npolifennudl mesom, NEpeMEIAIOIUAMCH CO CKOPOCTBIO ¥ = v(t),
33 NPOMEXYTOK BPeMeHHU [ty ; £2], BLIPAXKAETCA HHTEIPASIOM

iy

§= f v(t)dt . (3.20)

51

6) Paboma nepemennoti cuass, sanannoll dynkunett F = F(z) u nampa-
BaeRHON BAOML ocu (Jx Ha oTpeske [a;b], papHa uHTErpaNyY

b
A= fF(x)dx. (3.21)

B) [Jassenue scudxocmu HA TOPHIOHTAMBHY IO IIACTUHY PABHO BECY CTO-
Sa aroll xpakocTH («3axod [ackans»), m.e. P = g~ S h, tae ¢ — yckopeHue
CBOGOTHOTO NAAEHMs, ¥ — IJIOTHOCTD XUAKOCTH, S — MJIOIIALL MAACTHHKH,
h — rnyGuna ee norpyKeHus.

Jdasaenue ocudxocmu HA BEPTHKANBHY IUIACTHHY, OrPaHUYEeHHYIO Jiu-
HHAMH T =a, £ = b, y, = fi(2) ¥ y2 = fa(zx) (cm. puc. 109), Beruncngerca
no ¢gopmyne

b
P =gy [(fa(z) - @)z de. (3:22)

419
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1

o

Puc. 109

r) Cmamuseckue MoMeHmMb, OMHOCUNEABHO KoOPIUKAMHBT ocell, Mo-
MERTB UHEPHUY U KOOPIUHAMD HEKMPA MANCECMY NHOCKOR ayru y = f(z),
a € T < b, HAXOHATCA COOTBETCTBEHHO MO OpMYaM

S,:f’yydl, Sy=f’y:cd£, (3.23)
-3 @

b &
M, = f'yyzdt, My=fq«z?dz, (3.24)
[ a

te di = T+ P do (/(@))? + W27 dt, \fr? + (1),)? dip) — mmdcpepen-

uMan ayru;

b
S, S, —
Te = = v Y= = y M= fﬂy 1+ (y::)gd:z (325)

m m

(3mech 2., i, — KOODAMHATHL UEHTDA THKECTH, & M — MACca Kpusol).

9.3.249. Aprofyc HaumMHaeT OBUrarecsa ¢ yckopenmeM 1m/c?. Kakoit nyrtb
npoitzer aprobyc 3a 12 cexyHO OT HAYANA JBIDKEHNUT
(Q CxopocTs npivkeHma apTobyca BeIpakaeTca (GopMyaoH v =
= tm/c. Cornacho ¢opuyne (3.20) Haxonum nyTh npoligenRsil AB-

tobycoMm 3a BpeMa ot t; = 0 mo iy = 12cek.: ftdt 2| = 72M.

9.3.250. CkopocTh TeJa MEHAETCR M0 3AKOHY b = 0,031&2 M/c. Kakott nyts
npoiiner Teno 3a 10¢? Yemy paBHa cpeRHAA CKOPOCTb ABIDKCHHRA T

9.3.251. CkopocTh apTofyca ApH TOPMOMEHMH H3MEHRETCA N0 3aKOHY
15 — 3t m/c. Kaxkoit myTs npofiner aBpTofyc OT Ha4Yana TOpMOKEHHS
A0 noTHOH oCTAHOBKR?

9.3.252. Kakyio paboTy HYKHO COBEpPIONTD, YTOOBl PACTAHYTL MPYAKMHY HA
10cMm, ecommt cnna B 20 H pactarneaer npy:kAHY Ha 5 oM.
(Q Cornacno sakony I'yka ynpyrag cumia, pacTArMBAONIAA NPY-
JKRHY, TPONOPIHOHAJIBHA 3TOMY DACTDKEHUIO T, T.e. F(z) = kx,
rne & — koaddrunent nponopuuoHanbHOCTH. COLMACHO YCROBUIO
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9.3.253.

aagaqn cuna F = 20H pactarspaer npyxusy Ha 2 = 0,05 M. Cre-
ooeareneHo, 20 = k- 0,05, orxyna & = 400, F' = 400z. Hcxoman
pabota Ha ocnopanuy ¢opmyasl (3.21) papua

a,1 0,1
A= f400xdx:200x20 =2 M. o
0

Haitru pafoty, K0TOpPYIO Hy2KHO 38TPATHTE, YT00B BEIKAYATH HKII-
KOCTB IJIOTHOCTH ¥ W3 UMCTepHbl, nMmemefi popMy napabonmye-
CKOT0 LHJIMHODA, PA3MEPB! KOTOPOrO YKa3aHel Ha pucyHke 110.

Puc. 110

(Q Pabota, 3aTpaunupaeMan Ha NOAHATHE TEJIA BECOM P HA BBICOTY
h, pabHa ph. Ho pasan4Hble cAOM KHUIKOCTH B UHCTEPHE HAXOOATCA
HA PA3JIMYHBIX INIYOMHAX W BBICOTA IOTHATHS JO KPas HUCTEPHB
PAIIHYHEIX CJIOCB HE OMMHAKOBA. 71 peleHns 3a0a4n IPUMEHHM
Tak HasplBagMull «meton mnddepenunana». Beenem cucremy Ko-
OPOMHAT TaK KaK YKA3aHO HA PUCYHKE.

1. PaGora, 3aTpAuNBaeMas HA BBIKAYMBAHUE CJIOA KUZKOCTH
ronmunol z {z € [; H]}, ecte hyHxuua ot z, T.e. A = A(z)
(A4(0) =0, A(H) = Ag).

2. HaxoruM rIaBHYIO YacTh BpHpawmenns A A 1pn #aMereHun ©

-Ha peymunHy Az = dz, T. e. Haxomum auddeperunan d4A Gyrxnun

Alz).

Beuny manoctu dr cuutaem, Yro «3/ieMEeHTADHLH ciotts xug-
KOCTH HAXOMUTCA HA oAno#f rnyOHHe T OT Xpas UMCTEpHBI (CM.
puc. 110). Torna dA = dp - z, rie dp — Bec 3TOTG €O, OH PaBeH
gydv, roe ¢ — yCKopeRHe cBOBOOHOTO NAIEHHA, ¥ — NJIOTHOCTB
EKHIKOCTH, dv — 0BBEM «3JIEMEHTAPROTO CJI0A» KHOKOCTH (Ha pu-
CYHKE OH Bolgener), T.€. dp = gydv. Ho dv = b M N -dr. Hallnem

MN: %M N — opaouxara Touku M (H — z;y), nexaweit Ha napa-

Gose AORB, ypaprerue KoTOpO# B BLIDpaHHOH CHCTEME KOODIHMHAT
421



9.3.254.

9.3.255.

9.3.2586.

9.3.257.

422

y? = 2pz. Tlapamerp p HallmeM M3 YCJIOBHS, 4TO TOUKE A(H ; %)

2 2
NPUHATLNEKAT Napaboie, CeI0PaTe/IBHO % =2pH,p= ga_ﬁ} T. e

2
ypaBHeRUe napabosiel ecThb > = f—H:c. Touka M{H — &;y) nexur

2
na napabone. Cnenosarennro, y? = f—H(M — z). Orcioga Haxo-

MMy = ﬁﬁ\/H—z = %MN, Te. MN = & HH_I. Cneno-

paressHo, dv = b4 H};Idx, dp = gvba H};T’dx HdA =
=’ygab%xdx.

3. Muterpnpys 370 papeHcThO B Ipefenax ot x = 0 noz = H,
HaXOoOuM HCKOMYIO pabory:

H
_ 7gab — [VH-z=t,z2=H-£] _
A—\/Eb[:c\/H :r:d:c—[ dz = —9t dt ]—

vH 3 .5
gub 2_ Ay g o 19080 G (HE
= Uf 2 -t dt = U= 2( : 5)

_geb 4
CVH 15

Kakywo pabory HANC 3arpaTHTh Ha NPEQHOJIEHHe CHJbl THKECTH
NpU HACKIMAHUY KY4H Mecka (IIOTHOCTL ) KOHUUecKol dhopMbi ¢
pagnycoM ocHoPaRMA R u pricotolt H.

Jra pacTakeHHsA NPpyKUHE! HA 4 cM HeoOXOMHMO coBepinTh pabo-
Ty 24 k. Ha kakyio DJHHY MOXHO PAcTAHYTH NPYKHURY, COBED-
ums pabory B 150 Mx?

Peccopa nporuGaercsa nmon Harpysko#i 2T Ba 1,5 cM. Kakyio pabo-
TY HYXHO 3aTpaTuth s sedopmauun peccops! Ha 3em? (Cuna
nedopManuu NpoNCPUHOHANBHA BeNHYHHe nedopMalyi. )
OnpenenuTh PeNHYHHY ZABMEHUA MODCKON BOABI HA BEDPTHKAIE-
Hefl Kpyr paguyca R = 0,2M, ueHTp XOTOPOro NOrpY:XeH B BOAY
ra ry6ury H = 10 m. ILnotnocTs Mopekolt poant v = 1020 kr/ M3,
(Q TlomecTuM HAYANO KOODIMHAT HA MOBEPXHOCTH BOIbI, 0Cb Oy
HANPABMM FOPH3OHTANLRO, 3 0cb (J¥ — BepTHKANLHO BHU3. Boc-
noJsis3yeMca dopmynott (3.22). B naHHOM cyuae niacTiHKa (T.e.
KPYT) OrpaHy4eHs JTMHUAMK

o

vH

£~

¢

H?*VH = %wabH?. e

y= V-G HY y=+/F G0,
$=H—R, r=H4+ R.



osTomy

Pegy | (V=G BP - (VB B))sds -
H-R

H+R

= 2¢v f /R — (z— H)2ds =
H-R

_|lz-H=t,z=t+H,de=dt,| _
- ty=—R,t:=R -

R
= 2~ f (t+HWR: - gdt =

‘297(-- f(R2 tY3d(R? - %) + H f \/mdt)
2 ( 1 2,/(&9—:2 R )=
-R

2
( Rg—t3+£ arcsin E)
-R 2 2

2
R/m =« 2
— 2yRH - ?(5 + 5) = gyrHR®.
lloncrapnaa snadenns g, v, H, R, 7 nony4aem
P=981-1020-7-10-0,04 ~ 12,6 xH. ®

9.3.258. Haiitu 1aBnenne Boabl {LIOTHOCTE Y) Ha BEPTHKAJBHYIO MJIACTHH-
Ky, HMeIOINYI0 BHH paBRoGenpeHHol Tpanmeunn. BricoTa ee pabHa
h, Boabimee ocHOBAHME — b, MEHbIIEE, JIEKAIIEE HA TOBEPXHOCTH
BOZBI, PABHO 4.

0 ' A a ]

et

Puc. 111

(Q Brenem cucTeMy XOODAMHAT TaX KaK YKA3aHO Ha pucyHke 111.
JapieHde XKUAKOCTH Ha PA3JIHYHbIC CJIOW TUTACTHHKH PasHoe: 3a-
BHCHT OT [VIYDHHBI morpyxeuus z. s pemeHus 3amaud npume-
HHM «MeTOn audrbepenmmanay.
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9.3.259.

9.3.260.

9.3.261.

9.3.262.

424

1. Ilycere 4yacTe uCKOMOM BEeNIMYMHBI P €CTh PYHKUHA OT I:
P = p(T) — DOABJICHHAE HA Y4CTb MIACTHHKH (TPAIELHH), COOTBET-
creytowee orpesky [0;x] = € [0; k], p(0) =0, p(h) =

2. Hapum aprymenty npupamerne Az = dz. Oyrxuma p(x) no-
JYYAT npHpamerRne Ap (HA PHCYHKE: NOJIOCKA — CJIOH TOJIIIMHE
dz). Hattnem nudpdepenunan dp sroit ¢pyuxkunu. Beuny manoctn
dx Gynem npROMIDKEHHO CYHTATEL MOJIOCKY NPAMOYTOJLHHKOM, BCE
TOUKH KOTOPOrO HAXOAATCA Ha OonHoM raybune x. Toraa no 3ako-
uy I[acxans dp = gy|MN|dz-_x . Hatinem |M N|. Ouesnaro,

P e’ T
s

IMN|=a+2|MT|. Danny |MT| HaxoguM u3 nomobud Tpeyronb-
wimos MTA n BCA: iy = T’_i-ﬂ- IMT| = 259 . Z, Torza
[MN|=a+ 22 b— = 2 rudp= g’y(a+ —h—x):cd;c

3. Uurerpupya noaydeRHoe paBeHCTBO B mpenesax or £ = 0
oo & = h, 0oay4HM

h

bh- 1

P:g’yf(a;c+Ta$2)d:.c=Eg’yhz(a+2b). ®
3

Ha#itn cuny masaenMs BOOB! (IJIOTHOCTh ) Ha KPYIVIBIH WTIOMH-
HaTop opamerpom D (B BepTURANBHOM BOPTY CYIHA) HALIONOBUHY
NOrpyKeHHL B Boay.

BhivucauTh CHIy NaBJEHUS BOAb! (JIOTHOCTD <) HA OPAMOYTOJib-
Hbie BODOTA HLIIO33A, HIMPHHA KOTOPLIX &, BHICOTA b, €Cad miiw3
3anoJIHeR BOAOH Ha OJHY TPETh.

Bona aanonnseT noNHOCTBK pesepByap Kybudeckolt dopmu ¢ pe-
Opom, pasrbiM 0,5 M. HafiTn cuny nap/ieHus poOp Ha:

a) OHO Pe3epBYapa;

6) GOXOBYIO CTEHKY.

Haiditn crarnueckuit MoMeHT onnoponnoﬁ {nnoTHOCTE ¥ = const)
Oyrd xpusoli y = cosx, 0 < & T L OTHOCHTENBHO oCH 0.

Q MHcnomesyem bopmyast {3.23). Tak Kak ¢ = cos X, TO

= +/1+{cosx) de = V1 +sin® zdz.

Hmeem

s
f coszV/1 + sin? zdz f (sinz)? d(sinx) =
0 0

1+51n T+ —ln|smx+vl+sm :zl)

7(% +5In(1+ v2)) =

%’y(\/§+ln(1 +v72)).



9.3.263.

9.3.264,

BoMHCAMTE MACCY H MOMERT WHEPUHH IUIOCKOTG OOHOPOTHOTO
crepxuda (v = 1) mnaue! | OTHOCHTENIBHO €10 KOHUA.

(Q CosMmectum crepxenn ¢ orpeaxoM ocu Oz, 0 € 7 < I, (nesuiit
KOHeL cTepxHA — B To4ke (). 1% HAXOM BeHNA MACChl CTEPKHA
Hcnoas3yeM dopmyny (3.25), monoxus e nefi y =0, ' = O

{
m = fﬁy\/l + 02dg =’y;c‘

0
(pesynLTAT M3BECTEH: CTEPXEHbL ONHOPOOHLIH). MoMeHT MHepiyH

CTEpPIKHSA PABEH MOMEHTY HHEDLHHM €ro OTHOCHTeNbRo ocu Oy. [pu-
menuM dopmyny (3.23):

t 1
0—’7

H 3y 3
i
M, = f7x2\/1+02dx=7§3— = 13—,
0
a
_ 21 _mb?
T.e. My = 3 = “g—, TH€ M — MACCA CTePKHSA. ®
Hafitn uenTp Ts/DKecTH OOHON apkm opHopomHo# (v = const) um-
= a(t —sint),
KJIOHIbI 2 = a{t —sinf) agtg2m
y = a(l — cost),

(Q Tlepsas apxa UMKIONIbI CHMMETPHYHA OTHOCHTE/IBHO TIPSAMOH
z = 7a. IlosTomy abcuncca UeRTPA TAKECTH KPHBON paBHA 7d,

T.e %, = 7e. o dopmynam (3.23) n (3.25) HaxomuM y. = Lu

S,
r. = —L&:
m

_ 7 J" a1 — cost)y/ [a(t —sinty]? + [a(1 — cost)’]” at _
1137/ latt - sinty)” + [a(1 - cost)] at

2

[

27

a (1—cost]-a-2sin%dt 2a 2sin & - sin &t

(] i) 2 2 _
2 - t o on =
t
in - —4cos =
a A 281n2dt 2|O
_ 240 [i"(1-cos? ) dfcos )
= < -
S W INT 1 1y 4
-‘“(°°5§‘§°°5 5) 0 -‘“(‘1‘1+§+§) =3%
'yf:" a(t — sint) - 2asin £ dt
Te= _
¥+ 8a
2r - . .
_ 202 [" (t - sin ga— sintsin £) dt _ 20(4?" _O)=ra ®

425



9.3.285.

9.3.2686.

9.3.267.

HaitTH XCOPOMEATHI LIEHTPA TAKECTH ODHOPOIHOH! oyrH (v = const)
oxpyxuocty x° + y° = R?, pacnonoxenroit B TpeThell KOOPOWHAT-
Holi 4YeTBepTH.

Burauc/imTe MOMEHT HHEPUHH OTHOCHTENbHO oc Oy OXpYKHOCTH
r? + 4% = R?, macca xoropolt papHa m.

HafiTu KOOpAHHATEL LEHTPA THKECTA OOHOPOIHOH AYIH ACTPOROLI
x = cos® t, y = sin® ¢, pacnonoxenno#t nesee ocu Oy.

OononuutensHele 3apadn

9.3.268.

9.3.269.

9.3.270.

9.3.271,

9.3.272.

9.3.273.

9.3.274,

9.3.275.

9.3.276.

9.3.277.

426

CropocTs Te1a, GPOWLEeHHOre BEPTHKANIBHO BEEPX C HAYAJILHOH CKO-
POCTEIO ¥g, B3 yyeTa CONPOTHBIICHAA BO3NYXA, PABHA ¥ = Vo — gi,
roe t — NpOTEKLIEe BPeMA, § — YCKOpeHne cBOGOOHOrO MaJeHMsL.
Ha xaxoM paccTOAHUHN 0T HAUANKHOTO NOJIOKEHMs OyneT RaxoouT-
¢ Teno uepes t cexyHn or MoMenTa Gpocarua’ Ha kakyrw Maxcn-
MaJILRYIO BRICOTY NIGJHUMETCA Teno?

CxopocTte apwkenns Touxu v = te~ 99! y/c. Hafitn nyrb npofi-
OeHHHH TOYKOH OT Ha4YaJia JBIDKEHHA OO0 MOJHOH OCTAHOBKH.
Haiitn pafoTy, KOTOPYIO HAIO 3ATPATUTE, YTOOBI BLIKAYATH KMII-
KOCTB (IJIOTHOCTDL ) U3 BEPTHKATTBHOTO UHIHHAPHYECKOTO Pe3ep-
Byapa BbICOTH H u pamuycom ocHoBanua K.

Halita paBory, 3aTpadeHHY> HA BHIKAYHBAHNE XHAKOCTH {I107-
HOCTB ) U3 KODHITA, HMeIoWerc GopMy NOJYIHIAMEAPA, IJIHHA KO-
toporo H, panuyc R.

BriusesauTh cuity, ¢ KOTopolt Bona JABMT HA MIIOTHHY, CEYeHUE KO-
Topolt umeeT dopmy pasrobouHolt Tpaneuuu. Pasmeps! Tpaneuun
(nmotuHel): @ = 7™ (Bu3), b = 12M (eepx}, h = 5M. Cudrars, 410
naoTHoCTs Boabl ¥ = 1000kr/M3, ycropenne cpofonnoro nanenna
g =10m/c?.

ITnacTuHks B BUOE TPEYTOIBHAKA ¢ OCHOBAHMEM o M BEICOTOl h Bep-
THKAJLHO NMOTPY}KEHA B BOAY BEPMHMHOR BHU3 TAK, 9TO €0 OCHOBA-
HUe HAXOOMTCA HA MOBEPXHOCTYH BOgbl. Briuncsmts ety napsenus
BOJIBL.

Hajitu napsierne ciupta (v = 830kr/M®), Haxonameroca B LMIHR-
apwueckoM Gake BbicoTol 3 M H paauycoM 4 M Ha GOKOBYIO CTEHKY
Haxa.

Haittu crarn4eckne MOMEHTBI M MOMEHTH HHEDLHM OTHOPOIHON
ayry (y = const) actponmsl © = 2cos® £, y = 2sin® ¢, pacnonoxesn-
HOH B nepBoll yeTnepTH.

Haitru MomenTel nHepuun oxpyxHocTd (7 = 1) paguyca R orso-
CUTE/ILHO €8 IHAMETPA.

HaiiTi nenTp TsDKeCTH YyeTBepTH okpyXHoctu 22 4% = R?, pacno-
JIOXEHHOR B IePBOM KOOPIUHATHOM Y1y, €CJii B Kaxnolt ee To4-



9.3.278,

9.3.279.

9.3.280.

Ke JiHHefiHaA NJOTHOCTL NPONOPUMOHANIRHA NPOU3BEICHHID KOOD-
JHHAT TOYKH.

Hadite uentp TaxecTn opaoponrof (v = const) Myry OKPYXHOCTH
2% +y? = R?, crarusasomeit yroa a.

Haiity Maccy H CTATHYECKME MOMEHTBl OTHOCHTE/IBHO KOOPIUHAT-
Huix ocelt Oz u Oy Ayru acTpoumss T3 + y§ = ag, PACIONOKEHHOH
B nepBoll YeTBEpPTH, ecnn MuHefiHaA NIOTHOCTD B Kaxaol ee Touke
paBRa Y = T.

Haltti crarvdeckult MOMEHT OKPYKHOCTH.7 = 4 8in{p OTHOCATEND-
HO nonapHoit ocH.

Bonee cnoxHuie sapauv

9.3.281.

9.3.282,

9.3.283.

9.3.284.

9.3.285.

9.3.286.

Touka ocH copepmaeT rapMOoHUYecKue KOIe0aHHA OKOJIO HAYAIA
KOOPOMHAT CO CKOPOCTBIO ¥ = g COSwi, roe § — BpeMs, w — yIrio-
BaA CKOPOCThb, ¥p HAYANBHAA cKopocTh. Halitu 3axor koneGanus
TOYKH W CpefHee 3Ha4YeHHe abCONIOTHOH BEJIMYHHBI CKOPOCTH 3a
nepuon KoneGanut,

CxOpoCTDb IBIKeHN TOYKH MEeHSIeTCH [0 3aKOoHy v = 12t —3t* M /e,
roe ¢ — ppema. Hafitv: nyTts, npoitneHHbift Touko#l 3a BTOPYIO
CEeKYHIY; CPEOHIOK CKOPOCTh OBIDKEHUA 34 MPOMEKYTOK BPEMEHHN
[0; 2]; nepememenne ToukM 33 nepBbIEe 6 CEKYRIO IBIKEHNAA.

W3 oppoft TOYKH B COHOM HAUPABJICHWH OJHOBPEMEHHO HAYHHAIOT
IBUraThCA B3 TEJIA CO CKOPOCTAMU v = 242 — dtM/c u 5t + %M/C

COOTBETCTBEHHO. Yepes CKOMbKO CeXyHI H HA KAKOM DACCTOAHUH
Tena cHoBa DymyT BmecTe?

Tlnactunka B popme napaboMueckoro CerMeHTa ¢ OCHOBAHMEM da,
BricoTolt A, Tonmmunol d Bpaimperca BOEPYT OCH Mapatobl ¢ MOCTo-
AHHOH yroPO# CKOPOCTLIO w. ILIOTHOCTE MaTepHasIa LIACTAHBI 7.
Haiitu KMHETUYeCKY10 PHEPIHIO IIJIACTHHKH,

Yxazanue. Kunernyeckaa aHeprus Tesna, BPallaloMerocd BOKPYT
HemogpWKHOH ocH, papaa K = %wQJ , Flé w — YIJ10BaA CKOPOCTE,

J — MOMEHT HHepLHH; MOMEHT NHEPIMA MATEPHASIBHON TOYKY OT-
HOCHTENLHO OCH paBeH NPOM3BETEHMI0 MACCH TOYKH HA XBaOpaT
PACCTOSHHSA IO OCH.

HyGopaa npamoyroabHad Banka nyasaer B pole. Ee pasmepsn:
a = 4M, b = 2M, ¢ = 0,5M; morHocTs ¥ = 0,8 kr/mM®. Berun-
CAUTb paboTy, HEOBXOAUMYTO OJIf W3BJIEYEHHS € W3 BOIBI.
Kakyio paboTy Hao 3aTpaTHTh, YT00BI OCTAHOBHTL JKeJIe3Rbll map
panuyca R, spamawomuiica ¢ yraosolt CKOpOCTBIO W BOKDYT CBOE-
ro nuaMerpa. (ILnotHocTs xkenesa v. Pabora paera kuneTHyeckoft
AHepruy Wapa.)
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9.3.287. Kaxyio paboTy 3aTpauRBaeT NOOLEMHLIH KpaH IMpPH HABJIEHEHHy
MeIHOro KoHyca w3 Mopexolt Bomei? Konyce ¢ pepruxansHoli ocbhio
NOTPYXKEH B BOOY TaK, UT0 €ro PEPIIAHA HAXOJUTCA HA IOBEPXHOCTH
sogsl. Bucora xoryca H = 1M, pagnyc ocnosamna R = 1 M, wior-
HOCTb Mean 1 = 8900 xr/m3,a mopcxofi Boge: v = 1020 xr/M3.

9.3.288. Teno, Temneparypa kotoporo 30°, NOrPYKEHO B TEPMOCTAT (B KO-
TOPOM NONAepXKHBaeTca Temneparypa 0°). 3a kakoe BpeMms Teso
oxnaxurca oo 10°, ecou 3a 20 MHHYT OHO Oxnaxknaercsa oo 20°7
Yxasenue. cKOpOCTh OXJIAXKJEHHA TeJIa MPONOPIHOHATIEHA DA3SHO-
CTH MeKNYy Temnepatypoil Teria M TeMmMnepatypoli okpyxaroueh
Cpenbl.

KOHTPOJIbHAR PABOTA
Bapuant 1

1. BulUBCIHTE HHTETPAJIBL:

V3
f 2% /(3 - x3)% dx;
f d:r:,

3. BoruucauTs niomaap GUryphl, OrpaHUueHHOM JTHHUAMM:
a)y=2, y=x,z=-2,z=1;
6)r=3—2cosp, r= %

4. BeMACHIHTL OJIMHY OyrH KpHBOi:
x = 2{r-cost — cos 2t),
y = 2(2sint — sin 21},

6)y=1l—Ilnsinzorzr=0m0z =

I
a) Ogtg3!
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5. a) Hafitu obbeM Tesa, OTpaRMYEHHOTO TIOBEPXHOCTAMH z = x° + 5y,
z=35.
6) Hatttnn ofibeM wmapoBoro cerMeHTa BhicOTOH 3, OTCEYERHOTO & wWapa
paauyca 6.

Bapuanr 2
1. BpiuyHCIATH HHTerba.nm:

¥
a) j Vsinz — sin® z dr;

6) | 2% (2z — 1)® dx;

B) {(zx—3)e"*dz.

D'h..__‘_’u NP&.__‘-‘H (TE)

2. Bruncanth HecoOCTBEHHLIG RHTEIDaJIbl AR ¥CTAROBHATL HX PACXOMH-
MOCThb!

+oo iz
a) ;
! x-;;:c?—l
2
d
6) [:ri:ci2i'
1

3. BeruncinTh naomals $durypsei, orpaHuueHHol THRUAMY:
a)y={z-5)-(1-2)hy=4z=1

z=2v2cost
6 " y=5(y = 5).
) {y=5\/§sint, y=3w=>9

4. BEMUCIHTL IJTHHY OYTH KpHBOH:
a)r=Incosy, 0y <

6) r=3-(1+sing), -

¥

e g0

= 1E W

5. a} BeucINTL 00BbEeM Tena, OrPAHMYEHHOTO NMOBEPXHOCTAMM z = O,

2 2 2
=1 L L ¥ Lz _
z=1, % + 9 + 1 1.
6) Hattru o6wem Tena, 00pa3soBaHHOTO NPH BPANIeHUH BOXPYT ocH O

durypsl, orpanudeHHol nuanAMu 2 —y —2=0,y =0,z = 3.
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Bapuant 3

1.

Bmtmc.nn'rb HMHTETPAJEI
__sing
a
) f 5 —3cosz 3cos:c o

Srdz .
\/.7:+2’

z - In{l + ) da.

. BeIYACIHTL HecOGCTBEHHAIE HHTETDAMEL HAH YCTaHOBHUTE HX PDacxXOIn-

MOCTBZ

a) dz
22— 8z + 20’

6) x3_2da:

. Hatttu nmomwans dpurypel, orpaHnaeHHol TUHUAMYU:

a’)y=xf3sy=zax:'—2;
6) r =2sinp r = 4sin.

. BeMHCIATE AIHHY Ayrd KpHBOl

a)r=2-9,0<p< 3
6) y = Inz, or Touku A(1;0) 1o rouxu B(v/3;In+/3).

. a) Bbl‘lHCJ‘IHTb o0beM Tena, OrpaHUYEeHHOrC HOBEPXHOCTAMEH 2z = 0,

z‘2,‘2c5+%——z

6) Orpezoxk npAMOH, COEOMHAIOIAA HAYAN0 KOODOMHAT € TOYKOR
(—3; —2) spamaerca soxpyr ocu Oy. Halttu 0bbeM tena spamenus.

Bapuant 4
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Bn1 ‘IHCJ‘I HTh HHTErDAJLI.
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- cosdr - dx.

B)

> """-mu

. BoluncauTs HecoGeTBeHHDBIE HHTETPANH HJIH YCTAHOBHTB MX DACXOIH-
MOCT!

2

dr .

8) f Zr2r+10°
-0

5
dx
6 &z :
)3/\[—12 +8z—15

. Buiupcnate naomany GErype, OrpaHn4eHHoON JIMHNAMH:
a) y = r, HopMambio k Hell npopenenHol B TOUKe ¢ abcumccoli T = 1,
npamoft x = 05

6)r=cos<pr=simp(0$go$%).

. BoraucnmTs nMEy Oyra Kpusoi
3

a)r=3-¢7,0<0sq;

6)y=4-22, x=-2,2=2

. a) Boraucants 06beM Tesa, OrpaEHYeHHOIO IOBEPXHOCTAMHA Z2 4% = 9,

z=y,2=0(y20).

6) nalitu ofbem Tena, o6pazoBaHHOrO BpameHneM BOKDYT ocu Oz du-

rypbl, OrDAHMYEHHON JTuEMAME § = 22, T = 2, y = L.
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nasa 10. KOMNNEKCHbLIE YUCNA

W]

§1. KOMNNEKCHBIE YNCNA, OCHOBHLIE NOHATUA.
FTEOMETPUHECKOE M30BPA>KEHUE
KOMMJIEKCHbLIX YUCEN.

POPMbI 3ANNCU KOMNNEKCHbLIX YWCEN

> KomnaekcHuim HucaoM 2 HA3LIBAETCHA YIOPAOOYeHHAA mapa Aei-
CTBMTEIBHBIX YHcen (X;y), nepBoe U3 KOTOPbIX X Ha3bIBASTCH ero
deticmeumeatHot “aCmBHI0, & BTOPOR YHCJIO ¥ — MHUMOT Hacmbio.
Q6canauenue: z = r+1y.CUMBOJ { HABLIBACTCA MuUMOU edunuyet.

Ecnm ¢ = 0, 10 4ncno 0 + iy = iy HA3LIBACTCH “UCTNO MHUMDBIM, ©CJIH
¥ =0, 0 umcno £ + ¢ -0 = T 0TOXKITECTBAACTCA ¢ OefCTBATENBHEIM YHCIIOM
I, & 3TC 03HAYAET, 4TO MHOXeCTBO R nelCTBUTENBHEIX MHCET ABAACTCA TI0n-
MHO¥ecTBOM MaOMKecTBa C Beex xomnsiekcHbIX yncen, 1.e. R C C.

Yucno z Ha3bIBaETCA aelCTBHTENBHON 9ACTHIO KOMILIEKCHOrO YHCAA 2 H
obosnagaercs x = Rez, a y — MaAMOl YacTblo, ¥ = Im z.

= J1Ba KOMIJIEKCHBIX 9HCNA 21 = F1+iyy M 20 = Zo+iys HABLIBAIOTCA
PEEHNMU TOTOA H TOMBKC TOCAA, KOTOA PABHBI UX NeRCTBATE/IBHEIE
4aCTH M DABHBI HX MHUMBIE JACTH, T. €.

I = Iy,

zl = zp —
. ? {!h‘—“yz-

JBa KOMIVIEKCHEIX YHCJA 2 = T + iy ¥ Z = T — iy, OTJIRYAI0IHecs
TONBKO 3HAKOM MHHMONH 9aCTH HA3LIBAKTCA COMPANCEHHMMU.

BesaRoe KOMIIEKCHOE YACTO 2 = X + 1Y MOHC-
Ho usofipasumo mouxeti M(x;y) maockoctn Oy
Takolt, uto r = Rez, y = Im z. H naobopor.

IInockocThb, Ha KOTOPOR U300pAXKAIOTCA KOM-
IVIEKCHBIE YHCJIA HAZBIBAETCA KoMRAeKcHOH Tnoc-

KocThio {ee takke ofosHasator C). Ocb aberuce Ol I z
HasblBaeTcA dedicmeumenvhol ocew, a OCb OpOH-
HAT — MHUMOT. Pne, 112

KomnnexcHoe yncno z = x+ iy MoxHO H300pa-
XaTb i C OMOIIbIO PamuMyc-BeKTopa F = OM = (x3y).

Jnnua BexTopa 7, #300pazKaloIero KOMIJIEKCHOE YiCo 2 {cM. pac. 112},
HA3LIBACTCS MOJYAEM FTOTO YHCTA W obo3HauaeTcs |z| wnn r. Monyas r = |z|
OOHOIHAYHO onpegendeTca no dapMmyne

r=|z| = Va? + 2 (1.1)
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Benuydna yria Mexay NOJIGKHTEILHBIM HANpPABIeHAeM OefCTBUTENL-
HOH OCH M BEKTOPOM ¥, H300pPasKAKIAM KOMIJIEKCHOE YHCIIO, HA3HIBASTCA
ap2yMenmoeM 3TOT0 YNcna, obosHavaeTca Arg z.

APryMeHT KOMIJIEKCHOTO 9HCia 2 # 0 BeJIM9HHA MHOTO3HAUHASA: Argz =
= argz + 2km, k = 0,41,4,2 ... roe argz = ¢ — 2aeenoe 3navenue ap-
2YMEHMAE, 3AKJIIONEHHOE B NDOMEKYTKE {—7; 7|, TO ecTh —7 < argz € 7.
ApryMeHT KoMniekcHoro 4nciaa z = 0 = 0 + i0 He onpenene.

3amevarue. B KadecTse 3HauEHHA APLYMEHTA MOXHO OpaTh BeJTHYHHY
OpPHHANIEXKAINY IO MpoMexyTKy [0; 2m).

= 3anuchk YHCHA z B BHOE z = I + iy HA3hIBAKOT aazelpaunecxoll
Popmoti KOMIIJIEKCHOTO YHCJIA.
3amnnce YHCAa 2 B BUIE

z=r{cosp+ ising) {1.2)
HASBBIBAETCH TRPULOHOMENPURECKOT Popmoil,

Apryment @ onpenensnercs n3 pOPMYI COSp = %, sing = g, rae r =
= /2% + y?. AprymenT z MOXKHG HalTH, HCIONE3YA GOPMYIY tgp = g, TakK

KaKk —7 < argz € 7, TO u3 (pOpMyJIH tgyw = g HAXOMHAM

arctg %, npa x > 0;
@ =argz = a.rctg%+7r, npuz <0, y >0 {1.3)
arctg% -m, npux <0, y<0
> 3anuch YHACA z B BROE
z=7€% wm z=|z|e'?E? (1.4}

HA3RIBAIOT noxegomensuol dopmoli (WM 3KCOOHEHUBAILHON)
KOMILIEKCHOT) 4HC.a.

10.1.1. Crenywmse KOMIEMICKCHEIE YHCTA H300PA3HTE BEKTOPAMY H 3alH-
CATh B TPHIOHOMETPHYECKOH U nokazarensHoH dropmax:
a) 2 =2+ 24 6)z=—1+i\/§;
B) 2z = —5i; r)z=-3-2;
— E — + . E
&) z= 3(cos 5 — isin 5).
Q Henombayem dpopmysnt (1.1)-(1.4).
a) Haxomum MOOYJNE B APryMEHT KOMILICKCHOIO 4HuC/a Z =
=242 3ecbz=2>0,y=2>0,|z| =r =22 +27 = 2,/2,
@ = argz = arctg % = % 3uaunr,
T x
242 = 2\/5((:05% + Zsin Z) = 2v/2¢'7.
433
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6) Onst 2 = —1 + iv/3 umeem r = /(-1)2 4+ (+/3)? =

p= arctg(ﬁ_@l) + = %ﬂ' 3uaquT,

-1+4iv3= (cos31r+zsm§rr) = 2¢i¥r,

B) Umeem: r = /0 +25 =5, p = —%. 3Hauur,

—5i = 5(cos(—g) +isin(-7}) = 5e~F.
r) Umeem: r = 9+4 = /13, ¢ = arctg(:—23) -7 =

= arctg% — 7. 3HAYHT,

-3-%= \/ﬁ(cos(a:ctgg - :rr) +isin(arctg§ - :rr)) =

13e£(arctg %—n) .

z2=24+2

-1 T

Puc. 113

T
5
qecKol hopMON 3anHCH KOMILIEKCHODO 91Caa (CM. cboplwy.ny (1.2)).

) 3amuce z = —3 (cos %—z’ sin ) He ABJIAETCA TPUTOHOMETPU-

Mepennmem z B BHOe z = 3( + isin L ). Hano wattta

5

TaKko# YroJ g, YTO cOSyY = — COS -5-, sing = sin T

5

5" Takum yrnoMm
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10.1.2.

10.1.3.

10.1.4.

10.1.5.

10.1.8.

14.1.7.

10.1.8.

28"

ABJACTCA T — % = %ﬂ, T.e. @ = %‘.’T. 3uaunT,

4 .. 4 ;.
z =3(00537r+13m37r) =3.e" 87

Hzobpaxkennn 4ncesn npeactasnenu Ha puc. 113. ®
HOCT]JOHT]: HA KOMOJAEKCHO}! ILJIoCKOCTH C BEKTODEL, COOTBETCTRY -
IOUIHE KOMIUIEKCHBIM yuciam z. Halita |2 n arg 2:

a) z = —5;

6) z =234
B) z=-1-14
r)z=3-1i.

Hana Touka z = 2 + 3¢. IIocTpouTE Ha dTON XKe IIOCKOCTH TOYKH:
—24+3,-2-34,2-3i,24+0{, 0+ 34, -2+ 04, 0 - 3.
Iipencrapute B anrebpaundeckoit dhopme ynena:
2 Lisin2 )
a) 2((:06 37 +isingm);
6) —\/i(cos % — isin %)
JaHbl KOMIJIEKCHBIE YHCJA
a) z =5 — 5i;
6) z=2.
Hatttu Re z, Im z, {z|, arg z.
IIpencTaBuTh B TPHroHOMeTpHYeCKOH (OpPMe KOMIIEKCHDBIE YHCIa!
a) 2 + 4i;
6) V3 -i;
B) 2001;

r) 2003% —2sinZ

3
[pencrasnTe B noxasarensAoll popMe KOMIMIEKCHBIE YHCA!

a) 124;

6) 1 -3

B) —4 — 3i;

r) sin% +z’cos%.

Hz06pasuth Ha koMITekcHO! nnockocTn € MHEOXKECTBA TOUYEK, YO0~
BJIETBOPAICUIMX CNEOYIOMHM YCAOBHAM:

a) |z| = 2;
6) argz = %;
B) 0<Imz < 1,5
r) Rez > 1;
lz] €1,
o) {% <argz < %w.

Q a) Cornacso dopmyne (1.1), mmeem /22 +y2 =2, T e

z? 42 =4. MHOXeCTBO TOY€EK, YIOBJETBOPAIONIMNX YCIIOBUIO 2| =2,
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Te. 22 + y? = 4 upencrasaser cobo#t okpyxHOCTL paanyca B = 2
¢ LEHTPOM B HAYAJIEe KOODHHUHAT.
6) Touykn z nexar Ha Jyse, BuXogameM u3 Todkn O(0;0) nox

YTAOM % K JelicTBuTenbHOR ocH.

B} Hepaserncrso 0 € Imz < 1,5 Moxno nepennmcath tax 0 g
sy <Ll5

r) Yemoene Rez > | unm z > 1 onpenensieT MHOXKECTBO BCex
TO4€K, PACIOJIOKEHHBIX CIPABa oT npaMol ¢ = 1.
1) MuoxecTsa ToYeK, PACHOSIOXEHHBIX BHYTPHY M H4 FpaHuie
Kpyra |z|] € 1, 3aKNI04EHHBIX MEXOY JYYaMH @ = % Hip= ?’Tﬂ
2] < 1,

%(argz(s—ﬂ.

YAOBJIETEOPAIOT YCJIOBHUIO {
4

Y ¥ .

10.1.9.

436

Puc. 114

MuoxecTBa TOYEK a}-a) usobpaxens Ha puc. 114, ®

H306pa.3HTb Ha KOMILNeKCHOM NMNOCKOCTH MHOXKeCTBa TOYEK, yao-
BAETBOPAKNIAX HEPABCHCTBAM.

a) |z| > 2
6) |Imz| < 2
B) —% <argz 5 0



10.1.10.

VKa3aTh HA KOMIJIEKCHOH MJIOCKOCTH MHOXECTBA TOYEK, YIOBJe-
TBOPAKILMX YCJIOBAAM:

a) 1< [z] €4, |Rez| 2 V2, |Imz2| <0,7;

6) Rez < Imz, |z| > 0,2;

plargz=2n+ 1)m, n € 2.

HononmrensHeie 3agaym

10.1.11.

10.1.12,

10.1.13.

10.1.14.

Haftta BCe 3sHa4EHUA APTYMEHTA KOMIEIEKCHOTO MHCJIA!

a) -6,

6) cos% + ¢sin %

Hafitn ryapHOe 3Ha4eHHMe apryMeHTd KOMIUIEKCHOTO HHCJIA
r(cos @ + i sin ), ecom:

a) sinp = —0,5;

6) siny = 0,5, cosp = —39.

IIpencraente B TpuroHOMeTpHueckol U anrefpanyueckoll dopmax
YHCSIA:

a) Se~ Tl

6) —2(cos 30° + isin 30°).

IlpencTapuTs B TPHroHOMeTpHYecKofi W MoKasaTesbHOH dhopMax
4Yucsa:

a) -3 + 4¢;

6) 3(cos 10° — ¢sin 10°);

B)l1+i-tgl.

KoHtponsHuie aonpockt n Sonee cnoxHbie sagaqm

10.1.15.

10.1.16.

10.1.17.

10.1.18,

Tipencraeute B TpUronoMerprueckoll popme KOMINEKCHBIE YUCAA:
a) 1+ c0s22° +isin22°%;

8) sing + ¢ cosy;

B)l—itga,ecmma € (%;‘JT);

r) 5(cos %:rr —isin %n)

Halitu nanbonbmee ¥ HaHMeHbIIee 3HA4EHNA | 2|, econ z = 2sina +
+ ¢ cos .

IIpu Kakux 3HaYEHHAX & W ¥ KOMIJIEKCHBIE MACAA 2 = 2+ 2i u
z =4+ /3yi.

a) paBHBIT

0) conpsokeHbIT

MoryT n# 6bITL COMPSDKEHHBIMI: IBa JeHCTBHTEIBHBIX YHCTA? OB
YUCTO MHUMBIX? AeHCTBUTENALHOE M MHEMOE YHCI0T
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10.1.19. Tlycre argz = %‘.‘T. Yemy paben arg z7

10.1.20. Kaxkoe u3 uncen Sonbme: z = 2 — i unm 2 = —2 4 ¢7
10.1.21. Kakoebl yCHOBUA PaBeHCTBA KOMIUIEKCHBIX YHCEJI, 3AMAHHBIX B
TpAroHOMeTpHYecKoH dopme?

§2. JEWCTBUA HAQ KOMNNEKCHLIMU YUCNAMMW

OcHobHble geficTBAS HAJl KOMIVIEKCHBIME YHCJIAMUY 21 = X1 + i W 23 =
= I3 +iys, 3a0aHHEIE 8 gazefpauneckott opse, ONPENENISTIOTCA CIELY IOUIHMH
DABEHCTBAMH:

(z1 +1dy1) +(z2 +iy2) = (21 + 22) +i(1 + 12), (2.1)
{z1 +iy1) — (T2 +iy2) = (71 — T2) +i(h — ¥2)s (2.2)
(x1 + i) - (2 + iy2) = (T122 — p1y2) + i{@1y2 + N122), (2.3}
T +1E'y1 — (71 +t:y1)(272 — *:yQ) _ T1¥2 Yy . %2 — 3?1!}2, (2.4)
To+iye (29 +iy0) (22 — iy2) 3 +ye T3+ y2
(npm 22 # 0).
U3 pasencrsa (2.2} crenyer, uTo
{21 — 22| = V(@1 — 72)% — (1n — ¥2)?, (2.5)

T. €. MOLYJIb PABHOCTH ABYX KOMINVIEKCHBIX YUCEJ PABEH PACCTOAHUID MEXNOY
TOYKAMA, A300PAKAFOUIAMHA 3TH YHUCIA HA TIJIOCKOCTH.
W31 papencrra (2.3) cnenyer, uro
= -1
Mpu ymMHOMEHNA KOMILIEKCHBIX QHceN z; = ri{cosy; +ising;) 4 2z =
= ro(CO8 g +13in 9 ), 3A0AHHKIX B mpuzonomempusecxoti opme UX MOITYIU
NEpEMHOKAIOTCA, & APTYMEHTHI CKJAAbIBAIOTCH, T. €.

7 - z2 =7y - rafcos(ipr + @2) + isin(pr + ¢2)).
Otcrona cnegyer dopmyaae Myaepa ¢as so3cedentun KOMNACKCHHUT “ucea B
HATYPAJIbHYIG CTEIEHb:
2" = (r(cosp +ising))” = #" - (cosny + i sin ny). (2.6)
Jesienye KOMIIEKCHBIX YHCEN, 33JaHHbIX B TPUIOHOMeTpUYecKoi dopme,

OCYIIECTRIACTCA NO (POpMyJIe
2 1 L.
— = — - {cos(ip1 — w2) + isin(p1 — 1))
22 T2
Kopetb n-ot cTeneHn U3 KOMIMEKCHOTO YHCAA HMEET N1 pA3JIHYHBIX 3HA-
yeHHH, KOTODBIE HAXOAATCA No HopMyJIe

k 2k
Yz = {rlcosp +ising) = ’%/F(cos% + isin ﬂ,{j)’

rmek=01,23,....,n—1. (27)
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10.2.1.

10.2.2,

10.2.3.

10.2.5.

10.2.7.

10.2.9,
10.2.10.
10.2.11.

Hafttu 2y + 24, 21 — 29, 21 - 22, %, ecmn 2; =14+ 26,20 =2 —1.
Q HWcnomesya bopmynn (2.1)-(2.4), raxonum:
21 +22=014+20+(2-¢)=3+1;
n—z2=(1+2)-(2-49)=—-1+ 34
2123 =(1+2)-2-)=2—-i+4i-2i" =4 +34;

n_ (1+2i)(2+4) _5i
7z (2-9(2+49) 5

Hafita (—1 — £4/3)1%.
(9 3anmmem 4ucio z = —1 — iv/3 B TpurosoMerpuuecko#t popme:

|z1=r=\/1+3=2,argz=qo*tg£¥yl—fr=—%ﬂ,'r.e.
-1-iV3= 2(cos(—%1r) +z‘sin(—%1r)).

=i, ®

Mo dopmyne Myaspa (2.6) umeem

1009 [aon(-r) s} -

= 213 . {cos(—107) + i sin(—107)) = 215(1 + 0¢) = 2!5 = 32768.

®

BriuvcIuTh: 10.2.4. Bbl%ﬂCJéHTb 1-3

N Y. + I — a2,
a) (1 3? {-3 + 2i); 3)4 23+ EETE
6)%"_%*+(1—:?)2. 6) i% + i% + it + &5,
Haﬁfnl{é 5 10.2.6. Haﬁ'ru 1+

1 337, 1
a)(¢5+3)’ (f+a(1+af)
6) (1 +4)10. 6) (-1 +1)5.
JOKazaTE, 4TO; 10.2.8. Hoxazare, uTo:
a) zy + 29 = Z1 + 72; a)Rez—z;z
6) 21'22=21'22. 6) |Zl'22|=|2{1|'|22|.

Borauconts: i - 42 -3 -, . 4190,
Boruncants: i + i1 4§24 4 434 4 44 4 g5 4 84 4 T 4 84
Pemute ypasrenue z°+32 = ) Ha MHOXKECTBE KOMIIEKCHBIX YHCEU].

{Q TMepennmem ypaskenne B Buae z = + —32. Yncno (—32) npen-
CTABHM B TPHIOHOMeTprYeckol dopme:

—32=32(cbs 7 + isin7).
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Mo dopmyne (2.7) Haxonum

T+ 2nk 7r+21rk)
5 ¥

z= @/32(cos:rr+z‘simr)=2(cos +isin —

roe k= 0,1,2,3, 4.
Honaras k£ =0,1,2,3, 4, nony4um

70 = 2(005% + isin%) 21,6180 + 1,1756 - 4,

2(cos 3?“ +isin ?’?’r) ~ —0,6180 + 1,9021 - 4,

2=
29 = 2(cosw + isinw) = -2,
T .. Im .
- 2(cos 3 +isin ?) ~ —0,6180 — 1,9021 - i,
9 .. 97 .
24 = 2(cos 5 +isin ?) 21,6180 — 1,1756 - i.

Puc. 115

HafimeHHbIM KODHAM YpaBHEHHA COOTBETCTBYIOT BEDIIHHBI
NPABHJILHOTO NATHYTONbHAKA, BIHCAHHOTCO B OKPYXKHOCTE PaJHycCa
R = 2 ¢ yentpom B Havane xoopaunat (puc. 115} @
10.2.12. Halita neficTBuTeNbHble pelieHHA yPABHEHHS!
a)(1+dr+(1-dy=3—1;
6) z+y+iry =i
10.2.13. Haiita:
a) HeHCTBUTENLHBIE DELICHES;
6) KOMIMIEKCHEIE pellleHUA
CHCTEeMB ypaBHeRutt {g i *2)5;'_'_(2(3 _‘)23::_); i, N
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10.2.14.

10.2.15.

10.2.16.
10.2.17.
10.2.18.

(1+1)23
11—~ 1+
1+iv3V?°
)"

Briuvcaute 7

BoI4HCIATE (

Haiitu Bce snadenns kopaa v/ —1 + iv/3.

Peurnte ypasrenne z° + 1 = 0.

N306pasuTh Ha PHCYHKE MHEOXECTBA TOYEK z KOMILIeKCHOH obja-

CTH, yIOBAETBOPAIOIUX YCIIOBUK): '
1€2-2€2,

a) -3<Imz g
6)|z—z|_|z+2|,
lz—d] <1,

B) argz>4,
arglz+1-9) g X

(Q a) Tak kak z-Z=(z+iy){z—iy)=2?+y% aImz = y, To nan-
1< +3°<2,
-/3<y<0.

Hepapencrpa 1 € 2% +¢? € 2 330a10T KOMBIO MEXIY OKPYAHO-
CTAMM, BKJIIOYAsA HX rpaHnupl paguycoB B =1 u R = 2 ¢ uenrpom
B mauane xoopausar. Hepasencrsa —v3 £ y < 0 onpenessuor
FOPH3OHTAJIBHYIO [OJIOCY MEMIY OPAMEIME § = —v3 my = (),
BKJIGYAA BpAMble ¥ = —v' 3 1 ¥ = 0. Hckomoe mMHOXKeCTBO TOYEK 2
3aNITPHXOBAHO Ha pHCYHKe 116,

HY10 CHCTEMY HEDABEHCTE MOXHO 3alHCATE B BHIE

U
2
Yy
1‘21=1:
z2=—-12 O T
\|z—£|=|z+2|
Puc. 116 Puc. 117

6) Cormacuo dopmyne (2.3}, paseHctsy |z —i| = |2 — (—2)| yao-
BJIETBOPAET MHOXKECTBO TOYEK 2, PABHOYJAJIEHHEIX OT TOYEK 21 = {
H zz = —2. 9To MHOXECTBC TOYEK NMPLOCTapaAeT coboi cepenuH-
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HBIH TIepNeHIuKyAdp K OTPe3KY, COSTHHAIMEMY TOYKH 21 = i I
z3 = —2 (cm. puc. 117).

Puc. 118

B) U306paznM Ha OTAC/BHEIX pACYBKAX MHOKECTBA TOYEK, ¥00-
BJIETBOPAKMMX KAKIOMY M3 HePABEHCTB ycyoBAA (cM. puc. 118).

Puc. 119

HaxoonM nepecedenne TPex NOJYYeHHBIX obnacTefl — 210 M
OyIeT HCKOMOe MHOXEeCTBO (BblOeNieno Ha puc. 119). ®
10.2.19, HaobpasnTe Ha PUCYHKE MHOMKECTBO TOYEK Z, YJIOBJETBOPSAIOUINX
yenosnie [z — 3| =2 - 2|
10.2.20. W300pa3uts Ha KOMILNEKCHOH NJIOCKOCTH MHOXKECTBO TOYEK 2, IJIs
KOTOPbIX BEINOJHAETCA yenosue |3 + iz] € |z

AononHnTencHsie 3agaqun

10.2.21. Haiith Rez u Im 2z, ecnu
a) z={2-14)% (3 + 4);
6) 2=+ 15—;%
10.2.22. PemiHTh YpaBHEHHS:
a) 22 +z=0
6) |z| — 3z = -124.
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10.2.23.

10.2.24.

10.2.25.

10.2.26.

10.2.27.

10.2.28.

10.2.29.

10.2.30.

10.2.31.

10.2.32.
10,2.33,

Bouryncnute:

a) (ﬁ(eos% + isin %))12;
6) (_\}_5_%)100.

HoxasaTe CpapeIHBOCTh TOXKIECTB!
a) cos3yp = 4cos® ¢ — 3cosy;
6) sin3yp = 3sinp — 4sin’ @,
Vxasanue. Vcnonsaopats gopmyay Myaspa: {cosy + ising)? =
= cos 3¢ + isin 3.
Haiitu Bce 3sHAYEHHS KOpHA:
a) ¥—i;
6} V8 —8v3-i;
B) V-16;
r) V1 +3.
HaliTi paccTosiHHe MEXKLY TOYKAMM:
a) 1—6in 24
6) 1+4iu3—2i
HafiTi KOMIJIGKCHBIE YHCJIA, KAXA0E N3 KOTOPHIX CONPFIKEHO CO
CBONM KBaJpaTOM.
Peumte ypasuenue (z € C):
a)z? — 4z + 8=
6)3z2-z+2=0.
Brinonuute meticteus:
a) 8{cos40° + isin 40°)
16(cos{—50"} + isin{—50°})°
6) vZ- (1 — )1 + iv3)(cos 2p + isin 2¢).
Brinoneute neficreusa. Pesynbrar npegocTaBuTh B anrebpaide-
ckolt opme:

R
a) (V2-e¥4);
6) 3. ¥t gei™i,
Ha nnockoctn € HapucoBaTh 061aCTh, 3AN3HHYK) HEPABEHCTBAMU:
a} |z +i <], e +1 21
6) [:—2—i|21, 1< Re2<3, 0<Imz g 3;

8) Jz2| <2, Rez 21, argz < -:15

Hano: z = 2(11_3_) — —2?1,:{. Haiiti: Z u =.

Hoxazare dopmynsr 3Haepa

Y|

e’ + e W e —e ¥

cosy = , sing = - (2.8)
g 2 2i
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10.2.34.

10.2.35.

Henonesys dopmynsl Ditnepa, BHIpA3UTh Yepes KOCHHYChI U CHHY-
CBl KPATHBIX OYT OYHKIHUM:

a) cos' z;

6) sin®z.

Pemmnte ypaBHeHHA:

a) 22 — (21 —5)z2+5 —5i =0;

6) 22 +922+20=0.

KoHTposeHele Bonpocsl v Bonee cnoxHuie 3agaqn

10.2.36.

10.2.37.
10.2.38.

10.2.39.

10.2.40.
10.2.41.

10.2.42.

10.2.43.

10.2.44.

10.2.45.

10.2.486.

444

Joxa3zars, 4TO NOCAENOBATENBHOCTE YMces {2, }, roe 2z, = cosnx +
+isinnx ecTh reoMerpudeckasn nporpeccHs. Halitu ee snamena-
TeNb.

Hoxazars, 4yTo ecim [z| =1, 70 Z = %

N3 Bcex KOMRJEKCHBIX YHCeN, yAOBAETBORAIMUX YCIOBHIO
|z - V3 + i| € 1 HaliTH 4MCIO, UMEHee HauMeHbIUee 3HAUSHHE
rAABHOTO apryMeHTa.

Haiity uucao ¢ HauBoabuIMM MOAYJIEM CPenr KOMIJIEKCHbIX YHCe
z, yAOBJIETBOPAIOITHX ycnonmo |zt +3-4i|=3

Haittu (1 + sing + § cos¢)!®

Hatitn MO,J:Ly.J‘Ib H aprylweHT KOMOJIEKCHOTO YHCIIS 7, @CJIH:

a) z = _i_ + 1+ t

(\/_‘H\/_ ‘
71r)

(sin 32 +icos 12
x 2 11
B} z = (l—cosg +tsm3) (1 —tctg == 10 ) .
Monesyace dopmynott Myaspa (cM. (2.6)), BeipasuTh 8in 5y yepes
cosy U sing.
Halitu cymMmy:
a) sinz +sin2z 4+ --- +sinnr; {(n € Nj
6) cosz +cos2z +---+cosnz; (neN).
Yxasanue. Henonvsonats dopMynn Diiepa (cM. (2.8)).
PemnTe ypasHeHne HA MHOMECTBE KOMILIEKCHBIX MHCEI:
ay 2 -3 4+222—24+1=0;
6) 28 -172+ 16 =0;
B) |7| - 2: =21 — 1.
[Ipn Kakux DeHCTBUTENIBHEIX 3HAYCHUAX T M y 9HCIa 21 = T2+
+4dy — iz =4+y— % — 2% i 6ynyT conpsxeHHbIMH?

6) z=

3HasA TOYKY 2, BA KOMIVIEKCHOH INIOCKOCTH NOCTPOUTE TOUKY:
a) z'=z-3;

6) 2 =iz;

B} 2 =z+(2—1).



10.2.47.
10.2.48.

10.2.49.

10.2.50.

10.2.51.

10.2.52.

10.2.53.

10.2.54.

CKOJILKO ¥ KaKHe 3HAYeHHs HMeeT npousseqenne +/—1 - /—47
TIpu KaKOM YCJIOBHM KBAIPAT KOMIIEKCHOTO YHCJIA T+iY ABJIACTCH
YHCTO MHHMEIM 4HCIIOM?

¥xazare #a mrockocTn € TOUKY 2z, 0719 KOTOPBIX:

- _ 1.
a) z= pt

s—_1
6) 7= Pt
BuI4HCIHTE:

a) [e*];

6) | cos 2¢ + isin Zyp|.
MoxeT M cyMMa KBAIpaTOB OBYX KOMILIEKCHBIX Yuces GLITh OT-
PUIATENBEHONT

Kak waMeBHMTCA MOOY/b M apryMeHT KOMILJIEKCHOTO YHCNA #z B pe-
3yJIbTATe YMHOMEHHA 3TOrO YUCIIa Ha:

a} 2;

0) 2i;

B) —2i.

BoIyHCAHTD:

a) v1;

6) 42001

Hapucopare #a nnockoctn € 06/12CTh, 381aHHYI0 HEPABEHCTBAMM:
a) |z +1| €2, Rez > 2

6) |Rez| €2, |[Imz2| < 1;

B) |2 —1]| < 1, argzgfi, arg(z — 1) >

S

KOHTPONbLbHAR PABOTA
Bapmanrt 1

1. Beruucanre:
a) L3 . (—20)+1

6)(

14 160
1+z) )

2. HaiiTi MomyJib H apryMEHT KOMIJIEKCHOTO YMCJA %:
a)z=(-5+12) (-5 —1i);
_ (443"
6) z ( 3 ) .

3. Pewnth ypasHeHue:
a) 22 - 8iz—15=0;
6)2+8=0
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4. N200pa3uTh Ha KOMILTEKCHOR IJIOCKOCTH MHOXKECTBA BCEX TOYEK Z, YO~
BJIETBOPAIOIINK YCIIOBHIO:
a)le—-2[-|1-22 =0
6)le—14+4 21, Rez <1, Im2z € —-1.

5. HaliTi yucno ¢ HAMMEHBIINM APTYMEHTOM CPEIH 4MCe] Z, YAOBJIETHO-
PAWGINMX YCJIOBMIO: |2 — 8] = 4.

Bapuanr 2

1. BriuncnuTe:
a) 1—4%+410 — 15 4 ... 4 {50,
34 4i 4—1
) =tz
2. Beruncaute (z; - 22)10, ecm 2y = =14+ 4/3, 20 = %(sin 30° + i cos 30°).

3. PemwluTh ypaBHEHHUE:
a) 22 —4z+20=10;
6)z-|z] =4-3i.
4. H306pasnThk Ha KOMILIEKCHOH 00J/1acTH MHOMKECTBA BCEX TOYEK Z, VIO-
BJIETBOPAIOLINK YCAOBHIO:
8) Re(1 + 2) = [2};
6) |z —1—4| <1, |argz| £ %

5. I'me pacnosoxensl To4kK 1 + 22, 1A KOTOpBIX |2] = 17

Bapwmanr 3
1. HatiTu:
(2+3)(5—4).
S

6) (20 — 1)* — (2 + 1)

2. TlpencTaBNTL B TPHIOHOMETPHYECKOH U TOKa3laTeNnbHOH dopMax Iucaa:
a)z=1-—+3;

6) 2 = —2 — 4i;
B) z=3(sin5§+icos%);

3. PemsMTh ypapHeHHe:
a)zZ —z+5=0;

6 _1
6) z =
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4. Maobpazdre Ha KOMIIEKCHOR L10CKOCTH MHOXKECTBa BCeX TOYEK 2, yAo-
BJETBOPSIOINX YCJIOBHIO:
1€ |2+2i €3,
a —% L Rezg %
6) |r —argz| < %

1

3. Beluucnuth: (%‘ég)a,ﬂ-éi - (_1 25 3)3n_§, n €N

Bapwanr 4

1. BoiguCcauT:
—ond _ _4i |
a‘) (1“23) 4_3,&:
6) % 4+ i +i% 4 ... 4483,

2. TlpencTapuTs B TPUrOHOMETPHUECKON 1 NOKA3ATENbHON hopMax JnCIa:
a) z = —-17,2i;
6) z = —0,3 +244;
B)z=—ctga+i{l<a<m).

3. Peninth ypapPHeHus:
a) 2° +82+41=0;
6)z° -9z +8=0.

4. WN306pasuTe Ba KOMILIEKCHON NJ0CKOCTH MHOXKECTEA BCeX TOYEK z, yAo-
BAIETROPAIOIMNX YCAGBUIO:

yin(l) <
6) |z - 2i| € |sin% —-icos% .

5. HaliT 4HC/I0 C HAUMEHBIIMM MOLYJIEM CPEIH KOMIUIEKCHBIX HHCE, YAO-
BJIETBOPSAIOIINX YCJIOBHIY: |2 — 2iz| = |z — 4.
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Mnasa 11. ®YHKLNN HECKOJTbKUX

NMEPEMEHRHbIX
2

§1. NOHATUE ®YHKLLIMN HECKONbKWUX
NEPEMEHHbBIX. TPA®UK U NUHUW YPOBHA
GOYHKUNN ABYX NEPEMEHHBLIX

OnpepeneHve hyHKUNN HECKONBKMX NEPEMEHHBLIX

= llepeMeHnan z Ha3plBactTcA ynwyuectl doyr nepemennwr x U y,
ecny Kaknoft ynopanoueHHo#i nape (z;y) sHavenult 1ByX He’aBu-
CHUMBIX OPYT OT IPYTra NEPEMEHHBIX BEJAWHYHH T M Y U3 HeKOTOpoh
obnacre D C R? cooTBETCTBYET eIMHCTBEHHOR HICIO Z.

OGoznavenusn: z = f(z;y), 2 = F(z;y), 2 = 2(z;¥) 4 Tak panee.

= [lepeMednan BeTM4UHA ¢ HASEIBACTCA Pynxyuetl OT 72 MTEPEMEHHBIX
L;Y; 2. . .36, €CNIH KAKOOMYy HabBOpy 9THX HEePEeMEHHBIX COOTBET-
CTBYeT eIMHCTBEHHOE JHAYeHUe TepeMeHHol w: u = f(x;y;2;...31).

Besikas dbyHKURSA HECKOIBKUX TEPEMEHHBIX CTAHOBUTCA PyHKIHEH MEHE~
IIEr0 YUCAA TIEPEMEHHBIX, €CJTH 4aCTh TIePeMeHHbiX (apryMeHToB) 3admkcu-
poBaTh.

Hanpumep, dynkmn u = f(z;4;2), u = f(ziy;a), u = f(z;b;0), tae
a u b — mocTosHHBIE, IBAAIOTCA GYHKUMAMU COOTBETCTBEHHO TPEX, ABYX H
oaHolt nepeMeHHOH.

B nanpuediweMm, B OCHOBHOM, DyaeM pacCMaTpHBATL (DYHKUHH HBYX Iie-
pemeHRbX z = f(z;y) nam z = z(x;y). lon dynxunedt z = F(x;y) Gymem
HOHHMATh TakXke QYHKIno ToMKH M (7;y) ¢ KoopauHATAMHA T u .

= Muoxectso D Bcex Touek (x;y), Tpu KOTOphX 2 = f(z;y) nMe-
€T CMBICJ], HA3LIBAeTCA 00.4acMb0 onpedeserus, a MHOKECTBO 3HA-
uyeHui z, npuHuMaeMbix QyHkmed z = f(r;y) npu (z,y) € D,
HA3LIBAETCHA 00AGCTRDIO UIMEHEHUA HIIH MHOOICECTREOM IHAYEeRUT
dbyerIIM.

Ipachbuk cbyskynu peyx nepemeHubix. Jinnun ypoeHa

= MHoxecTBo Todek mpocTpanctsa R® ¢ xoopammaramn (z;y;2) =
= (x;y; f(z,y)) npu Beex (z;¥y) € D HasbBaeTca epaduxom dyrk-
yuu z = flx;y).

JA HArsagHOTG TeOMETPHYECKOr0 NPENCTARAEHHA HCHOJb3YIOT AtHUY
yposna AnA hyHKIMU ABYX TIEPEMERHbIX M nogepruocmu ypoans nns ¢byuk-
LHH TPeX MepeMeHHBIX.
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11.1.1.

11.1.2.

11.1.3.

29 - 2361

Jlunuett yposua bynkumu z = f(x; y) Ha3BIBAETCHA MHOKECTBO BCEX
TOYeR mockocTH Oy, B KOTOPLIX (yHKIMA Z NPHHHMAST NOCTO-
AHHOE 3Ha4eHme, T.€. f{z;y) = ¢, roe ¢ — NOCTOAHHAA.

IToseprnocmeio yposna byrkuun Tpex nepemennsix u = f(x;y; 2)
HA3BLIBAETCA MHOKECTBO BCeX TodeK mpocrpaHcTBa OTyz, B KOTO-
pHIX GYHKUMA U IPHAHMAET NOCTOAHHOE 3HaYeHne, T. e. f(Ty;2) =
= ¢, rae ¢ = const.

BripasuTh 06beM NpAMOYTOJIBHOIC MapaJiiieNienknesa, BIHCAKHOTO
B wap panuyca R kax ¢pyHKunw OByX ero usmepennil T u y. Halitn
obnacTe oupenenenna 3T0H QYHKIUMH.

(Q MHcxomum u3 mocrpoesnoro seprexa (puc. 120). Obosnaqum
Apa naMepenmns, ckaxeM, AB = z, AC = y. Ilyctb & — pannyc
uiapa, Torga BD = 2R, Obvem napannenenunena (OpaMoyrob-
Horo) paeed V = zyh (h = CD) u naM Hajo BHIPAsuUTL k 4epes
R, z n y. U3 ADBC nmeem h? = 4R?> — BC?, a us AABC no-
ny4aem BC? = 2?2 + 4. 3uauur, h* = 4R? — 2? — 42, a Torma
V = zy+/4R? — 2? — y? — uckoMaa ¢yHKUMA ABYX NEPEMEHHBIX.
Ee obnactb onpenenenus: 4R2—22—y% > 0, 1.e. kpyr 22432 £ 4R?
pammyca 2R ¢ UEHTPOM B Havasie KOODIAMHAT. ®

D Y C

Puc. 120 Puc. 121

Buipazure nnomans S papHobouHOl TpaneuMy kxax GyHKINIG TpexX
BEJIMYHH: IJIHH OCHOBaHMit £ ¥ y H BokoBolt cTopoHH 2.

Q Hwmeem § = Sppan = %(x + )k (em. puc. 121), a u3s AFCB

umeeM h? = 22 — BF?, tme BF = AE = %(:r: — y). Hcxoman

dyrKINa uMeetT Buo S = %(a:+:gr)1 {22 — ‘—11(1: — y)*. 9r0 dyrxuna

TpPeX NepeMeHHBIX T;Y; z ¢ obnacTeio onpenenenusa (0 € z—y € 2z.

®
BripasnTs nomanh TPeyroJabHAKA Kak (PYHKIHIO QJINH OBYX €ro
CTODOH I U Y TIPH YCJIOBHH, YTO H3BECTEH NOJNYIEPUMETD TPeyTo/ib-
HUKa p.
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11.1.4.

11.1.5.

11.1.8.

11.1.7.

11.1.8.

450

B wap paguyca R BnucaHa nMpaMana, OCHOBaHHEM KOTOpoii ABMs-
eTcA NPAMOYTOJLHUK, a BEPINMHA THpPaMUOLE TPOEKTUDYETCA R
TOYKY nepecevyenHs AMACOHANEH npAMoOyrosbHUKA. COCTABHTD 3a-
BUCHMOCTE CObeMa V' mHpaMMObl Kak ¢yHKIMK CTOPOH £ H Y e
ocHopauua. OnHosHauna WK Her aTa dyuxuua? Hafitu obaacts
onpenenesus GyHKIHHA,

Bupazure ofvem V xonyca xax ¢ynrumio ero ofpazyiouet | u
BBICOTH h. ¥YKasaTe obfacTs onpenenetusa 310l pyHKmM.

Hawo f(z:y) %L Hatiru:
a} f(2;3);

6) f(l;g);

B) f(z;—z);

r} f(Oy)

) f(%%)

(Q a) Yrober natita f(2;3), Hano B Boipaxenun ana f(z,y) noo-
CTaBuTh £ = 2, ¥ = 3 W BLIOJHHTHL YKazaHHele B [ meficTeua.

Hmeem £(2;3) = (22 -;3) 12
1+ ¥
0 £(1:4) = UrEL l = EL )
2
B) flz;—y) = H m)) =0.
r) f(0y) = 50—0—3"— — He CYIeCTBYeT.
2
1.1Y _ (%‘F%) _ (I+y)2
'u‘)f(:v’y)_ 2.%.% - 2zy fz9)- g
s yakupn fz;y) = -*_"«'%;_y?{i saliTu:
1,13,
&) f(;‘g)’
6) f(—z;-u);

8) fly;z);
r) |
flz;y)
s byuxmuu f(z;y) = 2y + % HafiTit;
a) f(1,-1);
6) f(%;3);
B) f(y;z);



11.1.9.

11.1.10.

11.1.11.
11.1.12.

11.1.13.

r) f(1L);
m) f(%:%);
e} flz-yiz+y)

Hano f(z +y;2 - y) = (¢ +y)*°. Hattru f(z;y).
(J Beenem obo3zHageHus

_u4v
r+y=u, . 2’
T—y=v y=ugv

Toraa

flzt+y,x—y) = flu,v) =

- (P ) e e

s flu;v) = uﬁ’("—}”ﬁ cenyer, uto f(z;y) = xzﬁx—;yﬁ. ]
Haifitn f(zx), ecriu f(%) = ﬂmz s 2, (z > 0).

T
Haiitu f(z;y), ecan f(:c +y, %) =z — 32,

Ilycts z = z + ¥ + f(x — ). Ussecrho, uto 2 = z° npn y = 0.

Onpenennte sun f u z.

Haittu obmacTh cnpemenieHHA W MHOXKECTBO 3HA4eHMH GyHKIMH
R? — g2 - 42, TlocTpouTh rpaduk arolt GHYHKINN 1 JTHHUHN

YPOBHA Zz = €.

y AUHUR YPOEHR
Puc. 122

(Q IelicTBue M3BNeUEHNE KBAJAPATHOIO KOPHA BOSMOXKHO IIPU yC-
goeun R? —z% —y? > 0. 9T0 HEPABEHCTBO ONPEIENTACT 3aMKHY ThIH
KpyT paguyca R ¢ meHtpoM B Hauane koopmunat ({0;0). Hannan
dbyHKIMA onpenesAeTca ypabuennem chepnt 22 + 3% + 22 = R?, a
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3Ha4HT ee rpacdnkoM I ApaseTca BepxHAa nosycdepa (puc. 122).
JInHUAMM YPOBHA ABAAIOTCA OKpyxHocTd &2 + y2 = R? — ¢ mpy
yenosuu 0 € ¢ € R. Orcoma, B 4ACTHOCTH, CIIEAYET, MTO MHOXe-
cTBO 3HAa4YeHH! dyHKuMH — oTpesok z € [0, R. ®

Hpumenenue. JIns yCHemWHOrO peweHns nocneﬂylomnx NPHMEPOB PEKO-

MEHIyeM BCIOMHUTE (CM. IVI. 5):

a) ONpeJeneHns H KAHOHMMEeCKHMe YDABHEHHS JIMHHH BTOpOre nopaioka

(0KpyRHOCTE, 3yuAnc, runepbona, napabosna) n ux 3nemenTsl (dbokycel, no-
JIYOCH, ACHMITTOTHI, SKCLIEHTPHUCUTET | IIP.);

6} KaHOHHYECKHEe YPABHEHUN MOBEPXHOCTEH BTOporo nopanka (cdepa, a-

auncou, napabononap! snnunTuydeckuft U runepbonuyeckuit, runepbononger
OTHOTIONOCTHLIN I ABYNOMOCTHBIA, KOHYCHI, THAMHADE M 1ID.), HX TeOMETpPH-
4YecKHe N30DpaKeHUa U MeTOI NMAPANIIeNbHbIX CeeHHUI.

11.1.14. Hafitu obnacts onpenenenna Gynkuun z = In{z?—y?>—R?), R > 0,

452

a TAaKXKe MOCTPCHTH HEKOTOPBIE JIMHAK YPOBHA A1A 2TOH GyHKUAN.

(Q O6nacts onpenenenus 3To# (GDYHKIMHE XapaK TePU3YETCA HEPa-
BEHCTBOM :cz —y? > R? Ona orpanmyera runep6onofi ¢ ypapHeHu-
em %:; - %5 =1 ¢ acumnroTtamu y = +z, nonyocamu e = b= R
(ee doxycel pacnonoxeHns! B Toukax Fi (—Rv'2;0), F3(Rv?2;0); na-
nomuuM ¢ = ¢® + b = 2R?). Ina rtoro, 4Tobbl HaliTH TOYKH
(z;¥) € D, ynoenersopsiouine HepabeHCTBY T2 — y? > RI, Hyx-
HO MPOBEPUTH, BEPHO HJIM HEBEDHO OHO B KOHKDETHBIX TOYKAX, HE
nexamnx Ha camold rumepbose. Hampumep, toukn (2;0) ocn O
MPEBPALIAIOT HepaBeHCTBO 22 — y° > R? B HepaseHcTso 2 > RZ,
1 OHO BBINOJMHAETCA npu £ > R m ¢ < —R (Ha AByx Jay4ax),
a touku (0;y) ocn Oy nNpespamaloT HepaBeHCTBO T — y° > R?
B HeBepHOoe HepapeHcTBo —y° > RZ. Takum obpasom, 061acTb
D = {{(z;y) : 22 —4® > R?} onpemenser BHYTPEHHIOW HaCTb
runepHonsl (3T0 YacTH MUTOCKOCTH, OrpaHHYeHHBIE runepboiol n
conepxale ee (oKycel, Ha prc. 123 OHY 3aLTPUXOBAHA,).

®ynkmua z = In{z? - y? - R?} npuREMaeT NoCTOAHHOE 3Ha-
YeHWe z = ¢ B TOYKax z° — y° — R? = €°, T e. ma runepbone
2

2

¥
R*+e R +¢
= 1). OTMeTHM, YTO IIOCKOCTH 2 = ¢, NAPaJUIebHbIE I0CKOCTH
Oxy, nepecexaior rpadux ' dbyuxman 2 = In(z? — y? — R?) no -
HHAM, IPOSKIMM KOTOPLIX i eCTh JMHUM yposHa. IIpu sToM, ecau
¢ > 0, 1o ceyenns I ¢ IIOCKOCTLIO PACNIOMOKEHB HAM TFIOCKOCTHIO
Ouzy, a npu ¢ < 0 — nox Heit. ®

= 1 (ua puc. 123 u3o6parkeHa JIMHUA YPOBHS



Puc. 123

HMpumenvanue. IIpencrapum cebe, uto nosepxHocts I' (rpadmx dyuxunn
z = f(z;y)) nepeceyeH MAOCKOCTAMU z = €1, = Cg,...% = &, . .., DABHOOT-
CTOAMMMM IPYT OT Opyra. TOrma OpoeKnMn MOJIyYeHHbIX CeveHul Ha IIoC-
kocTh Oxy npuHamnexar D n npemctapisior cobol IMHAN ypoBHA HyHKLAN.
I'ycrora wnd paspexeHHOCTb 3THX JIMHHN B HekoTopoll ofmacTm nosposis-
€T CYOMThL O CTENEHH POCTa NoBepxHOcTH z = f{z;y) B cooTBeTCTBYIOWEH
obnactu. Ha pucynxe 124 uzofpakeHo HeCKONBKO JIHuN ypoBHA dyHKLHN
z = flz;y}). B rouke Mp(zo; o) byuxkuum f(r;y) uMeer 3xcTpeMyM (Max-
cUMyM unmu MuHuMyM}. Cnera ot My nuunn ypoeHs rywe, a f{z;y) pacrer
(y6riBaer) GricTpee; cnpasa oT My nuHMH ypoBHA pexe, a f(r;y) pacrer
{vOuiBaeT) MemneHHee,

Puc. 124
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Haditmu u usobpaaums obacemy onpedeaenun caedyprouur Pynxyyd:

11.1.15. z=+/ysing. 11.1.16. z=+/1+/-(z+y)?.

11.1.17. z = + arccosy. 11.1.18. z = 1 .
¥y - VT

11.1.19. z =72 -4+ /4 -2

11.1.20. Haiitu obmactn onpemeneHus pyHKUIHH
u(z; y; z) = arccos % + arcsin % + arctg z.

(Q O6nacte onpenenenus 3toll yHKUAN
aamaeTcs HepapeHcTBamn —2 € z £ 2, ;
-2 <y <2 2 € (—o0,) Iepsue npa :
HepaBeHCTBA ONPeeAT KBAIPAT B IIIOC- ;
koctu Qzy, a yenosue z € R o3navaeT, 4To A
L]
]
H
[]
!

KaKOad NpsaMas, IPOXOAAINAS JYepes TO4- <
KY KBaIpaTa [epneHAuKyJApHO eMy, IpH- /
HAIJIeXUT OBJIACTH ONpEeneseHus. SHAUNT, ¥ A1
D — Becxkoneunet B Hanpasiaenny Oz na- S
pannenemunes (puc. 125). ®

11.1.21. Hailitu obnactn onpeneneHus GyHKIHRHU Puc. 125

2
u(z;y; ) = \/1 - -

1)

+ £ 1 onpenenser 3aMKHYTYH) BHY-

nmle nmle

TS =y

2
(Q Hepapencrso %z +
TPEHHOCTD HJJIUNCCHIA. ®

Hattmu obaacmu onpedesenut ynryuu mper nepemennnr:

o 2
— _x _ — _E
11122, u=y/z- % !;—, 11.1.23. u e-Er 4+ %;

11.1.24. u =Inzyz. 11.1.25, u= -T—-y-—z

11.1.26. Hafiru nunmn yposHa GyHKIMA z = %

(9 JluHuz ypoBHA z = ¢ ONpEIEINAETCA YPABHEHUEM T = €,/F. DTO
nosynapabosna, pacnosiokKeHHaA B nepeolf 4yeTsepTH OpH ¢ > 0, BO
BTOpOH yerBepTH nockocty Ozy mpu ¢ < 0, n nomyoce Oy (z = 0,

y > 0), ecrmn ¢ = 0. @
Hattmu aunuu ypoena donnser dynxyudi:
11.1.27. 2=z +y. 11.1.28. z = /zy.
11.1.29. z =z — 42 11.1.30. z=(1+=z +y)°
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2

2 2
11.1.31. Ha#itn nosepxHOCTH ypoBHA DYHKIMN u = —ﬁ—g + %’J + %2-

(Q ToeepxuocTi ypoBHA 3TOH (YHKNMH — 3TO 3JUIRICOMMIbI

2
%+-{%g+&g=1anu>0,anpuu=0—aTOT0qKa

O(0;0,0). @
Hodtmu noseprhocmu ypoens Pyrxyull mper nepemennsis:
11.1.32, u=z+y+z. 11.1.33. u:$2+y2+z2,

11.1.34. u =z% +y% - 22

HononHurensHwe zagain

o _ T4y x4y .
11.1.35. Hano f(z;y) = ?ng =y Haiitu:
a) f(yl;w)l;
6) /(1:3):
B) f{—z;—y);
¥
r) F(1;).
zt + 22 + ¢t
11.1.36. Hatttu 3uauenne dynkumm f(z;y) = mé—;ygl B TOYKAX

oxpyxHocTH 22 + y2 = R?.
11.1.37. Hanu bysxmm f(z;y) = ¢ +y% u g(z;y) = 2 — y*. Hattu:
a) f(g(z;y):9%);
6) g(f(z;:9); 9(z:9)).
11.1.38. Haunl byuxknuu f(z;y) = e®cosy, g(a;y) = e®siny. Jokasars
papeHCTBA:
a) f2(z;9) — ¢*(z1y) = F(22; 2y);
6) 2f(z;y)g(x;y) = 9(22; 2y).
11.1.39. Hans ¢ynxumn f(zy) = 22 — 2, g(z) = cosz, p(z) = sinz.
Haitru:
a) f(g(z); p(z)};
6) g(f(=:v))-

Hattmu (onucams, usebpasums) ofaceme onpefeserun darnnr dyrxyui:

11.1.40. z = /37 —1++1-22.

11.1.41. z = /(22 + 2 ~ 4)(9 — =2 — y?).
11.1.42. z =logg(z? +y? — 1) + /16 — 2? — 2.
11.1.43. z—arccos—,—u;

r+y
11.1.44. z= /14y -22 - \/1-y -2
11.1.45. z:arcsin%.
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11.1.46.

11.1.47.
11.1.48,

11.1.49.
11.1.50.

_ fz-+2x+y
Z_Vx — 2z +y*
z = /eos(z? + y2).
w= T+ F+2

u= V@A +2 1+ /R 22 —y2 - 22 (r < R).

2 2
x
o = e VI

Bonee choxubie 3apaun

11.1.51.

11.1.52,

11.1.53.

11.1.54.

11.1.55.

456

Honobpare anannTrueckoe BolpaxeHne ¢GbyHKUNE OBYX HepeMeH-
HelX z = f(z;y)} Tak, urobel ODMACTLIO Onpenenedns Takol ¢byHK-
urn ObLAM GBI CIEOYIOUIMe MHOXECTBRA:
a) MAOCKOCTH ¢ BLIGpOWeHHOH Toukoh A(2; —3);
6) numockocTs ¢ BudpomenHsiMu Toukamna A(2; —3) u B(3; -2);
B) IUIOCKOCTB C BHIGPOMEHHOH OKpy®HOCTBIO 2° + Y% = 4,
r) MICCKOCTh, W3 KOTOpol BHiGpomens! napabona x? = 2y u npa-
Maa T = —2;
O) MIOCKOCTH, U3 KOTOpolt BeiBpomens Touky Buna A(m; 0}, roe
m € Z (HanOMHIM, Z — MHOMKECTBO LENbIX YHCEN);
£) IIOCKOCTB, U3 KOTOPOH BeiOpomensl Toukn Buga B{(;n) n € Z;
3K} TJIOCKOCTE, U3 KOTOpo#t Beibpomener Touxu C{m;n), m,n € Z;
3) monykpyr 22 +y? < 4, ¥ < 0;
n) nonykpyr zZ + 2 < 4,y € 0;
K) BHemHsa 4acTh kpyra 2° + (y — 3)° > 9;
J1) 4aCTh IJIOCKOCTH, OTPAHNYENHAA napabounioft y° = 4z u npamolt
T—y—4=0
M) obnacTh, orpanMYeHHas napabonamu y2 = = n y® = 4z n -
nepbonamu Ty = 4, zy = 8.
MonoGpars bynkuwuu f(z) u g(z) Tak, 4Tods! MMend MecTo GHop-
MYJIBI:
a) f(z +y) = fle)gly) + 9(=) f(y);
6) glz+yt=/f )(rw)f (y)f— g(@)gly);

— ST+ Iy,
) (o +3) = £
r) flz+y) = fl@)f(y)
Moxasars, Yyro byHkoua F(z;y) = lnz - lny ynosnersopaer ypas-
nenuio F(zy; uv) = Fz;u) + F(z;v) + Fy; u) + Fy;v).
Beipasuts yukmuo 2 = (22 + y?)t In arctgg uepes nepemMeHHsie
U WY, eCTN T = UCOSV, Y = usiny.
NMycrs z = glu;v) = arcsin(u + v}, a uw = 22 - Jy, v = = + ¥.
¥xaszare obnacte onpemenedus dyHkuuu z = (T, y).



§2. NPEAEN dYHKLUUW B TOYKE. HENPEPLIBHOCTb
®YHKUWUN B TOYKE W HA MHOXXECTBE

Npepen chyHKUMM B8 TOUKe

Mog d-oxpeecmuocmuio Tourn Mo{ry; yp) Hymem noHAMAaTL KpyT (OTKpPHI-
ThIi) paanyca d ¢ ueHTpoM B Touke Mo(Zo;¥o), T-e. (T —20)% + (y —yo)? < d°.

Ecnau U3 aTOro Kpyra yJaluTb €10 UeHTP, TO NOJYYHUM OPOKOAOTYIO d-
OKpecTHOCTE TOHKH Mo{Zoi o), T.e. 0 < (z — zo)? + (¥ — wo)? < d2.

Mpennonoxum, yro byHKIMA ABYX TEpeMEHHEIX z = f(z;y) onpenenena
B HeKoTopoll npokosorell d-ckpecTHoCTH ToYKH M.

= Yucno A naswiBaerca npemencM ¢yHRumn z = f{r;y) B Touke
Mo(zo; o), eciim gnsa juoboro £ > 0 (CKosb YrogHo Manoro) Hafi-
meTes umeno § = 8(g) > 0 takoe, uto ans seex Mz, y), otnuuanbix
ot My(%o; yo) ¥ oTCTOAmMX 0T My MeHBIIe, YeM Ha §, BLNOTHAETC A
HepapeHcTBO |f(z,4) — A| < €.

Ofo3naveHnn MleMO FIM) = A, ;hjr%g FiM) = A, alulﬂof(x’y) =4
(Ar = |MgM)|).

OuesuaHo, 9TO Mpolece MOHCKa npenena GyHKUMA IBYX NePEeMEHHBIX, a
TOTHA ¥ OOKA3aTeJILCTBO PABEHCTRA,

A= lim f(zy)
¥—uo

CYIIeCTBEHHO ChoA Hee Clydas ofHell nepemenHoil xora 6b1 NoToMY, YTO YC/10-
BHA
r — Xy,
Y=t
CNIOXKHee M PasHoo0pasHee: B HUX 3aJICKEHO NPOH3BOJILHOE NpROJIDKeHNe
Toukn M (x;y) K Touxe My{xo; yo).

Hapsany c onpeneniennem npenesa, NpUBENEHHbIM Bbille, KOTOPbI} Takxke
Ha3BIBACTCA Jdeolnsim npedesom, NMEET CMBIC/ PACCMATPHBATL H TAK HA3LI-

BaeMmble nosmopHse npedeas lim (].im flz; y)) u lim ( lim f(z; y)). Mpu
T—rTo \Y=+¥0 Y—+yo AN Tp

OTIpENEEHHBIX YCIOBUAX 3TH NMPEREJIEl MOTYT OKA3aThCs PaBHbLIMU M COBIIa-
pawwnMy ¢ geolieiM. Ho 310t Bonpoc Mer 06cyxaare He Byaem, OTCBINIAS K
Gosiee nonHbIM pykoBoacTBaMm (Hanpumep, M. ®uxrenronem, Tom 1).

Famexarue, HanHoe onpenesnenne IpoiiHoro npenena OyoeM COXPAHATH
M B TOM cny4ae, Koroa dyakuua f{z;y) onpemesena TOMBKO HA HEKOTOPOM
mHoXecTBe F, umewmeM npemensHyw 104Ky My, Touka M, HaswiBaeTca
npenenbHOB Toukol {nnaum Toukofi crylenna) MHoXecTBa E, ecny Kaxmas
OKpecTHCTE My comepxur xoTa Obl OmHY TOYKY MHOXectBa F. B Takom
caydae T — o, ¥ — yo wiM (z;y) = (Zo;yp) O3Havaer, uTo Touka M {z;y)
NPHHAMJIEKAT TOJIBKG MHOMeCTBY E.

Mo M= — Ar =10
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Ilpu BulMUCIEHAM ABOHHBIX NPEHEJIOB MOXHO H HYXHO HCNIONb30BATSH H3-
BeCTHBIE TEOPEMEI © Mpenesax 1N GpyHruun ool nepementoit. aa kpat-
KocTH, Oyaem nucare f{M) smecto f(x;y).

Teopema 11.1 (o npepgenax). Nycro f(M) n g(M) — nee dyHkumn,
ornpefeneHHble B HEKOTOPOA NPOKONOTOM OKPeCTHOCTY TOukW Ay ©
Mli_’ni% f{M) = A, Mlink!o g(M} = B. Torga

1) Man;fﬂ(fig)(M) =A+H

2) Jim (- g)(M)=A4-B

3 Jm Lon=4B 70

4} MleMo(f(M))g(M’ = A8(4 > 0).

HenpepoisHocTb hyHKLUMM B TOUKe

= Pyuruma z = f(M) nassiBaerca venpepoieHol B TOuKe My, ecnn
OHA YAOBNETBOPAET CJIENYIOIMM TPEM VCJIOBHAM:
1} f{M) onpenenena B HEKOTOPOH OKpecTHOCTH TOUKH My,
2) umeer npenen B 3Toh Touke: lim  f(M) = A,
A —}Mo

3) a10T npenen paseH 3HawCHUK GYHKLUMHK B 3TOH Touke: A=f(My).

Jamevarue. Jannoe onpenesieHHe HeNpepulBHOCTH (hYHKIMM B TOYKEe My
GyneM coXpaHATh M B TOM CJy4ae, korna f(z;y) onpeneneHa TOJIbKO Ha He-
KOTOpOM MHOXecTBe E, comepxauieM Touky My. B 3tom cnywae yenoene 2)
onpenesieHM:A npegesa umeer Bug  lim  f(M) = A

Af— Mg
MeE

Ecin ¢yukuna f(x;y) He onpemenena B Touke Mo(zo;yo) nan
Jim Flz;9) # flxo;y0), T0 Mo(Zo;yo) HazEIBAETCA TOYKOH pA3DPHIBA.

0
¥—vo

Hmetor mMecro ¢BoficTBa, aHAIOIMYHbIE CBORCTBAM HENpepbIBHEIX (DYHK~
uui ogHoOl nepemMeHAod.

Teopema 11.2 (o nepexope « npegeny). Ecnu f{ M) nenpepeigna e Tou-
ke Mg, 10 Mllvn}woﬂM) =f MILHJ{!DM)'

Teopema 11.3 (o coxpanenun 3naxa). Ecan f(M) HenpepbieHa e Todke
Mg w f(Mp) > 0 (f(Mp) < 0}, 7o Hafgerca d-okpecTHoCTe Touku Mg, B
xotopoi f(M) > 0 (f(M) < 0).
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Teopema 11.4 {0 HenpepuiBHbIX dyrkumax). Nycre f(M) n g(M) —
aee GyHKUUM, ONPEAEAEHHLIE B HEKOTOPOR OKPECTHOCTU TOUKM Mg U He-
npepoiBHbie B 3TOW Touke. Torga B 370l TOuKe HENpepbIBHbl TakXe ByHK-

umm (f = g){M), (f - g} (M), 'gi(M) npu g(Mo) # 0, (F(M)*M) npu
F(Mq) > 0.

Teopema 11.5 {0 HenpepbisHoCcTY cnoxuoit dynkym). Mycrs f{M)
onpenencHa B HEKOTOPOR OKPECTHOCTM TOYKW Mg W HenpepuiBHa @ ToM-
ke My, npu 37Tom 3nadeHwa f(M) nonapaloT B HEKOTOPYIO OKPECTHOCTH
Toukn By, npuuem f(My) = F,. Nycte g(P) onpepeneHa B okpecTHOCTH
Touknm P 1 HenpepuiBHa B 3TOW TOuke. TOrpa cnoxnas ¢yHkuua (cynep-
noauuma} g[f(M)] = p{M) wenpepeiena B Touke Mp.

PyHKUMN HenpepbiBHbLIE HA MHOXECTBE

> QyHKUMA, HENpepsLIBHAA B KAXKACH TOYKEe HEKOTOPOro MHOXEeCTBa
To4YeK F Ha3BIBARTCHA HenpepwsHoll Ha IMosm MHOWCECTNSE.

Jna dyuxkuuii HENpeprIBHEIX HA, MHOXKECTBE MMEKIT MECTO AHANOTH Teo-
peM AN pyHKuul ogHoll nepemeHHolR.

> MHoxecTBo E HA3LIBASTCA C8AINBIM, €CIIH OBE JIOBE ero TOYKH
MOXHO COEAHHHTH HEKOTODOH HenpepelBHOH KpHBOH, MOJTHOCTBIO
npuHanexamel 5TOMy MHOKECTBY.

Teopema 11.6 (Koww ob obpawerun 8 vone). Ecnu z = f(M} nenpe-
PLIBHA HA CBA3HOM MHOXECTeE E u B ABYX PasaAn4HbIX €ro TOMKaxX npu-
HUMAET 3HAYEHWA PA3HbIX 3HAKOB, TO B E Haigerca Touka P Takaa, 4ro

fiP) = 0.

= MHuoxkecTBO E Ha3BIBAETCA O02PAHUNEHNbIM, €CJN OHO IEJTHKOM
NPHHALIEXHUT HEKOTOPOMY Kpyry I° +y° < R2.
= MuoxkecTBo E HASBIRAECTCA OMKPLLTBLM, CIIM KAKIAA TOYKA HPH-

HAJNEKUT eMy BMeCTe C HEKOTOpOﬁ OKPECTHOCTBWY.

=> OTKpBITOE CBA3IHOE MHOXKECTBO HasblBaeTcsa obaacmuro. Ecnn x
ToukaM obnacTu D nNpHCOROMHHTE TOUYKA €€ IPaHHLEl, TO TAKasd
0BnacTe Ha3bIBaeTCA 3gMmxHymol H obosHavaeTca D.

oo zpanuynoft mouxodt obnacta D uMeerca B BHOY Takas Todka P, B
KasKA0H OKPECTHOCTH KOTOPOo# HMEIOTCA KAk TOYKM 00nacTH D, Tak H TOYKH
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He npunannexaiye D. I'pannna obnacru obosnavaerca 3. CnenorarennHo,
D=Duéb.

Jna dyHeimi HeNPepBIBHBIX B 3AMKHYTHIX 00/1aCTAX NUMEWT MECTO Teo-
peMp! Beftepuirpacca, koropbie 00benuHeHs B OOHY.

Teopema 11.7 (Be#epwitpacca). Ecnu dynxumna z = f(z,y) HenpepbieHa
B 3amMkHyToR 0bnactu D, 1o oHa orpaHuueHa B Hed. [pu 3ToM HenpepbiBHas
yHKunA gocTuraer B 3amkHyToR 0bnacTu cBow Hanbonblwee  HanMeHbLIee
3HAYEHUA.

11.2.1.

11.2.2.
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CyecTByer /u npemen llm £_Yoq
—>0 0Tr+y
]

Q ©®yuxkuusa %_:—% olpeneneHa B IPOKONOTOH! OKPecTHOCTH TOYKY

O(0;0) BHe npamoit £ +y = 0 (cM. 3amevanue Ha c. 457), NOATOMY
ycnoere (z;y) — (0;0) o3uauaer, 4to z + y # 0.

Ecau npuMenuTs 306ch 0GbIYHBIH MeTOn «npob 1 OmuGoKS, TO
MOXHO NOJIYYHTH TAKME PE3YbLTATHL

1) Obosnavasn f{z;y) = ﬁ% u ycrpemnaa M (z;y) x O(0;0)
BACaL ock O, T.e. npunuMare ¥ = 0, az —= 0, T lin}]f(:c,y) =
T
y=0

0 _.
_ll—ll%:r—’rﬂ 1.

2) Ecnu yerpemum M (z;y) x O(0;0} Bnons ocu Qy, T.e. npu-

HuMaTe £ = 0, y = 0, TO lilr[l) flzy) = 11m O—E —1.

y—0

PasHble «npenenpHBIe 9HCIIA» OSHAMAOT, YTO 111_% i—:g HE Cy-
=+
mecTByeT (npenen AO/pKeH OBITh EMUHCTBEHHBIM).

[IpennaraeM caMOCTOATENBHO NOJYYHTDL €II¢ HEKOTOpLIE Ipe-
IeJIbHBle 4uchna, paccmarpusad npubmmwkenne M(r;y) xk O(0;0)
00 PasHEIM HANPABJIEHWMAM, HANPMMED, BOOJE NPAMBIX ¥ = kT ¢
pasIMYHbIME k, Brons niapaGon y = kz? unu z = ky® u np. @
e¥(z+y-2) _

Haittu npenen lll‘ﬂ M+a)z+g -2

y—)
(Q Hcxomsa s toro, uyro x +y -2 =2 O0Ompuz = Ouy = 2,
[13
HCIIONIB3YA H3BECTHYI0 OpMyITy lirr%| £ cr_ 1
a—3

= 1 un TeopeMmy 11.1,

g¥ietu=2) _ | ¥ _ 2
JIETKO 3AKJIYAEM, 4TO zh_)n}] CETER T ®




11.2.3. . Buruncsmrs npenen lim sinz + 2y — 3 .

11.2.4.

11.2.5.

;—bl (:r+2y] -9

(Q BymeM ucnone3oBaTh mnepsB  3amedaresbHbI  Tpemen

lm}] SING — ] ¢ 4 = x4 2y — 3 cTpeMAWEMCH K HYITIO TpU & — 1,
a3
sin(z + 2y — 3) 1

y = 1. Hmeem llm( o T ey e ®
Briamcaute lim (2 — ¥?) - sin 1 cos —Z—

z—0 x+ Y -'3 ¥

y—}U
Q Ecmuz—20ny o0, r0x~y" =0, e x—y° — peauunna
Geckoneuno Manas. MuoxnTe M Sin — ;W o8 xf ABJAOTCA

BEIMYHHAMH OTPAHHYEHHEIMH, 3 NIOTOMY COLJIACHO TEOpemMe, mpo-
n3peneHne GEeCKOHEYHO MAJION HA OrpaHMYEHHYI0 (BHYVHKIMIO eCTh
GeckoHeuHo Majlaf, T.e. (cuntaeM ¥ — 0,y = 0z +y # 0,

- - — 2 .gin -1 .cos —EF_ =
-y #0) xh_rf.l;.(z ) Smx+y cosx_y 0. ®
y—+
2
Beraucsmrs  lim In(3+2° +y .
=1 24 y+z
y—3—3

Q 0603Ha'-mmt=2+y+;c2 Tor,uanpu:c—)lny—) —3 nmeem

t — 0. Cﬂenona'reﬂbno ln 3+2% + Y) ~ lim M

Buwyucaums npedeasi:

11.2.6.

11.2.8.

11.2.10.

11.2.11.

2+y+2 t—0
@
lim(z +y)sin 1 - cos 1. 2.7, 2(z = 1)(y —2)
lim(z +y)sin g -cos, . 11.2.7 Lml EES Yy
y—0
Lg%y _

lm BEEP T gy gy ST =)
;‘_7’_11 -y ;3? z(y* + 2)

2 2
lim 4
o T Ty

Haiitu npenen lim _2:1:_+y_2_

ST Tty

(Q Yenosue (z;y)— (00; 00) npeobpasyeM s yernosue (2; ) =(0;0)

MIPH MOMOIIH NOACTAHOBOK £ = l, ¥y=3 1 Hony4aem lm}) ;Ez—";%,
—0

W3 uzBecTHOTO HepapencTsa (Komu) nmeenm 2% + t2 > 2tz. A Torna

z 4+ Bzt z +t 2t
t2+zz—tzztz,ﬂnosmmylzz(_tz)_”gl<|( | z+1.
H nockoneky lim (z+1)=0, T0 3aKM093€eM, 9TO hm T_W_E(z+t)zt =

z—+ 0 z“—1z+1
=) 0
o
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Hafimu npedeaw:

11.2.12.

11.2.14.

11.2.15.

11.2.16.

x - 2 23, —3{z+y)
lim ( Ty ) ] 11.2.13. lim (z% + ¥%)e ;
o VT Y P
In(1 + e¥)

lim ———.
=1 4 /2 2

e VIO ty

BrrapennTe mpenen lim

&)

y—0 \/9+sinz —tgZ3y— 3

tg? 3y —sing

(Q YmcnmTess M 3HAMEHATEHL OpOGH, CTOAMEH TOI 3HAKOM Ipene-
J1a YMHOKHM HA COMPAXKEHHOS 3HaMeHaTend. Tlocne cokpaleHus
Jp0OOH Pe3y/IbTAT DOAYYAEeM NOICTAHOBKOMH

(tg® 3y — sinx)(\/g +sinz —tgZ3y + 3)

- 3 —6. ®
=0 94sing —-tg"3y—9

2
S
Boruncotats npenest lim ——i—y.
z—rg T+ y
y—

(Q [lpu BRIYHCTIEHMH IPEIEJIOB B HEKOTOPHIX CJIYy4AAX [TOJIE3HO -
PEXOONTE K TOJIAPHBIM KOODAMHATAM: T = r€OSyp, ¥ = rsing. He-
HO, yTo ecm £ — 0, y = 0, To r = 0. Torga

2 3 :
_ x . 7 cospsin . .
11m_2_y§:11m 5% L2 ('z = lim rcospsing =0, @
202" +y r=0 r*(cos® ¢ + sin“ ) 0

Haiimu npedeawn:

11.2.17.

11.2.19.

11.2.21.
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5
lim (22 + ) sin® L. 11.2.18. lim 2 @+2)
;38 Y ;—?—12 (x — 1)+ (y + 2)*
2,3 2
lim ——2—. 11.2.20. lim L )
30Tty I Va-—z+y? -2

Henpepuieua au pyukuus f(z;y) = (x 4+ y) sin —gl—g npu £ # 0,

+
y # 01 f(0;0) = 0. oY

(Q TposepseM ycnosus HenpepripEocTY dhyHKUMHA B Touke O{0; 0).

1) ®ynsuna f(x;y) onpeneneHa B OKPECTHOCTH STOH TOUKM.

: L1
2) ll_l}I}J(;c+y)sm;2+—y2- = 0, Tak xkak umeem T +y — 0, a

y—=D

. 1 |
81N —y—— | OFpaHIYieHA.
| ' +y P



3) Mpenen B Touke paBeH 3HAYCHHK (PYHKUMH B 3T0H TO4YKe
f(0;0) = 0. Oyukuns venpepsisHa B Touxe 0(0;0).

HobasuM, 4To 3Ta (DYHKUHA HENpPEPBIBHA B Kaxknofl Touke
{(x;y) € R? Kak KOMOMHALMSA HEIPEPHIBHBIX 3/eMEHTAPHBIX (PYHK-
[117): 8

Sasmevarue, Ecnn 661 pynxuma f(r;y) 6uua 611 HEOTpeneeHa
e Touke (3{0;0}, To, noonpenenus ee B 310 TOUKE HyseM, MbI BbI
TOJIY S/ HENPEPLIBHY K GYHKIUKD, ®

Hecaedosams na Henpepuenocmd dannse $ynxyut 8 YyXa3aHHsiT MOYKeT:

11.2.22.

11.2.23.

11.2.24.

11.2.25.

(z + y) arccos 52?%,, npuz #0, y #0,

flziy) = B TOYKe
0, mpuz =0, y=0
{0, 0).
—y—3 ﬁu1 q, 1,
flzy) = -y )cosm_y+3 Ty # B TO4-
0, mpuz =4, y=1
Ke Mo(4;1).
In(1+ zy*)
—ar—, mpaz#0, y#0,
flz;y) = 3zy B Touke O(0;0).
% mpuz =0, y=190

Oyuxuns flzy) = (2% + y);’ﬁ, z # 0, vy # 1 ue onpeneneHa
B Touke My(0;1). MoxHo nu ee noonpenennTs B 3TOH TOYKE TaK,
yToGH OHA CTaJsla HempepbIBHOHT

(Q annas pyrxuns He onpenesena s ToOYKax Napabonbl y=1—z2,
A IHAYMT HE ONPEMIENTEH, B TPOKONOTOM okpecTHocTH Tourd O(0; 1).
Toraa HaxoouMcA B YCAOBMAX 3aMedyaHud Ha c. 458, roe B xave-
CTBE MHOXeCTBa E MPHHHMAEM MPOH3BOJIBHYI0 OKPECTHOCTE TOYKH
0(0; 1), a3 KoTopolt nckAO4eHs! TOMKH apabostel. OcTaercs HallTu
COOTBETCTBYIOIUi Ipenes.

HMueem

t=x2+y—1,x2+y=1+t}_

1 2 ) y—1 =
PH}J(;C Y { (r;9) 2 (0;1) =1t =20

y—+1
%
=lim+nt =e

Bnaunt, ecan nonoxkuts f(0;1) = e, TO coorBercTBYIOman HyHK-
IHA HenpepbipHa B Touke (0;1). Jofasum, 4To paceMaTpuBaeMyro
GYHKIHIO MOXKHO HOOTPEASTAThL KAK HeNPEPLIBHYIO B KAXK I0H TOU-
Ke (Zo; yo) mapabonei ¥ = 1 —z2, ecym nonoxuts f(zg; o) =¢. @
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Hoonpedesums do nenpepuenoti darmypo Pynxyuwo ¢ yrasaxnoti mouxe (oM.
npumengHue x sadaxe 11.2.21):

11.2.28.

11.2.27.

11.2.28.

11.2.29.

11.2.30.

11.2.31.

11.2.32.

11.2.33.

Hattimu u

11.2.34.

11.2.36.

464

— 13y —
flz;y) = (x(:i 1}§)+(?y _2%)2, Mo(1;2).

flzy) = TS _(Il)__:)((g__ll))ir PR My(1;1).

) = g 11); — Mo(0;1).

o) = BEERD ao(0:9)

£(@1y) = (e — ) arsin 2T 10(0;0).

Vicenenopars Touxn paspspa bymxam f(z; y)=EtSE =Y +2

' +y
(Q Jlanras YHKUWA HMeET EIWHCTBEHHYIO TOYKY pa3phiBa
M(0;0). B 370i Touke pyHknns ve onpenenena, lin}J flz; y)=+c0.
—r
y—=0
ITo ananorun ¢ pyakumelt OnNHON nepeMeHHOR MMeeM AeJ0 ¢ TOY-
Kot GecKOHeYHOTO pasphiBa (pa3pbis BTOPOro poaa). B octanbheix

TOUKaxX (HYHKIMA HEPEPHIBHA. @
2.2
Hcenenosats Toukn paspeiea dyuxkumn fx;y) = f”"—g_‘_—?;;—Ll

Q 9Ta bynkuMA He onpeneneHa B KAKMOH TOUKE OKPYMHOCTH
2?2 + 4% = 1. Ecma (x;y) — (To;¥0), roe (zo; o) — MPOH3BOIIDL-
Haf TOUKa OKpYXHocTH, TO f(%,y) — oo. Tounee: ecu (z;y)
JIOKHT BHYTPH €OMHMYHOTO KPyTra ¥ npubamkaerca K (To;yo), TO
flz,¥) = —co, a ecym {T;y) PACIONOKEHA BHE EIMHMYHOIG KPY-
ra W npubmokaerca k (To; ), To flz;¥) = +00. B ecTanbhbix
TOYKAX MNOCKOCTH ¢dyHkuua f(#:y) HenpepbiBHA. ®

Hafitu u uccnenopate TOukuM pasputBa dyukuud f(r;y;z) =
- 1
= —5—7.

4y —z
(Q dna srtoli ¢byHKIME Tpex nepeMeHHBIX BCE TOYKM KOHYCA
22 + y? ~ 22 = 0 aPAWTCA TOYKAMH pa3phbiBa. B OKpecTHOCTH
KK 0 TOUKM MOBEPXHOCTH KOHyca (pa3speiBa) dbyuxuua f(z;y; z)

OeCKOHEYHO BEJINKA,

uccaedosams mowky paspwea dannns Gyrxyuil:
— 3 2
flz;y) = e =Tht. 11.2.35. f(ziy) = e+,
2 2
flz;y) = ""(—;_ﬁ—l. 11.2.37. f(z;9) = yflzf'



AononHutenusHLe sapnaum

Buwuwucaums npedeass

5sin® ¢ — sin y?

11.,2.38, 11m :
¥0 \/25+smy —5sin*x — 5

11.2.39. lim TV 4y 0 g0 gim VEFE=DPHI-
2381 —cos V2 + 42 z=0 Ty’ —dy+4
11.2.41. lim (1+§)m_ 11.2.42. lim(z +y2)(sm 15 cos l)
z—>+5oo z ;:;8 Yy
¥y
2 4
11.2.43. lim 2SNy 11.2.44. 1l z° +y’ +3($ +y7)
29 2 e 7@ +yY)
i sinxy _ 1 22+y 1
11.2.45. lim £ . .2.46.
L3S I 2T+ 1246 fn

2_ 2
11.2.47. hm(l + 322 + 2 )_-trﬂm TET
y—l-{)

§3. YACTHbIE NPOM3BOAHLIE. NONHLINA .
AVODEPEHUNAN. NTMHEAPU3AUUA @YHKUWN
Onpepenenne 4acTHbIX NpoOM3BORHLIX

Paccmorpum QYHKLMKO ABYX nepeMeHHbIX z = f(T;y), ONpeneNenuyo n
HeTpEPLIBHYI0 B HEKOTOPOH obsiactu . CYATaeM, 9TO TOYKH ¢ KOOPAUHATAMHA
(£:9), (x+ Az;y), (z; 5+ Ay), (z + Az;y+ Ay), tne Az, Ay — npupamenas
APrYMEHTOB, TaKxke MpHHaJIekar obnactu D.

> Haemnvmu npupatgenussmu dynkmmn z = f(z;y) N0 HE3ABACHMbBIM
NEPEMEHHBIM & W ¥ HA3LIBAIOTCA pasHocTH Az z = fz + Ax;y) -

-~ fx;y), Ayz = fla,y + Ay) — flzy).

> Hoarwwm npupawenues byuxkupu z = f(2;y), COOTBETCTRYIOIEM
OpUpALIeHAAM ApryMeHToB Ax u Ay, HA3LIBAETCA PA3IHOCTh
Az = f(z + Ax;y + Ay) — flziy).

3amernm, uTo B obmenm cayuae Az # Az + Ayz.

> Yacmrol npouzsoduott yukumn z = f(z;y) no nepeMeHHBIM T
U ¥ HA3IBIBAETCA NpEIes OTHOMEHH A COOTBETCTBYIOWETO YACTHOID
npupamenna A;2z WK Ay 2z K TIPHPALLIEHHIO NaHHOR nepemenHoi,
OpH YCTIOBAM, 9TO MPAPAIICHHE MEPEMEHHON CTPEMATCSH K HYJIHO:

, . Agz , Ayz

z, = lim z lirn
2T Ao Az’ ¥ Ayo Ay’
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punater takxke obo3HAuYeHHA: 2., %, 51 31( y)," 355 3—3',

6(?5 (z;y) {(ananorudHo Mo Apyrofl mepemennoit).

FeomeTpuyecknid cMmeic 4acTHOW NponasogHOW

Hexomum wz puc. 126, Ha KotopoM wuzobpaxken rpadmk ' dyukouu
z = f(z;4); Polzo;yo; 20) — Touxa nHa rpacduxe, Mo{zo; yo) — npoexuna B,
Ha mnockoctk Ozy, 20 = MpF;. Yepes npamyo MyP) npoeegenn ase mnoc-
KOCTH P M Pp: P1 DAPAILIENbHA MA0CKoCTH Oz, pa MapasinenbHa niocKocTy
Oyz.

| Mp—

Puc. 126

Ceuenve ' ¢ nepsoll nmnockocThI mpencraenser coboli Kpusyw z =
= f(z;%0) = p(z) — dyukumo nepemenncht x, a cevenne I' ¢ pp nmpeacra-
BJIAET KPHBYIO z = f(z;y) = g(y) — dysxuuw nepemernoft y. Ha yeprexe
H300paXxKeHbl TakXKe KacaTesbHble £ K ¢(x) B Touke Py u ¢, — K g(y) B TO9-
ke Fy. Torma 25 (zo; y0) = ¢'(20) = k1 = tgog — yroosoit kosdduument ¢,
a — yrou HakJsioHa ¢y K O, z,(To;¥0) = ¢'(yo) = k2 = tgay — yrioso#t
KoahpHUMENT t2, aa — YFoJ HakjoHa iy kK Oy.

AuddrepeHynan pyHkuymm. NMudeapuaayma pyHkumi

Ecnun byuxunsa f(z;y) obanaer 4acTHbIME TPOU3BOAHBIMU f; 1 f,, He-
npepbisHbIMU B TOuke My(2o; ¢o), To Teopema Jlarpamka (KOHEUHBIX OpUpa-
weHni) 1N yHKUEH ONHON NepeMeHHON NO3BOJIACT MOJYUYUTE CIIENYIONee
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npubmoKennoe papeHcTBO (pn Az ~ 0, Ay ~ 0):

Az = flzo + Ax;yo + AY) — flzoip) =
= f(zo + Az; 90 + Ay) ~ f(Zos 30 + AY) + f(Zosv0 + Ay) — f(zoi30) =
= fz(To + 018z 50 + AY)AT + f(xasy0 + 02 Ay)Ay =

~ fo(Toiy0) Az + £, (o3 0) By

(0 <8 <1,0 < 8 <1 — HEKOTOPHIE ACNA, (PHEYPHPYIOIINE B TEOPEME
Jlarpamia).

Taxum 06pazoM, MOJHOe NPHpaeHHe QYHKIHH NPHOIDKEHHO pPaBHO
fo(Zai yo) Az + f (203 30) Ay,

= D70 BhIpaXXeHHe MpeICcTaBadeT coboll MaBHYW, MUHEeHHYH) 43CTh
npupanmenua GYHKUMM U HasbiBaeTca Auddepenyunaom 3TOH
¢$yHKUME B AaHHOH TOYKe.

Ofosnauenne: dz = z,dz + z,dy (3necw dz = Az, dy = Ay — npouseosp-
Hble TIpupaltedus apryMerTos). [IpuuaTh! Takxke 06o3HaveHns: dyz = 2, dx,
dyzzz;dy — yacTHble qudrdepenmmane! dyukumn z. Torna dz=d.2+dyz —
nonubtil auddepenman GYHKURHR 2.

Kaxk npaeuno, nog nndgpdpepenumarnom GbyHrnun 6yaeM NOHUMATE TOIHbIH
augrbepeHmma.

=> Ecnn nonmoe upupamenne Az ¢yukuma z = f(T,y) B TOUKe
Mgy (zo; o) MomHO mpencTasuth B Bume Az = A- Az + B - Ay+
+e1-Ar+eq- Ay, tne A v B we zasucar or Azr u Ay, a
(e1;€2) — (0,0) upu (Az; Ay) — (0;0), o dyukuua f(x;y) Hasbl-
paerca auddepenunpyemMol B Touke Mp.

Teopema 11.8. Ons voro, 4robu dyHkuna z = f(z;y) beina puddepen-
uUMpyemoil 8 AaHHOR TOYKE, AOCTATOYHO, 4TOOLI OHa 0BNafana YacTHbIMK
MPOU3BOAHBLIMI, HEMPEPBIBHBIMKU B 3TOR TOYKe.

CpasHuBad Az u dz, 3aKII0YAEM, YTO OHM ABJAKTCA BETHUHHAMH OH-
HAKOBOTO TIOpASIKA MANoCcTH py Az — 0 n Ay = 0, T.e. Az & dz (Ax ~ 0,
Ay ~ 0). 310 nprbIKEHHOE PABEHCTBO (TeM TOYHee, YeM MeHbine Ar u
Ay), sanucaHHOE B BHIE

Flxo + Az;y0 + Ay) = fzo;y0) + fr(zoi o)Az + fo (@0 w0)Ay

HA3LIBACTCA auneapuscyueli dyurkmum z = f(z;y) B OKPeCTHOCTH TOUKH
Ma(zo; ¥o)-

3T0 COOTHOMEHHE NPHMEHAETCH B NPUDIILKEHHBIX BhMHCNEHRAX: aud-
ceperuMpyeMyI0 (PYHKIIMIO MOXKHO 3aMeHNTh JHHeHHOH dhyHEUMe! B OKpecT-
HOCTU PAcCMaTPHBAEMOH TOYKH,
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Samenanue. [loHATHE YACTHLIX NIPOM3IBONHBIX, OudxbepeHunana, JHHOA-
PHU3alMH PACIPOCTPAHAITCA HA (DYHKIMHN TpexX U Gonee nepeMeHHBIX.

11.3.1. Halits 4yacTHble ¥ MOJHOE MpUpaimeHns pyHKUEH z = TY° — %
B Touyke Mo(3; —2) npn upnpawennax apryMentoB Az = 0,1 u

Ay = —-0,05.

(Q IlpusumMaem o = 3, yo = -2, 2o+Az=2=3,1, y+Ay=y=

= —2,05, M1(3,1; —2,05). Cnanana onpenesnnm 2(Mp) = 2(3; -2) =

=3(-2)? + % = 13,50. Haree,

3,1
z(zo + Az;90) = 2(3,1;-2) = 3,1 (-2)% + 7 = 13,95;
z(z0; 90 + Ay) = 2(3;, —2,05) = 3 (~2,05)% + 5% = 14,07,
2(M)) = z{zo + Az;y0 + Ay) = 2(3,1; -2,05) =
3,1
— . 2 ek bl .
=3,1-(-2,05)°%+ 5.05 14,54

TaxkuM obpazom,
Apz = 2(zo + Az; yo) — 2(20; 40) = 0,45;
Ayz = 220330 + By) — 2(z0; Y0) = 0,57;
Az = z{zo + Az yo + Ay) — 2{zo; 1) = 14,54 — 13,50 = 1,04.
Quesnano, 510 Az =104 #0454+ 0,57=102=A;z+ A z. @

Huatimu wacmume u noance npupauwenus dannodl pyrnxyuu 6 dannol mowre u
NPU FOHHBT NPUPGULEHURT (PLYMEHTTLOB:

11.3.2. 2 = 2%y; Mo(1;2); Az =0,1; Ay = -0,2.
2,2
1133, z= 2 o Mp(2;2); Az = -0,2; Ay =0,1.
2 —(z—p) 0{2;2) ¥
2, ,2\2
11.3.4. 2= (%y—) s Mo(1;1); Az = -0,1; Ay =-0,1.

Hadimu noarvie npupowenus dannnz Gynxyuli 6 dannubz mouxer (uiu npu
nepexode om mowxu My x mowxe M) ):

11.3.5. z2=3z2 +zy—v* +1; Mp(2;1); Az =0,1; Ay =0.2.
11.3.6. z=3x" +ay—y®> +1; Mp(2;1); Az = 0,01; Ay = 0,02
11.3.7. z=1%—zy+y% Me(2;1); M(2,1;1,2).

11.3.8. =z =lg(z? +y?); Mo(2;1); M1(2,1;0,9).
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11.3.9.

11.3.10.

Héifiru uacTHble TponaBoanblie GyHKuHE z = L + -93- - 6‘—12—

Y & &Y
(Q YacTHble nponspomHble (GYHKIMM ABYX H Bosee mepeMeHHbIX
ONpenesAITCA 110 TeM Xke (OpMyJIaM M NPABHJIAM, 9T0 B (YHK-
e onHoH repemennoi. Crenyer NOMHHTE TOJIBKO OTHO NPABKHIIO;
ecnu mo ogHol mepeMenHol qudbepeHIMpYeM, TO OCTAJIBHBIE CYH-

TAKTCA NOCTOAHHBIMH.

LY _ n__3.
Nmeem (HaHOMHHM, 9T0 (Eﬁ) = _:.-:"T)
1 1y 1oy 1 3y 1
t t
x y3( ) +y 3 by \z2 7 3y
1y 1 1 71y 3z 1 1
t ¥
g=o(5) + 50 - () =S+ 5+0s @
v (ys) xs(y) 622 \y PR Y
2
Haiitn vacTHEle IpON3BOOHBIE DYHKLUMH 2 = _f_—?_my_

¥+ 2ay+1
(Q 3mech ucnospsyeM npaepuio guddepeHUMpoBaHua Opobu.
S = (2¢ ~ 29)(y* + 2oy + 1) — (2 — 22y)2y
v (y* + 2zy + 1)° ’
o 22" + 20y +1) - 2y +22)(2” - 2ay)
v (3° + 2xy 4 1)° |

Hafimu vacmysie npoussodisie Jauuuy dynxyud;

11.3.11.
11.3.13.

11.3.15.
11.3.16.

z=ertV, 11.3.12. u = #¥sin’ 2.

4 2 3

v=azatcos’y —ylsin® 2% 11.3.14. z=z?cos2zy—y?sin(z+y).

u=z¥+ (zy)* + 7.
Haltn “acTHbe TpousBoanbie, YacTHbe audbepeHnMansl 1 N0~

2, 2
Hblii ArdrpepeHnual pyHKUNH 2 = coS Ea%&g
=ty
(Q 3neck mMeeM A0 ¢ NPOU3BONHLIMU coxKHOH by HKIMH H Apo-

6u.

Jz e AL Y Ay
Hp M3 3‘( 3 3) =
oz 4y \+y’/e
. 224yt (2 + %) - 3272 + )
= =S8y 3, .32 .
" +y (z° +¢°)

2, .2
T

Beuay cHMMeTpHU BLIpAKEHHA —3%35 OTHOCHUTENBLHO & ¥ Y MOX-
r +y

HO MHUCATh CPa3y
Oz 224yt 292 + ) - 3t + )
a, — "8 — 3 3 e
By Tt +y (z° +y%)
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[Tocne npeobpaloBanunit OIYYaEM OTBETHI

Oz . 2t4+yt -zt -3 + 22y
T e 3, 33
z z°+y (z° +y°)
0z _ _sin z? +y? _ -yt~ 3277 +2:r3y_
oy 2+ (z® +y°)® '
d _x4+3:z2y2—2my3 . x2+y2d_
22 = 3, a2 S8 g g G
(z° +¢°) z’ +y
J _yt 43ty -2y x2+y2d‘
vz = 3, .32 Sin —— 3 ay;
(" +9°) " +y
1 2 .2
dz = 'nI ty X

@ +4°)° Sg 40
X [x(ms + 3zy? — 2%)dx + y(y® + 327y - 22%) dy]. ®

T

11.3.17. Haiiti nonusiii audpdpepernnan Gpyuxupmn u =
(9 Tax kak

u = 1 W = —IY o = —&Z
S R N
TO noans auddepennman nMeeT BUg
_ dx xydy + xzdz
Vii+2 R+
11.3.18. Boiumcante nprbamxento 1,07%°7,
(Q Yucso 1,07*%7 ecth yacTHOe 3navenne bynxkuun fa;y) = x¥
npu z = 1,07, ¥y = 3,97. Ussectno, uro f(1;4) = 1. Tlosromy npu-
HEMaeM Tg = 1, g0 = 4. Torma Az =2 — 2o =007, Ay =y —yo =
= —0,03. 3nauenne f(z + Az;y + Ay) BHIYUCTHM DU TTOMOILH
cdopmynst muneapusaumu: f{zo; yo) + df (zo; yo). Fimeem:

fho=yzv 7, fy=2z'lnz, f(;4)=4, f(114=0,
df(1;4) = 40,07+ 0 (=0,03) = 0,28.
Taxum obpazom, 1,07°%7 2 1 4+ 0,28 = 1,28. ®

du

Bunucaume npubauncenno:
11.3.19. 1,042, 11.3.20. /(1,04)2 + (3,01)2.
11.3.21. sin 28° - cos 61°.

11.3.22. BuiuucaInTbh NpEGIMKEHHO \/(sin2 1,55 + 8¢9:015)5,
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Q 1) Mpuanmaem flz;y) = (sin®z + 8¢¥)3, 2o = 1,571 = 2,

yo =0,z = 1,55, Az =z — 3o = 1,55 — 1,571 = —0,021, y = 0,015,
Ay = 0,015,
2) f(zo;yo) = (sin § + 8¢%)% = 243,

3 fl= (sm z+ 8.93')g sin 2z, f, = 5(sin2:z: +8e¥) % - 8e¥,

fi(xo; %) =0, Tak kak sin2re=sinx=0, f;(:cg;yg)=20(1+8)% =
= 540, df (xo; yo) = 940 0,015 = 8,1
OxoHYATENBHO,

/ (5in? 1,55 + 8e0.019)5 ~ 243 4+ 8,1 = 251,1. °
Boivucaums npubauncenno:
11.8.23. arctg ogg 11.3.24. /5002 12,032,
11.3.25. In(0,09° + 0,99%).

11.3.26. Brrumcauts npuémnkenno cos 2,36 - arctg 0,97 - 3298,
Q Umeem gmeno ¢ dyuxumell Tpex nepemennmix f(r;y;z) =
=cosz-arctgy-3°. xo = s 2,356,z = 2,36, Ar = 0,004,y =1,

4
y =097, Ay = 0,03, zp = 2, z = 2,05, Az = 0,05. Haxonen,
: 2
F{zo; v0; 20) = cos %’T -arctgl-3° = 9‘/_ : —4,9957.

HaiigeM cHavyana guddepenunan B obueM Buae
0s T - 3°

df = —sinz-arctgy-3*Az+ —f:—-Ay+cosxarctgy 3*Ind-Az.
Y

A Tenepb COCTABHM 9MC/IOBOE BhIpaskenne NudbepeHmmana B To4-
Ke.

df (o3 yo; 20) = — ‘/3 000%% 0,03 - 91n 3—‘/—_E 0,05

~ —0,0199 - 0,0954 — 0,2744 = —0,3718.
(OxoHYaTe kLHO,
052,36 - arctg 0,97 - 320° ~ —4,9957 — 03718 = —5,3675. @
Buutcaumsy npubausicedro:
1,082

'{/0,98- ‘{/1,053'

11.3.27. 1,002-2,003% - 3,004°. 11.3.28.
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AononuutensHeie sapgaun wt

Hatirnu wacimnste npouasodusie, vacmunie dugdepenyuaant dannms dynxyuit
no xancdoll U3 HEIQEUCUMMT NEPEMEHNKT (T,Y,2,t,...) © noanwd dudde-
penyuaa;

11.3.29. z = (5z%y —y* + 7)°. 11.3.30. v = arctg %

11.3.31. z=zx/§+ . 11.3.32. z:lntg%.

11.3.33. z=Vu+vui+od, 11.3.34, z:lnﬁl\/;"’2+ el
?+y+z

11.3.35. 2 = arccos Y22 = ¥ 11.3.36. z=sinZ .cos¥.
3. Ve v

11.3.37, z=(a24+y2) LoV 4Y" 113,38, u=a’+y2®+3yz—z+2.
1+ /22 +32
11.3.39. u =1z, 11.3.40. u=2¥ .
11.3.41. Hafite u,+u,+u, npuz =y =z =1, ecmmu =In(l+z+y°+2%).
L ¢
11.3.42. Haiita ziz,—%,iy- mpuz =1luy =2, ecnu z = 2%y — z3°.
2%y
11.3.43. Haiitu g% npn £=0, y=0, z=%, ecrn u=+/sin* z+sin? y+sin® z.

11.3.44. HaiiTn 3ua4enne nonsoro juddepenmmana GyHkmmm z = £ + y —
—vri+yr*mprar=3,y=4, Ar =01, Ay =0,2.

11.3.45. Haittu 3nadenuve nonvoro qudpdepennmana dbyHkuun z = e*¥ npu
z=19=1, Az = 0,15, Ay =0,1.

11.3.46. Brruncnute npubinkeHHO waMenenne (QyHKIAH 7 = ;_Lg% npH
mepexome T oT T =2 g0 =25 nyory =4 g0y = 3,5

Bunucaumes npubauxcenro:

11.3.47. +/1,028 4+ 1,978, 11.3.48. sin29°sin46°,

11.3.49. arctg(iuggq), 11.3.50. 2,003% - 3,9987 - 1,0022.

11.3.51. Buicota koryca H = 10 cM, panryc ocHoBanna R = 5 cM. Kak n3-
MEHHTCA 00bEM KOHYCA PN YBEIMYEHHM BEICOTHI HA. 2 MM H YMEHB-
INEHHH PAAHYCA HA 2 MM?

11.3.52. Onna cropoHa NpAMOYrofibHMKA a = 6 nM, apyraa b = 8 aM. Kak
W3MEHHTCA OWATOHAJIb TPAMOYTOJbHIKA, €CJTH ¢ YMEHBIIHTHL Ha,
4 cm, a b ykoporuth Ha 1 cM?

11.3.53. Pannyc ocuoBannsa kKoHyca pasen 10,2 = 0,1 cum, obpasyomwasn pas-
Ha 44,6 + 0,1 cm. Haiit obbeM KOHyca M yKa3aTb NOTPEIIHOCTH,
BBI3BAHHY0 HETOYHOCTHIO DAHHBIX.
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§4. ANOOEPEHUVWPOBAHUE CNOXXHDLIX N HEABHbLIX
OYHKUNIA. KACATENILHAA U HOPMANDb K
NOBEPXHOCTW

Cnyuaii ogHoiA Heaasucumoid nepemeHHON

[Ipennonoxum, yro z = f(r;y) — nuddepennupyeman pyHKIuA OBYX
nepeMeHHBIX Z U Y B HekoTopoti obsacTe D, a aprymeHTe! T o § ABAAIOTCA
nudrbeperuppyeMbiMu byHKURAME HEKOTOPOH mepemeHHol ¢, T.e. ¢ = (1),
y = y(t). Torma z = f[z($); y(1)] = (t) — byHKUUA onHON nepemennoii 1.

Teopema 11.9. Wmeer mecto paseHcTeo
gode_dp_fzdz Oody
dt di Oxdt dydt
Ecnwn ¢ coBnagaer ¢ OAHMM U3 apryMeHToB, CKaxem, t =, TO
de 0z 0:dy
dr 9z OBydz

" % HA3LIBAETCA NONHOR NPOWSBOAHOA HyHKLMN Z NO .

Cnyqaﬁ HECKONBKMUX HE3IABUCMMEIX NepeMeHHbIX

Ecnn aprymedrsr ¢ u y $ynxumn z = f(2;y) ABAA0TCa GYHKUHAMH
IBYX NepeMenHbixX, CKaxkeM, T = r(u;v), ¥y = y(u;v), 10 z = flz{u;v); ylu; v)]
TAKIKE ABNAETCA DYHKIUHEH NBYX MePeMeHHBIX 4 H .

Teapema 11.10. Nycte z = f(x;y), £ = x(u;v), ¥ = y(u;v) — andpe-
peHumpyemble byHKLWW cBoMX arpymenToe. imeloT mecto dopmyns

0: _0:05 0:0y | 0z _0s0n 0:dy

ou  Bxrdu Bydu “ BT Bz ov Oy v’

CTpykTypa 3Tux chopMyn COXPaHAETC W Npn BONbWEM YMCHE NEPEMEHHDIX.

Rudrpeperynan cnoxHoid pyHkuMn

Hudpdepennuan cnoxuo# dyugmmn 2z = z(x;y), toe = z{u;v), y =
= y(u; v), MOXKHO MOJNY4YRTH, ecnu B dopmyse auddeperunana

Oz Oz
dz = Ed&: + a—ydy

_ dz Oz _ Oy i)
3AMERNTh dr = audu + %dﬂ Hdy = Sudu + E%dv.
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B pesynApTaTe NONCTAHOBKY M NEPETPYNNMPOBKY YICHOB [1pn du | dv nupn-
XOOuM K GopMyJie
Oz z

dz = Edu + 5(11;,

nokasriBapomel, uro <bopma (Bun) anddepenupana He IABUCHT OT TOTO,
ABMAKTICH M £ ¥ Y HE3ABHCHMBIMH [IEPEMEHHBIMA HJIH DYHKIMAMH IPYTHX
HE3ABHCUMBIX MEPEMEHHBIX. ITO CBOHCTBO HAZBIBAETCA HHEADUAHIMHOCBN)
dopmel nepeoro gaddepeHuEANa.

Hessnan cyHkuva opHOW nepemeHHOM

(I)yHKLI,Hﬂ ¥y = y(:c) Ha3bLIBALTCA HeABHOH (l)yHK]J,HBﬁ, €CHH OHa Onpenessa-
€TCA YpABHEHHEM F (I; y) =0, HEpA3pCeWEeHHBIM OTHOCHTEJIBHO ¥

310 JHAYHUT, YTO [P KaXKO0M 3HAYEHNH Ig, IPH KOTOPOM HEABHAA beHK-
muA OonpeneneHa, OHa NPHHHMAST CSIHHCTEOHHOL 3HAUCHNE Yo TAaK, 4TO
F (I(]; y(]) =0.

Teopema 11.11. Ecnun F(z; y) — anddepenunpyemasn yHKUuA nepemeH-
HBIX T W g B HekoTopoil obnacTu D u F(z;y)#0, To ypasHenne F(z;y)=0
onpepensieT OQHO3HAYHO HEABHYIO dyHKUWIo ¥(2), Takke auddbeperumpy-
EMYIO, W €e NPONABOAHAA HAXOOWTCA No dopMyne

f o d;y - _Fé(f;y)
dz — Fny)

B ’
HaCTHOCTH J(z0) = _ Fi(z; yo)
Fé(ﬂfo;yu)

HenpHan ¢pyHkuva asyx nepemeHHbIX

Dynxuna z = z(r;y) HaspBaeTCA HeABHOM QyHKIMeN MepeMeHHBIX T H Y,
€CAu OHA OIpelgsaercs ypasHenneM F(x;y;2) = 0, HepaspeweHHbIM OTHO-
CUTEJBHO 2.

Teopema 11,12, Ecnu dyukumna F(r;y; z) anddepenunpyema no nepe-
MEHHbLIM £, Y, Z B HEKOTOPOR NPOCTpaHcTeenHoR obnactn D w F(x; y; 2) #0,
T0 ypasHenue F(z;y; z) = 0 onpenenseT 0AHOZHAYHYIO HEABHYIO yHKLUMIWO
z{z; y¥), Takxe anddepeHunpyemyio v

3 _ Fi(zmy;z) 8 _ Filzy2)
9z Flmiwz)' 8y  Flziye)
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KacatensHas nnockocTe v HOpMank K NOBEPXHOCTA

ycre By(zo; yo; zo) PUKCHpOBAHHAA TOHKA HA NOBepXHOCTH LV, 3anaHHOMK
dbyukumett z = f(x;y) win ypasuennem F(z,y;z) = 0.

>

Kacameavnofi naoexocmouio X I' B Touke F) HasmiBaercs TLIOC-
KoCcTb {, npoxonsauias Yepes Touky Py M Takas, 9To yroa mexny
3TOf NJIOCKOCTHIO ¥ cekyluelt, npoxonamei yepea Fp u mobyo Toy-
Ky P mopepxHoctH [, CTpEMATCA K Hymo, Koroa P cTpeMuTca K
Py soons . Hopmaavio HA3EIBACTCA NPAMaAA 11, HIPOXOAAIIAA Yepes
Fy nepnenonkynapuo t.

H3 onpenenenusa ¢ u n caefyeT, YTO HOPMATILHBIY BEKTOD KACATENBHON
ITOCKOCTH t M HANPABIAIIME BEKTOP NPAMOIt N COBMANAIOT.

YpaBHeHNs ¢ U 1 HMEIOT BHI:

a) ecmn I" 3apnana spHO bynkuneit z = f(z;y), To:

(t): 22— 20 =z (z0;%0)(T ~ To) + Z;(Io;yo)(y — %),
(n): F“-TO = ,y—yo —_ 22,
2, (20; %0) Zy(il‘o;yo) -1

6) ecnu I’ 3anana ypasuennem F(z;y;2) = 0, To:

(t) :

Fy(z0; y0; 20) (2 — 20) + Fy (203 %03 20} (¥ —¥0) + F; (%03 yo; 20)(2 — 20)=0,

— I Y — 4 <z — 2

(n) : ,93_0_= - =<=% _
Fi(zoiyoi20)  Fy{zoiyoszo)  F;(Toiyo; za)

11.4.1.

11.4.2.

11.4.3.

2 2
Halitu nponseoonyio ‘i—‘; dyukupn z = % TV, ecaim ¢ = acost,

¥ = asint.

(J B aTom npumepe MOOCTAHOBKA & ¥ ¥ B 2 MPUBOAMT K 2(¢) =
2 F3

= etleos” t4sin" 1) — o6 (penoBaTENBHO, ‘—‘% =0 ®

Hairrn %, ecm z = 2° + 2ey — y°, n T = cos2t, y = arctgt.

(Q HenocpencTeeHnas NOACTAHOBKA OYEBHIHO He YNPOMAET
cdyukuuio z. deltcTByem cornacHo teopeme 11.9.

9z 4 2 dx dy 1
— =52 +2y, = =22-3y’, — =-2sin2, -—==—s:.
8z T Oy T g s dt 1+
B peaynbrare MOXKHO KAK COXPAHHTEH NEpeMeHHBIE X H §f, TaK H
3aMEHNTE MX 4epes ¢ (B 3aBACAMOCTH OT TOro, 4T0 npome). Oreer

OCTABHM B TAKOM BHIE:

‘;—‘: = —2(5z* + 2y)sin 2t + (2z — 3y?)

1

] o
1+ ¢

Haiitn ‘é—‘:, ecmn z = oy + ryv + yuv, a ¢ = sint, y = Int, u = ¢,
v = arctg .
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Q Hmeem g% = y+yv, % = r+TUv+uv, gﬁ = yv, %ﬁ = zy+uy.

_—-Cost d_y—l d_u—e: @—;
dt odt Tt dt ' dt 142

CoCTaBNM COOTBETCTBYIOIIYIO CYMMY NPOH3BeNeHnil
d

z 1
E=y(1+v)cost+(z+xv+uv};+yvet+

T+u
1+ ¢

Y.

Hatimu dgi-, ecau z = z(x;y), & = 2(1), y = y():

11.4.4. z=2z%+y’+ oy, T = asint, y = acost.

= 2 _ _ 1 _ Vi
11.4.5, z=cos(2t+4z° —y), ¢ = 5 ¥ = o5

11.4.6. z=2%u,z=1t, y=1%, u=sint

11.4.7. z=e%¥in(z+y),z=18, y=1-1%.

11.4.8. z=zyarctgley), z=1t2+1, y=£.

11.4.9. z=e¥ "% z=tgt, y=1t -1t

11.4.10. z=2z¥ z =Int, y =sint.

11.4.11. Hafitn gﬁ " g%, econ z = 3% arctgy, T = %, ¥ = uv.

Q TMNpumenum dbopmyab ns Teopembr 11.10:

dz 2 dz 32’

—_— = t —_—

7 3% - 2zrindarctgy, o115
Oz 1 Bz _ u by _ Oy _
du o S w2 Bu O Gv

CocraBiiseM CYMMBI COOTBETCTBY HOLLHX l'[pOHEIBEI[BHHﬁ:

dz 2 2zln3arctgy + 3%

gt

Ou v 1+ 3% o
0z o 2zulndarctgy 3%
3= 3 P + 2
S v 1+y

(rBeT MOXKHO OCTABHTD B TaKoii chopMe, HIH BBIPA3HTL Yepes & 0 v
(T. €. OCHOBHBIE MepeMeHHEle):

2

@ ul u
! =2—-3-%T In3arct; +_3"=,
Zy 7] I TC g(u'v] 1 3 5
! —‘2—2 3“; In3 + —— 3“'; .
2, = - 3+% Indarctg(uvy M R L
o 3 g( ) 14 2,2

2
11.4.12. Hajitu ouddepenuman dbyHknuma z= %, ecmu x=u—2v, y=2u+v.

476



Q IMockonbky dz = g%d:c + B—d.y, TO HAlIeM BCE 9TH BEJIMYUHEI.

0: % 0:_ &
dz oy Jy Y
dz Or dy

By
dz a_ud u+ a—dv =du — 2dv, dy audu + dv = 2du + dv-

IMoncragnsem B dz:

z x?
d:z = 2§(du — 2dv) - = (2du + dv).
)

IMoacTabnM BRIpAMKEHRA NI I U ¢ U MEPETPYNIIMPYEM 4eHbl, BEI-
IenAd MHOXHTENH NpH du 1 dv:

dz = (%—2 2)d +(—2—I—;—2)dv:
= 5[2(1 - g—)du -~ (a+ %)dv] =
- ;u“+2: [2 (1 - ;;f;)du - (4 + ;u“f:)dv] =
-2

_( )2[ (v + 3v) du — (Yu+ 2v) dv).

11.4.13. Hano z = In(u? +v?), u = zcosy, v = ysinz. Halttu (BSZ 3_ udz.

(Q 3necs umeem npyrof mopanok 6yks, a 3HaUMT, HOPMYAE BbI-
CNAAAT TAK:

dz dz
dz %d u+ — 3o —dv,
roe du = ﬁdy, dv = X ardr + 3—-dy Hmeem:
8z =2 = cos = —zxsin
u_ Wi B ¥ oy Y
%—2—1} @ =YCoszT @ =sinz
v w? ot ar Y ’ By ’

HoncrabnM

2u 2v
dz= cosydr—xsiny dy)+ cosz dr+sin z dy)=
B (cosy y dy) I (v y)
2uzsiny 2
u? +o? wi+v

JanpHefan nooCcTaHOBKA BMECTO 4 H ¥ He YJIY4IlAeT CTPYKTYPY
OTBETA.

2u cosy+ 2 cos:z:)d:z:+(
7. .3 ¥ u2+v2y

= sin x | dy.
(u +v 2 ) y
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Aas dornwwix 2z = f(23y), ¢ = 2(u;v), y = y(u;v) natimu %, % @ dz:

11.4.14.

11.4.15.
11.4.16.
11.4.17.
11.4.18,
11.4.19.

11.4.20.

11.4.21,

478

z=x3+y3,mex=uv,y=%.

z=+/r2 -~y rmer=u", y=ulnv
Z=CosTY, Cae T = ue¥, y = vinu.
z=arctgay, rae x = vui + 1%, y=u—v.
z=y/r+y,roezr=utgv, y =uctge.

z=In {/22 + 35, tne = ucosv, ¥ = usinv,

Ypaenenne ¢ aByms nepemenubiMi 222 — 332 + 5zy — yPr +2° = 37
nmeer pemrenne (rg; o) = (2; —3). Onpenenser au 310 ypasseHne
HeaeHy GyHKUHIO ¥ = y(%) B OKPECTHOCTU TOYKH & = 2 U ec/u
na, to gatitn y' () 1 y'(2).

(Q O6osmaumm F(x;y) = 22° — 3y? + 5zy — y’1 + 2% — 37. Vineem
F(2,-3) =0, F, = -6y + 5z — 3y’z, F; = 4z + 5y — y* + 5z,
Fp(2;-3) = 100, Fy(2;-3) = —26. Ycnosre F(zo;y0) # 0 ofec-
MeYHBAET CYUECTBOBaHNe HeABHOH dyHKumn ¢ = y(z), nudrepen-
udpyeMoit B HEKOTOPOit OKPECTHOCTH TOYKM T = 2 U

Fiiz,y) 4dz+5y- y® + 5z

!
z) = — == =
YO Ty T ey-se+ v
B vacthocth, ¥'(2) = % = ?_g

Samensnue. IIponssonayo y' () MOXHO HAlTH TAKKE CIIELYO-
uwM obpasom. [lepenmuem NaHHOE yPABHEHHE € Y4E€TOM TOIO, YTO
y = y(z) ects dynxuna or x:

2z% — 3y%(x) + Sry(x) — 2y’ (x) +«° ~ 37 =0.

Torna nofEAA NPONIBOAHAA IEBOH 4ACTH 3TOTO PABEHCTEA (TOX He-
CTBA) TAKIKE PABHA HYJIO, T. €.

4z —6y(x) -y (z) + 5y(z) +57 ¥ (z) - ¥*(z) — 3z’ ()¢ (z) + 5x* = 0.
Orciona {apryMeHT 2 B 3amHCH Y(T) onycKaem)
_ 4z + 5y - y° + 5z*

(x) = ®
y(a) 6y — 5z + 3xy°

Hano ypasuenne —822 4 xy? 4 22%y ~ 7 = 0. Coorsercraylomasn
JIMHUA TIEPECeKaeT NpAMyw = ! B HecKOMbKEX Toukax. Halfi-
TH, CKONBKO OIHOZHAYHEIX $VHKUHH ¥y = y{T) onpeneaaeT ganHoe
YpABHEHHE B OKPECTHOCTH £ = l, M COCTABHTb YDABHEHHSA Kaca-
TENbHBIX K 3THM KPHBbBIM,

(@ 1) O6osnaunm F(r;y)=-8z%+zy?+2x3y~7. Torma F(l;y)=
=y’ +2y-15uy’+2y-15=0npuy = 3ny = —5 Hamo
NoJIaraTe, 4ro ypasaenne F(x;y) = 0 onpenensier B oKpecTHOCTH



r = 1 npe ogHo3Ha4yHbie $yHKUHN (BeTBn). [IpoBepuM aT0. MMeem
%yE =2y +22° n %—5(1;3) =8, %(1;—5) = —8&. Cnenoparenn-
HO, F(x;y) onpenenser ape onHO3IHAMHBIE QYHKUMA ¥ = 4 (x) H
y=wp2(z): (1) =3, 5(1) = -

2) Mmeem %%:—16z+y2+6z2y u 3F(1-3) 11, gi(l —5)=

= —21. CnemoBaTensho, y1{1) = — 8 y () = ——

3) Kacarensubie £ x 41 () B (1;3) u #s x y2(x ) (1; —5) umelor
BUIL ¥ — Yo = k(X — p), rae k = g (1) wm 4 (1). Monyyaem

(t1) : y—3=‘%(:r—1) um 1llzx+ 8 —35=0,
(t2): y+5=-L@-1) wm ANz+8+19=0. ¢

Huattmu npousgodnue y'(T) HeIHBT Gunryul, 300anHBT YPREHENLAMUY.

11.4.22. ze*¥ —ylnz =8, 11.4.23. e¥ + 9% "% — 262 = 0.

11.4.24. In w22+ 2 _ arctgd, 11425, 22lny - y*lne =0

11.4.26. 1+ zy — In(e®¥ + e~*¥) = 0.

11.4.27. CocraBaTs ypaBHeHHd KacaTenbHoll n HopManu B Touke Mo(1;1) k
kpuso#i y = y(x), 3agannoit HeasHo ypasHennem z° 4+ 2xy® —yxt —
—-2=0
(@ Monoxnm F(z;y) = 73 + 2zy® — yx! — 2. Torma F(1;1) = 0.
Hanee umeem Fy = 6zy? — i, Fy(1;1) = 5, F, = 327 + 2° — 42,
Fi(1;1) = 1. Ycnosue F(1;1) # 0 ofecneunBaer CymecTBoBaHne
oaHo3Ha4HOH HeapHOH dyHKUMY ¥{2) B OKPECTHOCTH TOUKH g = 1.
Ypaenenne kacatensHoH K ¥ = y(&) HMeer BHI ¥ — yp = k(x — 2p),

ne k = y'{zp) = —%, e {t): y—1= —%(:c — 1). ¥YpaBuenne

HOPMAJIM HMEET BHA Y ~ Yo = —%(x-ﬂcg), 1€ {n):y—1=5(z—1).
Omeem. (t):2+5y—-6=0,(n): bz —y—4=0. ®
Cocmasums ypaeHerue Kacameavrotlt RpAMoTl u Kopmasy & xpueott y = y(x),
sadannol ypasnenuem F(x;y) = 0 8 mowxe Mo(zo;y0):
11.4.28. 2%y ~ Pz =6, My(2:1).
11.4.29, %7 -zt -yt +13=0, My(2;1).
11.4.30. Hano ypasuenue r°y—zy’ —zyz+6+1y2® = 0. OHO UMeeT pewmenne

(zo; vo; 20) = (—2;1;2). [lokasars, 9470 B ORPECTHOCTH 3TOH TOUKM
HAHHOE YDABHEHHE OII EIle.J'IHET ONHO3HAYHYH HEABHYI (hYHKIMIO
z = z(x;y) n HaiiTn F g—, dz B T0uke (Tp;%0) = (—2;1) u B ee
OKPECTHOCTH.
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11.4.31.

480

Q Honoxnum F(z;y;2) = oy — xy* - zyz + zy2° + 6. Hmeem
F(-2,1;2)=4+2+4 - 16 + 6 = 0. Kpome »1oTO,

3—i=2xy~y2—yz+yza, %;::rz—%y—z:z+:tz3,
= 2_
B zy + Jzyz
BLIYHC/INM 3TH 4ACTHBIE NPOU3BONHbIE B NAHHOK TOUKE:
dr(-2;1;2) =1 OF(-2;1;2) aF(~2;1;2) —99
Or - Sy - Oz - )

Yenoene oF _622’ 1;2 # (0 o0ecnevMBaeT CYIIECTBOBAHHUE €IMH-

creeHHoOl HesBHOR dyHkmuE z = z(z;y) Takoi, uro 2(—2;1) = 2.
Ipu aTom

2= _:%,:E _ 2a:y—yz—yz-2}-y23
5 Ty — 3z
S _% N z? — 22y — 22 + 22°
v %% xy ~ 3xyz*
da(ziy) = (2zy — y? —yz + y2¥) de + (2% — 22y — 22 + 22%) dy
’ ry — 3xyz* '

B uacTHOCTH, z.(—2;1) = 21—2, z,(=2;1) = —12—1, dz{-2;1) =

=Llgr_ 2
= ggdz — {4y ®
CocTaButh ypaBHeHue XacaTelbHOW NIOCKOCTH M HODMATM K

noBepXHOCTH 2z = z(z;y), ONpelNeNcHHOH HEABHO YDaBHEHHEM
x? + 3y? — 427 = 15 B Touke Py{2; -3;2).
Q 0O6o3naynM

F(r;y;z) = 2% + 3° —42° — 15
Hmeem F(2;-3;2) =0,
F! =2z, F, = 6y, F! = -8z,

Fi(2,-3;2) =4, F)(2,-3;2)=-18, F(2;-3;2)=-16.
B Kxa4ecTBe BOPMAJILHOTO BEKTOPA IIOCKOCTH § MOXHO Opars N =
= (2;-9; -8). Torma
B): Az-2)-9%y+3)-8z-2)=0,
Te 2t -9y —8:-15=0.

z—2_y+3_z2-2
2 -9 -8

(n):



11.4.32.

11.4.33.

31 - 2361

Ha cdepe 22 + ¢ + 22 = 676 HaltTu TOUKH, IMie KacaTeJbHbIe
TVIOCKOCTH NAPAJJIEIBHE INOCKOCTH 3x + 4y + 122 = 15,

(Q Tpeanonaras, 9TG MCKOMas TOYKA MMEeT KOOPIMHATEI
Fy(z0; yo; 20), Mmeen

22 + 42 + 28 = 676. (4.1)

Obosnauum F(x;y;2) = 22 + 4 + 2% — 676 = 0. Torma xoop-
AMHATHI HOPMAJBHOPO BEKTOPAa N K TWIOCKOCTH ¢ OO/HBI BBITh
(220; 2y0; 229) = N, a caMa KacarebHaA IWIOCKOCTE HMEET ypaB-
HEHHE

(#): 2xo{z — z0) + 20y — o) + 220(z2 — %) = 0,

win To(x — zo) + yoly — o) + 20{z — z0) = 0. Iockonbky T4
NIOCKOCTL NapaJifiefIbHAa H&HHOH JIOCKOCTH, TQ HX HODManbHBIE
BEKTOPH KOJIIMHEAPHEL

(Zo3 Y05 20) || (3;4,12) <= z¢ = 3o, Yo = 40, 20 = 120x.

Toncrapam »tH papenctsa B (4.1): 90 + 160° + 1440? = 676.
Orcona a = 2. Ecmn a = 2, to Fp(6;8;24), aecnmn a = -2, T0
Fy(—6; —8; —24). D10 B €CTh HCKOMBIE TOYKH. ®
Halfirn %, % u dz nna HeasHolt byuxuuit z = z{z;y), onpene-
nenHolt ypapuennenm z° + 327y + 2z 4+ 222 +y - 22 =0,

(Q Obosmauum F(r;y;2) = 2° + 3z%y + 22 + y*2% + y — 2z.

Crocob 1, ocHoBanubilt Ha dhopmynax teopemet 11.12. Haltnem

YaCTHBIE TPOU3BOIHEIE hyHKIME F:

F,=6ry+z-2, F,=3+2y22+1, F,=3"+z+2~

3naynT,

8 F_ boy+z-2 8z _ F 38 +2%+1

0z~ F, 32 +z+2%2 8y  FI T 32 4+z+ 2%
2—z-— 242yt 41

dz:gdﬂaz z— bzy 3e + 2yz< + d

dz 3_yy_322+.1‘+2ygz _322+I+2y22

Crioco0 2 3akMo4aeTcs B TOM, YTO €CJIH YPABHEHHE OfIpelieNfieT
HearHY) (hYHKIHIO z = z(Z; ), TO MMeeM CHEYIOMee TOXIECTRO

z3(:c; )+ 3:::23; +zz2(z;y) + y2z2(n:; y)+y—2r=0.

HudrpeperunpyemM 3T0 TOKIECTBO CHAYAJIA N0 £, 3aTeM 1o ¥ (s
KPATKOCTH B 2(Z;y) APCyMEHTHI OMYCKaeM):

3222 4 b2y + 2z + w2l + 22y°2, — 2= 0,
3222:;f + 322 + rz), + 2t + 2y2zz; +1=0.

481



11.4.34.

Hafimu

H3 nepaoro ToxIoecTea
. bzy+2z—2

2y = T3 x4 2022

2 +r+2yz

H3 BTOPOro
v S = 322 + 2% +1

v 322 + 2+ 2%
ﬂﬂde}eDemma.n COCTaBMM M0 OMpeaeeHHIO. ®
Hafitn z, u zj, eca s +y + 2z = e—(mtupts)

(Q Hettcrayem cnocobom 2 (3azaqa 11.4.33), mudbdeperumpys s1o
PaBEHCTBO CHAM&NA N0 T, 38TeM [0 ¥, CIUTad, 910 z = z(z;y).

14z, =e~ @A) —2), 1+ = em @A (_1 - 2).
Hcxoas W3 JAHHOTO YPABHEHHS, B TIOJIYHEHHBIX DABEHCTBAX 3aMe-
muM e~ T3 pg o 4y 4 2, Tlonyyaem

I+, =(x+y+2)(-1-2), l+z,=(E+y+2)(-1-2).

—-z+y+2) -1

Oncona 2, = S S

=-1,z,=-1,dz = -dr—dy. @

gl, -3—5 u dz das neasnwx Pynxyutt z = z2(x;y), onpedesremvir

CAETYIOUW UMY YPAGHEHUAMU!

11.4.35. 23 —

11.4.37.

11.4.38,

11.4.39.

11.4.40.

11.4.41.

3zyz = R 11.4.36. +y+z=¢e"

2 2 2
x 2
!
a %f C

K noeepxnoctn 22 + 2y% + 322 = 21 npoeecTH KacaTeNbHbIE TJIOC-
KOCTH, MapaJulesbHbie nAockocTy £ + 4y + 6z = (.

2 2 2
K smmuncouny Ly + %2‘ + % = 1 NpoBECTH KacaTesbHEE ILI0CKO-
a C

CTH, OTCEKAIOMME HA KOOPAMHATHEIX IJIOCKOCTAX PaBHbIE N0 BeJTH-
YMHe OTPE3KH,

Ha nopepxnoctu x? 4+ y% — 22 = 21 naitTy TOUKH, B KOTOPHIX Kaca-
TeJIbHBIE MJIOCKOCTH APAJe/bHbl KOODRIMHATHBIM TLIOCKOCTAM.

2 242 2
HMokasats, uto chepa 72 + ¥° + (z - b%) = g:;(lzl2 +c)u

2 2 2
KOHYC %2- + %2- - %2' = { xacatorcs Apyr opyra b Toukax (0: £b; c).

Hononuutenshbie 3agayun

Hattmu dz {uru dz) das dannwr dyusyuit z = 2(z;y) waw z = z(z;y;u)

ecau x = x(t), = y(t), u=ult):

11.4.42.
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z=arctg%,a:=62‘+1,y=e2‘—1.



11.4.43. z=2% 4+ 3 — 42232, 1 = %, y = &,
11.4.44. z=:ry+§, r=tgt, y=Int.

11.4.45, z= fz, z = arctg 2¢, y = arcsin .

11.4.46, z = 2:°+ =, T = 5, y=arccos2t.
T ¥

11.4.47. z=zsin(z +y), z = 213, y=(t—1)72

2
11.4.48. z = COZ-T , =In{t+2), y=tgt
2
11.4.49. z=1g %, r =cos?t, y=sin2t.

Hoxaszams, wmo ypasnenue xacemeavnodl naockocmu &, npogedennotl ¥ fon-
Hotl noseprrocmu 6 dannolt movxe Moo, yo; 20) umeem yxazarnwil cud:

2 2 2
I PR . i —_
11.4.50. Eg+%{+?-—1, (t): Bz + %83;4—?}2—1.
2 2 2
11451 & + & — 2 =1 (1): B+ Hgy_
a b ¢ a
2 2 2
11.4.52. ﬁg'-l-%z-—%?—:—l (t)I$+H{y_ = -1
2 2 2
x _z _ _
11.4.58. L+ 4, % t): o+ Yy
2 2
11.4.54. z=%+g2-, (t z+z0=§g!1¢+%%(ly_
2 2
11.4.55. zz;—ﬁg -'q%, (8): 2+ 20 = 220 x—%@y.

Yemanoeums, onpedeasem au ypaonenue F{z;y) = 0 odrosneunyo neasnyo
dyneyue y = y(x) 6 oxpecrnnocmu dannoli mowxu Mo(zo; yo):

11.4.56. F(z;y) = °y° + £3y% — 3zy + 3, Mo(L;1).

11.4.57. F(z;y) —:c(a: +y2) a(a: —y)2 Mo(0;0).

11.4.58. F(z;y) = 2® — ¢* + Toly 4 5xy? — 12, Mp(1;1).
11.4.59. F(zy) = 2% +¢° —3a:cy, My(a \/Z,a ¥2).

11.4.60. F(z;y) = 3y% + 223y + 2% — 4y — 322 - 5, Mo(—1;1).

11.4.61, F(z ,y] = 4% 4 32%y + 22y? — 4z — By, Mp(—1;1).
Ha caedpowur ypaerenull swpasums Aeno i xax GyRKYU0 om T:

11.4.62. y* — 6x2y + arctg 2zr = 0.
11.4.63. ¢+ — 202 —182% — 1 = 0.
11.4.64. tg(z?+y1) -3z -17=0.
11.4.65. 2%y' -3 —6y° +3y+ 22 =0.

11.4.66. Ypasrenne z2 + 2oy? +3y° — 5r — 122y 4 22 + 6 = 0 uMeeT peurende
To = 1,y = 2. HaliTi cKOMBKO ONHO3HAYHBIX HeABHRIX dyHKumi
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y = y{x) onpenensier ganHoe ypapHeHHe B OKPECTHOCTH Zg = 1,
CoCTaBYTE YPABHEHHS KACATE/LHbIX K DTHM KDUBbIM & COOTBET-
CTBYWOINX ToukKaX. HaliTu Takie, CKONLKO ONHO3HAYHBIX HESABHEIX
thyuxunit z = z{y) onpenenser KaHHOe YpaBHEHHe B OKPECTHOCTH
TOYKH Yo = 2.

11.4.67. Haittu %, g—;, econ z = ulnwv, roe v = %, v=z%+y>

11.4.68. Haittu dz, econ z = f(u;v), coe u = x_%l-Ly’ v=z% - 3y.

11.4.69. Hailtu %, %, ecnn z = f(u;v), rae u = In(2? — y?), v = zy?.

11.4.70. Hality dz, ecnm z = u?v — uv?, roe u = x8iny, v = ycos T.
11.4.71. Haiitu dz, ecn z = f(u;v), tae u = cos(zy), v = 2° — Ty.
11.4.72. Haiitn dz, ecmn z = f(u;v), roe u = sin %, v= \/g

Buwpasums dz vepes z, y, z, dz u dy, ecau:

11.4.73. z = ”—2'5”2, y= u? 5”2, z = uv.

11.4.74. z = /a(sinu +cosv), y=+/a(cosu—sinv), 2=1+sin{u—v).

11,475, z=u+v, y=u—-v, z=ull

11.4.76. r =ucosy, y=usiny, z=u’.

11.4.77. z=vcosu—ucosutsiny, y=vsiny—usinu—cosu, z=(u—v)%

11.4.78. Tloka3arh, 9TO KACATEJLHBIC TIOCKOCTH K IOBEPXHOCTH /T +/§ +
+ /7 = /g OTCEeRAT HA OCAX KOOPAMHAT OTPE3KH, CyMMa KOTo-
PBIX DOCTOAHHA.

Bonee cnoxsbie 3apa4qu

T+Y
11.4.79. Ilycts F(z;y) = [ f(t)dt (f(t) — nenpepmiBua). Haiitn F, F,,
dF. X
y
11.4.80. Ilycts F(z,y) = [ f(t)dt (f(t) — wenpepusua). Haittu F, F,.

xy
11.4.81. Iycrs F(z,y) = [ f(t)dt (f(¢) — nenpepmbra). Halitu dF.

Hattmu noanse duddepenyuarn dynxyuil;

11.4.82. u = f{x®y32%), roe £ = arcsin %, y=+vv?-u?, z=Inv.

11.4.83. 2z = f(z,y), rae z = usinv, y=u?

11.4.84. z = f(z? —y?, e%¥).
11.4.85. Tlokasate, 410 pYHKUNA 2 = arctg%, ez =u+v,y=1u-uv

Bz | Oz u—u
OBJIETBOPAET COOTHOIIEHHIO £= + 22 = 5 — 5,
YA P Ou + ov uc
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11.4.86. Ilokasath, uto byuknua z = f(r? + y?), roe f — nﬂd)cbepeuuu-
pyemas GbYHKINsA, VIOBJIETBOPAST COOTHOILSHHIO yg—; ay =0

11.4.87. Ilycts 4 = sinz + F(siny — sinz). [TokazaTk, yTo KakoBa Dbl HA
6p1na audpdepenuppyemas GyHKUMA F, BLHITONHASTCA PABEHCTBO

i i
cosa + COS Yy = COS X COS Y.
9z COsY y

11.4.88. Ilycre z = m [Mokasats, YTO %% + %% = fg HE3aBH-
CHMO OT TOrQ, Kakosa Audwbepenuupyemad hyerrunsa f.

11.4.89. [lokasars, uro $ysxuma z = +/|wy| HeapepusHa B Touke (0;0),
MMeeT B 3TOH Touke yacTHbie mpomssopnnie f2(0;0), f,(0;0), ro
cama ¢ynxkumsa He nuddepenumpyema B Touxe (0;0). Buiacunrs

noBefienne z, ¥ z, B okpecTHocTH Touxu (0;0).

11.4.90. Tloka3sars, uto byukuus f{z;y) = 7—2ﬂ'-=2, ecrm g =0,y=0mn
224y

F{0;0) = 0 B okpectrocty (0;0) HenpepsIBHA 1 MMEET OTPaAHKYEH-
HbI€ YaCTHBIE NPOK3BOIHbIe fi(F;Y), (T y), oaHako sTa hyHKUMS
nemngdbepennupyema s rouxe (0;0).

11.4.91. Ilokazarb, uro ¢bysxmua f{z;y) = (2 + y?)sin m, ecsin
22 +y? # 0 n f(0;0) = 0, umeer B oxpecTrOCTH TO4KH (0;0) wacT-
Hete npousponusie f, (2;y) u f,(2;y), KOTOPHIE PASPHIBHBL B TOUKE

(0; 0) 1 neorpanudeHsl B M1060H OKpecTHOCTH 9TOH Touku. Tem He

MEHee, NMOKa3aTh, YTO 3Ta GYyHKUMA DG depeHUEpYeMa B TOUYKE
(G;0).

§5. YACTHbIE NMPOU3BOAHLIE N ANDDEPEHUWANDbI
BbICLLUUX NOPAAKOB

Onpepenerne 4acTHbIX NPOM3BOAHLIX BTOPOro nopsagka

Ecnu sanana ¢yeEximus 2z = f(z;y) M BBIYHCJICHBI €¢ YaCTHLIE TPOH3-
BOIHEIE gﬁ(:c; y) u %5(1:; ¥}, TO OHH, BOODLIE TOBOPA, MOTYT OBITL TAKXKE

audrdepeHIUpyeMbIMU (DYHKIMAME ABYX HE3ABWCHMBIX MEPEMEHHEBIX & H ¥.
lIpunaTLl 0603HAYEHNA;

Oz (%) = % — BTOPAasA 4aCTHAA MPOM3IBOMHAA MO T;
Fy(gi) = 3 5 B_(gé) - %ZE — CMelmaHHble YACTHLIE MTPOH3-

BOOHEIE BTOPOTO nopﬂnKa
3% (%) g—! — BTOpas YacTHaAA [IPOU3BOAHAA NO Y.
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Teopema 11.13 {Lleapua). Ecnu cmelwaHHbIe YacTHbie NPON3BOAHBIE BTO-
poOro NOPARKA HENPEPLIBHLI, TO OHW PaBHE Mexay coGoi. [dpyrumwn cnoea-
MU, PE3YNLTAT CMEWAHHOMD andrpepeHUNpOBAHA HE 3ABNCUT OT NOpAAKa.

Auddeperyman sroporo nopagka
Bripaxenne

&z 8z
dzdy + —5dy*
020y v dy* v
HA3LIBAETCA 8MOPHM ﬂugﬁgﬁepenuumom WK OrgrpepeHUHanoM BTOPOro mno-

pAnKa AnA QyHKUHM 2.

&z = d(dz) = dﬁ +2 -

MpowuassogHbie n auddepeHynansl BbICLIMX NOPARKOS

Tlo anANOrMK MOMXHG OHPENe/HTE YACTHRIE M CMellAHHbIe IPOHIBCIHbIE
BBICITHX DOPAIKOH, YACTE KOTOPBIX, COMIacRo Teopeme Illpapua, pasubt Me-
xny coboi,

Takunm 06pazoM, UMEeM TpH Pa3JIHYHLIX TPON3BOIHLIX BTOPOrO MOPAIKA,
YeTHIpe Pa3JIMYHBIX [IPOH3IBOIHEIX TPETHEro NOpAaKa

8z 8z 9%z 8z
azr?’  8x%89y’  0xbyt’ Oy?
U Tak nanee. _

YUCno pasHBIX YACTHBLIX NPOM3BOIHBLIX NOPANKa # OT (GYHKUHHE OBYX e
pPEMEHHBIX PABHO N + 1:

"z "z "z "z Az az
0z™’ Az 19y’ Bz oy’ T Aoy Bxoy™ ! Sy

I[nd)d)epeﬂuuanbl BBICIIHX nopﬁ,mcoa ONPeNeIAIOTCH 10 AHAJIOTHH:

) 5 Fi L 8%z
= d drd
=dd'z) = ooy W St W 5
Bripaxkenue ana d”z d)opmanbno MOXKHO 3aMHCATDh B BHIE
4
dz = (3 dr + —dy) (2),

HanomuHatomeM dopmyny Gunoma HbwoToHa.

11.5.1. Ha#itu BCe 4aCTHBIE NPOMIBOOHEIE NEPBOLC, BTOPOLQ M TPETLEro

nopanka s dysxums 2z = 28 — iy — y>.

0z ., 0z 5 .
Q1 a—&r —2:1:3;,53;_ * — 3y°.
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o? 7]
2) 3—3; = 5(33:2 — 2zy) = 61 — 2y;
2
Baxgy = %(3&*2 - 2zy) = —2x;
8z a 2 2y %z 8%z
3507 ~ pz % T W) =% (B’m"“‘ O Broy T 6‘y6:r)’
5 7]
aﬁ = a—y($2 - 3y%) = —6y.
8z 8 16z a
3) @—a(@)—a(ﬁ&?—mﬂ—ﬁ,
8z 8
950y 5&(6"5 -2y =-%
8z 8
deay ~ y' 29 =0
»Fr 0
o = g =

Ou4eBHIHO, BCE MOCTSAYIOMME YACTHRIE TPOUIBOTHBIE HETBEPTOrO
NOPATKA PABHL HYJTIO
&z
Br oy (i+ji=4)
4 4 5
11.5.2. 5 Kyt z = e¥¥’ aﬁﬂ:az,—3—3z ) .
Ans dynicuunt 2 AT 9 Oy’ dr°By”
Q 1) Juddepenuupyem no x:
2
B2 _yperts i e T2 e, % =y e
e Sl L N

dz dr* 823

2) Haxonoum IOpyrue CMOIIaHHLIC NPOH3BOOHEIE;

az 8 (8% a
55y = Oy ae7) =y W) = W e dtiae
3) Manee,
Oz 8%y
drldy Oy \oz?/
= a%(yﬁe”s) = 6% + 3yPre™ =3tV (2 + yx).
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OxonuarensHo,
&= 3_2(&)
31‘23‘5;2 - 33;2 92

8 s 8%z E;] o

= 55 (7)) = g B 2+ =

= 3[59%¢ (2 + 1°2) + 3237 (2 + %) + By"ae™’] =

= 3y*e?V’[10 + 14z° + 32%°).

HyxHble 4acTHHIE MPOA3BONHLIE NOIYEPKHY THL. ®
11.5.3. Hafttu d%2, ecin 2 = arcig %
(9 1) Haxomum nepeutit muddepenunan:
dz az Y T
dr = —de 4+ —dy = — dz dy.
* = Bz +6y o+ Jr:r:2+y2 4

2) ,ELBJIGE OTHENLHO CYHTaeM BTOPEIE YaCTHLIE IIDOH3BPOOHEIE:

&z 7] ¥ _ 2zy
( ) T

8z oz _$2+y2 $2+y2)2;
ﬁzi(_ V) - oz
fxdy Oy \ X +y° (2% + y*)*’
&=2(L)=_2¢_v.
3y2 ay :172 +y2 (zZ +y2)2’

H, HAKOHell, CoCTaB/geM BTopoii muddepenunan
Pom 2Azy dz?® + (y? — 22)de dy — ry dy?

= ®
(z* +y*)*
11.5.4. Haitw d?z, ecrm z= -2, okazars, uto 2/, +22" =2
Ty x vV z-y
(Q Haxomuum d2z:
2 2
g=-—r 2= L
(= -y) {(z—y)
2 2
om B iy = - B = 2,
) (z—y) (z—y)
d2( Ty ) _ 2(y® dz? — 2zydr dy +..~:2dy2)'
-y (x —y)°
Hasnee,
4 _ 2 RY
b2 ol = 2y" —4ry+22° 2z y)3 __2 ®

(z-y°  (-y® z-y

_ Ty
11.5.5. Haittu d®z, ecru z = z47
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Q WmeeM nocsenopaTensHo (HiKe Mbl GyIeM UCIOIB3IOBATE GOP-
1 i i) 1 r 2 ’
MYJIBL: (?) = —-)47, (F) = _}.Q,; KPOMe TOr0, HeKQTophle neft-

CTBHA MBI OIIYCKaeM BBHNY TOI'Q, 4YTO nopobHLIE BCTpe4YaNiCh He-

OOHOKPATHO):
2 2
1 z.‘ = . zl = I ;
)%=y AR
2:1:3 27
%22 (z + ) (z+y) (z+y)”’
24° Y 2x?
3) dz=— de? + 4" dady — ———dy® =
i e e I Pl
_ 2(3; dz® — 2zyde dy + 2% dy® ) (g,,vd;r:—;r:dg,')2
(e +y)° (z +y)?
4) &z = 5dz® + 325 dePdy + 32 dxdy® + 2dy°.
6
&z = it [°dx® — (2zy — y?)dr’dy—

- (2zy — 2%)dzdy® + 2°dy°).
11.5.6. Haiitu d°z, ecotn z = In{z® + ¢2).
(Q Illpu pewennn 3TOro npUMepa HPMMEHWM APYroil npweMm, a

MMEHHO MCXOOUM M3 onpemenenns: d-z = d{dz). Umeem dz =
%%3;—{2 Ilpyn mocaenywomwnx audxbepeHUHpOBAHMAX NpY-

HUMaeM d ¥ dy TOCTOAHHLIME.

dzz_zi(w)dmg(m)dy:

z\ o+ B\ Z+y?
(:c +y )d;c—2x(:rd:r+ydy)
(z? +¢°)°
+2($ +y*)dy — 2y(xdm+ydy)
(#* +9%)°
=2( 23)de? — dzy dz dy + (2 —yQ)dy ®
(2% + %)

Haz darnws dynxyudl nalimu mpebyemipo vacmugno npouzeoduyoe uan dud-
depenyuan:

11.5.7. z=sinzsiny, d®z.
2
1158, =42+ 3%y + 307 -y, 2%,

2
11.5.8. 2z =2y + sin(z +y), g—w‘;.
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11.5.10.
11.5.11.
11.5.12,
11.5.13.

11.5.14,

11.5.15.
11.5.18.

-1 922
z =Intg(z +y), F5dy -

2
z=arctg 1Y 0z

l—-zy' Ozdy’
— 2 9z
z=1z"In(z +y), Brdy”

z = rsinzy + ycoszy ik
_— 3 aﬂ'.

3
z = sin(z + cosy), _3%35
z=In/z2 + 42, &z

z =cos(z +y), d*z.

Hatimu dz u d°z om caedyrouur dymnyuil:

11.5.17.

11.5.19.

11.5.21.

11.5.23.
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z=zly—ay® + 7. 11.5.18. 2z =zy — %
z = (2% + %) 11.5.20. z = (sin z)°°%¥,
z=z - 3siny. 11.5.22, z=In/22 +y.

Ona dyuxunn y(x), onpemenennoll HeApHO ypapReHweM I°y? —
—2y° + 5z — y = 0, naitu y"(0).

Q MponuddepernnpyeM TpU pasa 1o & JAHHOE YPABHEHUE C yye-
TOM TOrO, 4T0 % = y(z). [lonyyaem

32%y% + 22%yy’ —y® — Szy'y' +5 -y =0, (5.1)

6y’ + 6xlyy + 6x%yy + 22307 + 228y " — 5yt -
-5yt y' — 202 (y')? — Bayty —y" =0,

T. £.

6zy” + 1227yy + 22°(y")% + 22%y " — 104% y' —
- 20zy*(y")? - Say'y” - y" =0, (5.2)

61° + 12zyy’ + 24wy’ + 120% () + 1202y "'+
+6I2(‘y')2 +41.3 t N+GI yyrr+2$3y:yn +2z3yym_
—40°(y')? — 10y*y" — 209°(v')* — B023>(y')° — 402y°y'y"
- ay'y" ~ 202y®y'y" — Sryty™ — ' = 0. (5.3)
MoncrasuM B Jannoe ypaprenne £ = O n noryvaem y = 0. Ion-
crapaseM B (5.1) x = 0, y = 0 » Haxooum y'(0) = 5. [loncrapnaem

B (5.2) =0,y =0, ¥ (0) = 5 w vaxomum " (0) = 0. TlogcTarnseM
(53 x=0,y=0,¢(0) =5,4"(0) = 0w naxooam " (0) =0, @



11.5.24,

11.5.25,

11.5.26.

11.5.27.

11.5.28.
11.5.29.
11.5.30.
11.5.31.

Hna dyukuun y(z), onpenenenHod nessHo ypapHeHneM ye* +e¥=0
Hafitu y".

Q Ilocne nocnenopaTensupix OpyX muddepennmpopannit JaHHO-
r'0 YPaBHEHH: ¢ y4eToM ¥ = y(x) moayqaewm

ye +efy+e¥y =0, (5.4}
yhet + ety + ey + ey +e¥(y) + vy = 0. (5.5}
M3 (5.5) Haxomum

2e*y’ + ey + e¥(y')?
"o_ _
¥ = ea: -+ ey . (56)

Hs (5.4) HaxomuMm y' = —Egy—_%? H 310 nopcrasafem B (5.6):

N
-2 +efy+ev (;Fm)

e® + eV -
—2e®y(e” + e¥) + e¥y(e® + e¥)? + yle¥e™

(€ +e¥)®

Haittn ¢/, v u y" nia seasnoéi dyuknuu y = y(z), 3anauuol
HeaABHO ypabHenveM x2 —zy+ 2y +x -y = l npu z = 0, ecsm
y(O} =1.
Hafitu d°z B Touke (1;0) nna weasuolt dyuxumm z(x;y), onpeme-
nenanol ypasHenueM zz% + y3z —x% =0, ecnu #(1;0) = 1.
Hafitu d*z B touxe {1;2) nna neasnoll dbyuxumn z(x;y), onpeme-
neHHoH ypasHeHueM 2 — yz + e* = 2, ecnum 2(1;2) = 0.
Haiitr (2}, ¥''(2), ecmn 4(2) = 1 m 2% +4% +In(2? +4%) = 5+1n 5.
Hatitn ', 3", ¥, ecnm 22 + yz +¢y° = 3.
Hatitu ' u 3", ecnin y*= = z¥.
Haittu ¢ ny", ecin y®> — 322 + 22+ 3y -9 =0.
(@ Kpatkoe pemenne. 3aMeTHM, 4TO YPABHEHHE MMEET pellleHue
(zo;50) = (1;2). Mocae nepaoro Jmcbd)epeﬂunpoaauna CpaBHH-
TeJILHO NMpocTo nonyuum y' = 23T Tenepr nponuddepennu-

n

¥y =-

2y + 3
pyeM 3Ty (PYHKUHAI, KAK 9aCTHOE, OIIATE ¢ yIeToM y = y(T).

1 g3+ 3) =2 Br =)

(2y +3)° ’
a 3mech 3aMennM ' = 23:1: v T 3 Ionywaem
w32+ 3)% —4(3z — 1)
Y 2y + 3

Jna noyveHns nocnenyKiMIUX MpONSBOAHBIX MOXHO nponndde-
PEHLMPOBATH NOCAETHES PABEHCTBO, A 3aTEM NONCTABJIATh 3HAUE-
nue y'
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11.5.32,

11.5.33.
11.5.34.

11.5.35.

492

MoXXHO MATH OpDYTUM Ny TEM: YDABHEHRE

2uy' —6r+2+3y' =0 (5.1
MOXKHO Jadiee npoaudepeHuHpoBATh MHOTOKPATHO!
200" + 29" — 6+ 3" =0, (5.8)

i

'y + 20"y + 2y + 3" =0 uxa (5.9)

N3 (5.7) wano Hatty ', MOAy9eHAOE BLIPAKEHHE NOIOCTABHTD
B (5.8}, m oTciona HalTH ¥, KOTOpPOE MOKHO MOACTABATE B (5.9) M
TaK janee.

(ueBUnHO, 4TO NPOUEOYPA CYLIECTBEHHO YOPOCTHICA, €C/IH
MAET pedb O MPONIBOIHBIX B NAHHON TOYKE. ®
Hano (zy — a)® + (zy ~ b)) = R®. Haittu ', y" nna seasuofl
byuxumn y(z).

Hano r + y — e*t¥ = 0. Hailitu ¢/ (x), v"(z).

Hano 1+ zy — In(e®¥ + e~ *¥) = 0. Hatitu ¢'{x), v'(z).

Hatirn 22, 02 &z ocnn dyuxuna z(zr;y) 3anana HeABHO

az*’ Bxby’ Ay ’

ypaBHeHneM . . s
T4+ 2+ 32ty —2-9=0. {5.10)
(Q Beicme npoussomubie nnsa yHKUMI, 3a0AHHBIX HEABHO KaK
$GyHKIMA OBYX H OoJiee MepeMEHHBIX, HAXOAAT MPaKTUYECKH 1O
TeM e NPABAJIAM, YTO H [IEPBLIE MPoX3BonHbe. JaHHnoe ypabHeHHe

aucpepernupyeM nmo T (y — MOCTOSHHAS).

2z +6zz, +y— 2z, =0 (5.11}
Orciona
o= 2EYY (5.12)
1—-6z
Huddepenmupyem (5.11) mo z: 2 + 6(21)° + 6227 — 20> = 0,
CTIeNOBATENBHO, 14+ 3( )2
" = 2—x- ‘1
2z 1—62 (5 3)

Ouddepenumpyenm (5.11) noy: 62,2, +62z; +1 -2, = 0, 3Hauur,

1+ 62,2,
Z;‘y = *1__@‘3' (5-14)
Auddepenunpyenm (5.10) no y:
4y +6zz,+ 2z — 2z, =0, (5.15)
x + dy
zy = o6 (5.16)
Judbdepennupyen (5.15) mo 3 4 + 6(2;}2 + 6225 - 2,2 = 0,
CNefoBaTeNbHO,
8 ., 4+6(z)
yr = W. (517)



Jlns nonyYeHua UCKOMBIX TPOH3IBOIHBIX HEODXOIHMO B IPABBIX Ya-
ctax (5.13), (5.14) n (5.17) 3aMenuTh 2; U z; Ha COOTBETCTBYIOMME
Beipakenns us (5.12) u (5.16).
NMoncrasanem (5.12) B (5.13):
sy
w G H3GEE) L (1-62) + 302 4 y)’
<* 1-6z (1-6z2)3
TNoncrasnaem (5.12) u (5.16) 8 (5.14):
2c+ +4
= 1+6 (1—62)5_21 (1—62)° +6(2z +y)(z + 1y)
Ty 1-62 (1-62)°
Toncrasnnem (5.16) B {(5.17):

oM = 4+6(1 ﬁz)2 4(1 —62:)2 +6(;|';+4y}2
y2 1—ﬁz (1_62) .

Pz 8%z &z _ - —
11.5.36. Haitrn 922 Bxdy’ @g npur=1,y=-2,2z=1, ecnin

2+ 22 +3 5 +ay—2-9=0

(eM. mpeopAyIIyIO 330849y ).

QO IIockoaBKY COOTBETCTBYIOUINE YACTHLIE IPOH3BOMHbIE HaHme-

Hbl B [IPEOBIAYIHEM NPHMEDE, TO HALIE 3AMEYAHHE COCTOMT TOJIBKO

B TOM, YTO MCKOMBIE BeJIMYHHBI MOXHO HaliTM Kak M3 PABEHCTB

(5.12)-(5.14) u (5.16)—(5.17), TaK N K3 NOCAETHHX TPEX PABEHCTB

npensay et 3aJJ.atm B J11060M caydae, mpaz =1, y=-2,2=1

wo_ 2 1 394

umeeM z;; = —£, Zay —5 z = -1 ®
Hotimu dz u d°z, ecau z = z(z; ) — Heasnas Gynxyus, onpedessemas ypos-
HEHTRMU:

2 2 2
11.5.37. £ 2 _ 1 11.5.38. zyz=z+y+ 2
5.37 Ef+%?+?
11.5.39. §=1n§+1. 11.5.40. $+arctg—L-

Hononwutenchoie 3agaum

11.5.41., Hano z = cos(a:r + ¢¥). Haiiru i;g

= 8:'6;[ 6 2
11.5.42. Hano z = 2y . Haittn m

11.5.43. Hano u = xln(:r:y). Hafitu ﬁgg—y.

3
— 23 3 U
11.5.44. Haso u = z*siny + y° sin x. Halirn %y_(ﬁ
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11.5.45.

11.5.46.

11.5.47.

11.5.48.

11.5.49.

11.5.50.

Yz 8311'-
= ¥
Hauo u = %%, Halitn Bz0ydz

= 1 3%z
,[LaHO z=In \/(3: = u}z n (y = 9)2 . Hattrn m

6?4“1“
Wﬂ? .

Hano v = (z — z9)?(y — yo}¢. Halita

— T+ 3m+nu
Jano u —H:r " HatiTu Tl

= (22 L 42)eTHY gty
Jaro u = (z? + y%)e*¥. Halitn 3T

_ T+y+2z—TY2 8y
Hauo u = arctg T Hatitn 5z0y07"

Haitmu dufepenyunave:

11.5.51.
11.5.53.

11.5.55.

d®u, ectnu=In(z +y). 11.5.52. d'u, ecqm u = In(z"y¥z7).
d™u, ecom u = eV, 11.5.54. d*u, ecnn u = e?®Thvtes,

HoxazaTs, 4T0 n3 paBenctsa z°y? + 22 + y? — 1 = 0 caenyer, yro

dr d
+TP-—=0
;1—3:4 1 -1

Hattimu d*2 dan dymmyuti z(z;y):

11.5.56.

11.5.58.
11.5.59.

11.5.60,

11.5.61,
11.5.62.

11.5.63.

11.5.64.

11.5.65.
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I
z = (H) _ 11.5.57. z=Intg .
x it
z = Zery
BbI‘{HCJ'lHTb IEPpBLIE, BTODLIE U Tpe‘I‘bH YACTHERIC HpOHBBO,]IHbIE O

dyaxnun z = 1t + 323y — 4a?y? + Sz — v
HaiiTi 4acTHbIE NPOM3IBOOHBLIE BTOPOrO NOpANKa AMA pyHKIHH
z = e,

Ona u = sinryz nahhta ul

Tyz

Mokasate, uro dynxkoan z =In/(z — o)’ + (y —wo)?, ¥ 2z =
2 2
= arctg*g ynoBaeTBOpAIOT ypasuenuio Jlannaca g;% + gyz =0.

1
Vi - 1’0) + (y %) + (2 — 20)*
Py 8%u By _
o Tor tar "
HspecTHo, 410 2 = f(4;v), a nepeMeHHsle 4 H v ABAAICA QYHK-
OUMAMH HE3ABMCUMBIX MepeMeHHbIX T B §: 4 = u{z;y), v = v(z;y).
8%z 32 8%
8z’ oy’ Dzdy’

2 2
HaﬁTugz, aawug—y%,ecnnz_z(u v), u =% +y%, v =gy

IlokasaTh, 4TO (PYHKUAA % =

YIoBJETBOpAET ypasaenuio Jannaca T3

Onpenennth




2 v] 2
11.5.66. Haittu g—zﬁ-, BBE%; n g—yﬁ, ecmi z = z{u;v), u=x+y,v=2—1.

11.5.67. Hokaszars, uto byHkmus z = 2 f(z +y) +ye(x +y) yoosnersopaer
YDABHEHHIO
8z 5 a3z N 8z
or® “8z8y &
11.5.68. Haiitu d°z, ecru z = cos(z + 2y°).

= 0.

§6. NPOU3BOAHAA NO HANPABMIEHWIKD. TPAQUEHT
Onpegenenne Npon3sogHOR NO HANPaBAEHWVIO

YacTHele NPON3BOSHBIE g-;% H %E NpeacTaBaAIT cobolt npoHssonHbIe OT

dyukunn z = f(r;y) no AByM 4acTHBIM Hanpaeaenuam oceli Or u Oy.
Mycrs z = f(z;y) — nuddepennupyeman dbyaxuua B HexoTOopoH oba-
cte D, M(zo;y0) € D. Tlycrs I — Hekoropoe Hanpabsieane (BeKTOD ¢ Ha-
yasioM B Touke My), a & = (cosaysina} — opT aroro Hanpasaenus. [ycrs
Mz + Az;y0 + Ay) — Touka B Hanpasnennn [ o My. Ofoznaunm Ap =

— 2 2 Az _ Ay _
v Ax? + Ay?. Torma Ap coso, Ap = Sina.
> Ilpenen ornowenna

o Af o flzo+ Aziyo + Ay) — flxoiye) _ 8f,
A0 Ap = A% y: = gy roiwe)

HAIBIBAETCA TPOMIBONHON DYHKIHY [ 110 HAIPABJIEHHIO I.

CylecTBoBaHUe 3TOTO NPEOEa W BLIPAJKEHHE ero 4epes gé’ %, cos o,

Sin @ BLITEKaeT H3 Cnenynmers COoTHOIMEeHUA!

Arf _ flwe + Apcosajyo + Apsina) — f(®o; o + Apsina) cos

Ap Apcosa ot
+ f(@oiy0 + A;;;?nai — (0 %0) sinex — %i- cosq + % siney, Ap—=0.
Taxum obpaszom,
g = gcosaf+ gsina
Al ~ Oz Ay '

Teopema 11.14, [ponaeoaHan No HANPABNEHNIO, KACATENLHOMY K NMHUK
YPOBHA NoBepxHOCTW z = f(2;y), papHa Hyslo0.

495



Cnyuaii HeCKONbLKNX NepeMeHHbIX

Tlo apasorun co cayyaem YHKUAKM IBYX TIEPEMEHHBEIX MOMCHO Ofpene-
JINTH TIPOW3IBOOHYI [0 HANDABJAEHHIO 0J1A GYHKUMH TPEX NePeMeHHBIX U =
= f(z;y; ). Oxonyarencnas GbopMyna Takosa:

du If af ar

— = - Cosax+ ;- Cosf3 + = Cos

ol Oz Oy s 8z 7
rae € = (cosa; cos §;c0sy) — opT HanpabJeHus [ UM cos a, cos B, cosy —
HANPABIIAIIINE KOCHHYCHI HATIPABTEHHA [,

Teopema 11.15. MpounseogHaa No HanpaBneHnio, KICATEALHOMY K NOBEPX-
HOCTU ypoBHs thyHKuK u = f(2;y; 2), pasHa nymo.

FpapwenHT

Ipanventom byrkuan z = f(z;y) (CKaJ'IﬁpHOI‘O OJIA) HA3LIBAETCH BEK-

TOP € XOOPAMHATAMH 5-[ S‘L Obosnauenune gra.d 7= (31 g'i)

Teopema 11.16. Vimeer mecto paBeHcTso — -I = gradz Z, T.e. Npon3Boa-

Has NO HanpaeneHnio [ paBHa CKaNAPHOMY FPOV3BEREHVIO BEKTOPOB FPapn-
eHTa U OpTa HanpaeneHnA I.

—
Credcmeue. BexTop grad z B xaxk ot Touxe HanpassieH [0 HOPMAJIK K JIHHHER
YPOBHs1, IPOXOIAIIEH Yepe3 AHHYI0 TOUKY B CTOPOHY BO3pacTaHu:A GhyHKIMM,

TTpu sTom - -
max— |gra.dz| \/(%) +(%) .

Teopema 11.17. CxopocTs usmeneuus GyHKUWN f N0 HEKOTOPOMY Hanpa-
BAEHWIO | PaBHa NPOEKUMW BEKTOPA FP3AWEHTa H3 5TO Hanpaenesve, T.e.

—
%ii = np; grad f.

11.6.1. Haiitn npoussonuyro byukumn z = 2,5¢% — 5zy + 3y? + 5y B TOU-
ke A(1;2) B HanpasneHHH, cocTaBiAwmeM ¢ oceio Oz yroa 30°.
OnpepenuTe HanNpaBleHRe MAKCAMANBLHOTO pocTa jJaHuol dbyHK-
LM B JAHHOH TOYKe.
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11.8.2.

11.6.3.

32 ~ 2361

¥
_} -
grad z(1; 2) i
30°
A(1;2)
O z
Puc. 127

Q Hmeem z; = 5z — 5y, 7z, = —bx +6y +5, 2:(1;2) = -5,
2,(1;2) = 12. CnenoparesbHo, eciu 4epes | obosHauum aanHoe Ha-

npabJeHne, TO %'JL = —5¢0530°+12sin30° = —542@+6. I'pannent

bYHKUMN 1ONA B TaHHOH TOUKE HMEeT BUA gr—a.)d z(1;2)=(-5;12)=
= =5t 4 127. DTOT BeXTOp YKA3LIPAET HANpPABJEHHE, B KOTOPOM
GYHKIHA pacTer OpicTpee, YeM MO IpPYrHM HampabjaeAnaMm. Ha
puc. 127 cxemarnyecku msobpaxens! Touka A(1;2), nanpasienne [

—
¢ a = 30° u nanpassenne grad z. MakcuMaibHoe 3HAYRHHE APOU3-
sonHo#H B Touke A(1l; 2) pasHo Moays0 rpaslenTa: /5% + 122 = 13.
@
Hattru npoussontyio dyaxumn z = f(z;y) = 322 + 5y% B Touke
A(1; —1} no nanpaenexuio x Touke B(2;1).
Q Umeem AB =1=(2-1;1+1) = (1;2), |i| =5, cosa= %,

sin = :;% Torna € = (%, %) — opr HanpabsJenns [. Janee,

umeeM z; = 6z, 2y = 10y, z,(1;-1) = 6, z(1;-1) = -10, a
- =6- 713 - %52 = —%. OTpULATENBEHOCTE %
O3HAYAET, 94TC BYHKIHUA B 3TOM HANPABJIEHHH YOLIBAET. ®
HaitTn nanpapsienre MAKCHMaJIbHOTO pocta dyHKumK z = 3z +
+ zy— 232 B Touke A(2;1). HaliTn Taxxke HanGo/pluee 13 3HaYeHH
IPOM3ROMHEBIX N0 PASHBIM HAMPABJICHHAM B TOuKe A,

Q Hneem

=04y, z=r—4y, z(21)=13, z,(21)=-2.

Dz
3uaAT oF

—
'pagpent dbynxkuar z B 1anuol Touke — 310 pekTop grad z(2; 1} =
= (13; —2). DroT BeKTOP {€T0 HANpPABNEHVE) YKASLIBAET HA HANpA-
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11.6.4,

11.8.5,

11.6.6.

11.6.7.

11.6.8,

11.6.9.

498

BJIEHHE MAKCHMAJIBHOTO pocTa yHKuHY B Touke A(2; 1). HanBonn-

wee 3HaveHue npoussomuolt B A(2;1) pasno 132 +22 = /173,
®

Hanbl dynkuma z = 2 + 3y — zy, Touka A(1;1) u pexTOp @ =

= (—5;12). Haiirn

—

a) grad z(A);

0} MpOM3BOOHYIO B TOYKE A N0 HANPABIEHHIO &.

Q a) Umeem 2z, = 2z —y, 2z, = W -z, 2(1;1)

—
z,(1;1) = 8, smasm, grad 2(1;1) = (1;8).
6) Haiinem nanpassisiomue KOCHHYChl BekTopa &, |e| = 13,

cosa=—%, sina— 12 CJIE)],OBa.TeJIbHO,g =-1- 3 +8- E_T

13 13
MakcumanbHasn nponaao,m{aa e Touke A(l;1) paBHa

—

|grad 2(1;1)| = +12 + 8% = V/65, a no wanpasnesnio @ sesuay-
Ha npoHapoaHofi pabpHa 7. ®
[TocTponTs anmI0 ypopHA GyHKMMH z = 4 — 22 — %, NPOXOBAIYIO

1

—
uepez Touky A(l;1). IlocTponte grad z(1;1) n yOeauTnes, 4T0 oH
NepleHIHKYAAPEH NMOCTPOSHHON AMHNH YPOBHA.
Jna ¢yHkuEA z = arctg % NOCTPOUTE JIHHHM YPOBHA M FPaJHEHT.

CpasHATE ux Haupabneana B toukax (1;1) u (1; -1).

Hatitn nauBonbimmit poct (HaMGONLUIYIO KPYTH3HY} MOBEPXHOCTH
z = zy B Touke (4;2}.

Haiitn npowssomnyio byuxumuu z = In(e® + e¥) B HanpasieHun
Napaie/IbHOM BHCCEKTPHCE KOODAMHATHONG Yra.

Onpenenuts nponasoanyio dyukumm f{z; y; 2) = zly2+a22 +42%22
B TOUYKE A(—vlr/‘-l; _vlr/é_l; —%I—,Z) B HAMpPABJIEHHH [, COCTABJIAIOLEM C

ocamu Oz, Oy, Oz yIibl COOTBETCTBEHHO @, 3, 7, 3 TAKIKE IPAIHEHT
31Ol (PYHKUMH, €ro BE/INMHHY M HAIPABJAKLINE KOCHHYCHI.
(Q Hmeen

Of o 2 2 Of o2 o O _, oo 2

=) =) G =2l 4 o)
CrenosaTensHo,

of

S =% (¥? + 2%) cosa + 2y(z® + 2%) cos 8 + 22(y* + z°) cos Y.

B Touxe A4 3Haqetme 8! PaBHO —'ﬂ—l = cosa + o8 § + cos .
C npyroit cTOpOHEI,

N . - —
grad f = 2z(y® + 2%)i + 2y(z? + 2)j + 22(z® + ¥H)k,



—) - - - _}
agrad f(A) =i+ j+ & = (1;1;1). Cnenoeareneno, |gradf A)l =
=/I+1+1 = V3 Hanpannaromne KOCHHYCHI TDATUEHTA PAB-
Hbl COS ] = 715, cosff) = \/§’ cosy = \}5 B nanpannenun

rpagdeHTa %’%— JOCTHraeT HanGoIbIIero 3HaAMeHNA. ®

11.6.10. Haiitn rpamuent Gyukomu v = 2 + y% + 2% u ee nponssogayio B
touke A(1;1;1) B Hanpaestennn | = (cos 45°, cos 60°, cos 60°). Ho-
CTPOHMTDH TOBEPXHOCTE YPOBHS 4epes A,

11.6.11. ITocTpouts noaepxnocm_yl:;osnﬂ dbyuxmmv u = 22 +y? — 2z, a Tak-

e HAHTH H MOCTPONTL grad 4 B TOYKAX NepecedeHus OBEPXHOCTH
© =4 ¢ ocoro Ox.

§7. SKCTPEMYM @YHKLUWN ABYX NEPEMEHHbBIX
®opmyna Telnopa ana pyHKUUA ABYX NEPEeMEHHbIX

=3 Mycre 2 = f{z;y) — ¢dyuknMa, HenpepriBHAA BMECTe CO BCEMU
YACTHBIMM NPOU3ROAHBIMU A0 (n + 1)-r0 NOpANKa BRIIOUUTEIRHO B
Hekotopolt ok pecTHocTH Touku Mp{2p; yp). Torna nna moboll Tou-
KH M{zo+ Ax; yo + Ay) 2T0l OKPECTHOCTH HMEET MECTO PABEHCTBO

f(@o + Az;y0 + Ay) = f(zo;yo) + df (o w0} + “21‘5d2f(ﬂ?o;yo) +...

1
. .+Ednf(:to;yo) dﬂ+lf(5':0+8Aza y0+€Ay}} 0<d< 1

1
(n+1)!
KOTOopad Haswisaerca gopmyaot Tedropa, a nepsrie (n+ 1} cnara-
eMbIX B MpaBoit YacTH — Mmuozovaewom Tetiropa emenenu 1. Ipn
(20;y0) = (0;0) umeem dopmyny u muorownen Maxopena.

OnpegeneHue 3kcTpemyma hyHKLUUM ABYX NEepeMeHHbIX
B TOYKeE

Pacemorpum dyakuuw z = f(r;y) ABYX NepeMeHHBIX, ONPEIETIEHHYO B
HexoTopoil obnacta D.

=3 Oyaxuua f(z;y) uMeeT cTPOTHH AoKEAbHGIT MAKCUMYM {Muri-
Mmym) B TOuKe Mo(To;ye), ecyim HepaseHcTBO f(To;¥o) > flzy)
(f(zo;yo) < flz;y)) umeer mecto Bo Beex Toukax M{z;y)} # Mo
M3 HEKOTCpoH HOCTATOYHO Masol oKpecTHOCTH TOuKn M.

Bonpoc onpenefienns 3xCTPEMyMOB (MAKCUMYMOB HITH MEHHMYMOB) B He-
KOTOPBIX C/TYHAAX PemaeTca npocto, ecan f(z;y) nuddepeaunpyemas byHk-
A B OKPECTHOCTH TOYEK IKCTPEMYyMa.
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Teopema 11.18 (HeoGxogwmuie ycnosus axcrpemyma). Ecnu  fz; y)
nnddepeHunpyema B Touke (Tp;Yp) 1 MMEET 3KCTPEMYM B ITOW TOYKe, TO
ee guddepeHuvan paBeH HYN:

f;(.’.ﬂ{); yﬂ} = 0)

Havite) =0 = {f;(wo;yu) -0

= Touxa (zg;ys) HASHIBAETCA CMAYUOHGPHOT TOUKON (PYHKIHU
flz;y), ecom df (zo; o} = 0.

Ilycrs (zo;30) — cranmonapHas touka dyskmmm f{z;y). Oboapavum

_ 0 f(zo; 0 _ 8% f(@o; ) _ O flzosyo
A“Ja?_l’ B =50y ° C‘_ay!_l'

oY

Teopema 11.19 (gocratounbie ycnosus akcTpemyma).

1. Ecnmn AC - B? > 0n A <0, 10 (2o} Yo) — TOHKA MaKCUMyMa.

2. Ecm AC - B2 >0u A >0, 10 (To; Yo) — TOUKA MUHMMYMA.

3. Ecnn AC — B? <0, 70 (Zg; yo) HE ABNAETCA TOUKOM IKCTPEMYMa.

4. Ecom AC —B? = 0, 10 Touka Mo(Zo; #9) MOXeT Kak BbiTb, Tak v He BbITh
TOUKOR IKCTPEMYMa, NOITOMY TPebYeTCA AOMONHMTEALHOE NCCNEROBAHVE.

IxcTpemym chyHxyumn B obnactu

Peun upmer o Haxoxmedarn HanOOMNBIWero u (M4} HAMMEHBIIEro SHauYeHH
nanuolt dbyukuuu z = f(z;y) B 3aMxHyTOl# 06nactu D. Ilna storo caenyer
HAiTH CHAYAJIA BCE JIOKAJIBHBIE 3KCTPEMYMEI BHYTPH obnacTi D), a sareM Tak-
e HaubosbInee ¥ HAHMEHBIIOE 3HAYEHHA Ha ee rpanuue 0. B peaynbrare
CPABHUBAEM MOJIYYEHHBIE RETMYHHBI, H 33Ja4Ya 3aBEpOICHA.

HofGaBuM, 4TO Kak IpaBUJIC, FPaHHLA I} COCTONT H3 COBOXYIIHOCTH OT-
JeNBHBIX YYACTKOB, HA K&KOOM H3 KOTODHIX 3a0a4a CBOIUICA K UCCNeOoBa-
HHIO Ha 3KCTPEMYM (PYHKIHM oOHOH nepemeHHON z = ;(t), rme i — HOMep
¥HACTKa, a ¢ — He3aBHCHMAas epeMeHHaA Ha 3TOM yJacTKe, KOTOPas MOMKET
COBMACTE € ¥ WAN § WK GHITE OTOEJIEHEIM NAPAMETPOM.

YCN0BHBIA 3KCTPEMYM

Tlon yCcNOBHBIM BKCTPEMYMOM MMEETCA B BHAY MOHCK 3KCTPEMYMA HEKO-
Topolt bynkiuu z = f(z;y) npu ycnosum, yTo (I;y) yIOBAETBOPAIOT elle
HEKOTOPBIM YCJIOBHAM, HANPHMED, YpabHeHuio w(x;y) = 0.

Takad 3ajaya CBONMTCH K 3aade Ha COBIMHBIN 2KCTpeMyM aJsis HoBOH

dhyHEUMH
Fz; 1 0) = f(z;y) + Ae(z; y),
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KOTOpaA HasbipaercA dyukumeit Jarpamxa, a A — MmuoxuTens Jlarpan-
#a. 3amernM, 9to F(x;y;)) — dyHKUMA Tpex NepeMeHHbIX, & A TAKUX
dyrkuni win GyHruEi HOALIIEro YHC/ 1A NEPEMEHHEIX JOCTATOUHBIE YCIOBUSA
GOpPMYNUPYIOTCA B TEPMHHAX 3HAKOOMPENLJIEHHOCTH KBAIpATAUHON dopMBI,
cosnanaiomell co propuiM anddepeHIMaIoM paccMarpubaeMoll dYHKRIHM B
ucnbliTyemoft Touxe. Teopema 11.19 ApaAeTCcA YACTHBIM C/IYJAEM, BbIpasKa-
OLIEM 3HAKOONPEIETEHHOCTD KBAIPATHIHOH (bOPMBL ¢ OBYMA [EPEMEHHBIMH
dr n dy.

MeTtof, HawMeHbLIUX KBaQPaToB

MeTon HaUMEHBITUX KBANPATOB ARJAETCH HENOCPEACTBEHHBIM PEIYILTA-
TOM TIPUMEHEHHA HCCASHOBAHUA HA SKCTPEeMYM (YHKNUM HECKOJbKHX Mepe-
MEHHBIX H 3aK/io4aerca B ciaenyiomem. Ha nnockoctr Oy uMeeTca cucreMa
u3 n toueK {11 ), (F2;42),. .., {Tn;yn). Tpedyerca monodHpaTh HEKOTOPYIO
$yHkun ¥ = f(z), xotopas «criaxnupaaa» Obl BCE TOYKHM 3TOH CHCTEMEI,
T. €. BEJIHUUHA

(=3 () - )’
i=1

6bl1a 661 MUHMMATRHOR; (f{2;) — 1;)? — KXBPAmpaT OTKJOHEHHA OPIMHATHI
dyHKIMN f B TOUKe Z; OT OPAMHATH! JAHHOK TOYKH.

Y

\.

Puc. 128

B cnyvae, ecnin f(r) = az + b, peyr noer o noncke npAMol, KBanpaTH-
YECKOE OTKJIOHEHHE KOTopoil (puc. 128)

8(a,b) = Y (az; +b—ys)?
i=1

OT maHHOH cHCTEMbI TOYEK ObLT0 GBI MHHUMAJILHBIM.

CymuecTBoBaHME MUHEMYMA TAKOH (pYHKLHHN OYEBHIHO, NOITOMY COOTBET-
creyonme Koagdbuimentsl ¢ B b npamMoi MoxkHO HARTH, NCIONB3YH TONBKO
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HeoOXOAMMBIE YCIIOBHA SKCTPEMYMa 1A (DYHKLMH IBYX IIEPEMEHHBIX 4 U b:
n
£:5(0b) =2 ) (azi + b= ) =0,
ki3
D 520, 5) =23 (azi +b—yi) =0,
ob =1
KOTOPHIE CBOOATCA K JinHeliHo# cncTeMe

{A1a+ Bib =04,

7.1
Aga + sz = 02, ( )

Tt n 7 n
roe A] = Z:BE, B] = Z.’Ig, Cl = Z Tilfiy AQ = B] = z ry, BQ = n,
=1 =1

i=] i=1
n
Co= 3 i
i=1

11.7.1. ®ynxuaio f(x;y) = 322+ 22y — 1 NPENCTABATDL B BHIE MHOTOYJIEHA
Teitnopa no crenenam z — 1, y + 2.

(Q puanmaem £ + 0 = 1, gy = —2 ¥ NOCNEHOBATENBHO HAXOIUM:
df{1; —2) = ((6x + 2y)Ax + 2zAy)

= 2Az + 2Ay,

=1, y=-2

d? f(1; -2) = (6Az® + 4AzAy) .= 6Az% + 4AzAy.

=1, y=—
3amenun Ax = x — 1, Ay = y + 2 B Jopmyne Teiltnopa, noxyyunm
3224 2zy—1= -2+ 2(z— 1)+ 2(y+2) +3Hz—1)*+2(z - 1)y +2).
B npasoii wacTH paBeHCTBa MMeeM MHOTOWIeH Tefinopa propoil
cTenedn no crenesaM (z — 1), (y +2). L

,Haunue gﬁyﬂxuuu npeﬂcmasumb & sulde MHOZOMAEHT Teﬁnopa no CIMEenesiasm
T— Ty, ¥ — Yo

11.7.2.  flz;y) = 22% + 2y — doy® — 422 + 4% — 182y — 14z + 1Ty + 16,
Ig = 1, o = -2

11.7.3. flz;9) =22+ 22y —3zy+3y+4,20= —1, 5 = -1

11.7.4. Boruncaure npubnmxenno oyakmuio f{(r;y) = v/2? + y2 B Touke
(11,8; 5,3), ucnosne3ysa dopmyay Teitnopacn = 2.
(Q [puanmaem 1o = 12, Az = —0,2, yo = 5, Ay = 0,3. Umeem

£12;5) = 13,
A ~12.02+5-0,3
ar(12,5) = TAT 98y = 02+5:03 . 50602,
Vat+y? lazs) 13
24,2 2.2
2 f12;5) = LA~ 2yArhy + oAy ~ 0,0096.

V(x2 +y2)3 (12:5)
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Taxum obpazom, /11,82 + 5,32 ~ 13—0,0692+%‘0,0096 = 12,9356.
®

Bunucaums npubaudcennse anavenud dennnt Fynnyut ¢ mouxe (Lo, Vo),
ucnoavsyr dopmyay Tedaopa ¢ n = 2.

11.7.5.
11.7.6.

11.7.7.

f(ﬂ'.", y) = 3V T2 — y2a Tg = 5383 o= 312

flz;y) =tgx -siny, xq = 47°, yo = 28°.

Wcenenopats Ha sxcrpemys Gyrxunio f{z;y) = 4zly+24zy+9° +
+32y —6.

(Q O6nacts onpenenenus D(f) — pea naockocre Oy, f(z,y) —
naddepentupyeMa B kaxaoh rouke M (z;y) € D(f).

1. OnpenesiuM  CcTAHOHADHBIE TOYKH {ODHMEHHM TeopeMmy
11.18).

af _ -

Bz = 8zy + 24y = 0, y(z +3) =0,
%£=4$2+24$+2y+32=0 222 + 12z +y + 16 =0.
Yy

Orcrona

y=0: 22 +6x+8=0 = =z, = —4, 2, = -2,
I=_3! y=2'

Nonyuwsnu Tpm crauvoHapHsle Ttouku: M;(—4;0), Mx{(—2;0),
M 3 (—3; 2).

2. D1 ToukM uccaenyem cornacHo Teopeme 11.19 Ha nocrarou-
HOCTH yC0BuH sxcTpemyma. CHavana onpenesuM OTAEIbHO

Oy O oy
8z ¥, azdy By®

A Tenepr nniA xamAoh TOYKH BBEIMHCIIMM COOTBETCTBYIOIME (CM.
teopemy 11.19) A, B, C, onpenemiM 3naxu pestnumnn A = AC — B2
u A

a) M,(-4;0): Ay=0, By=-32+24=-8, C1=2, A,C,-B:=
= —64 < 0, 7. e. M;(—4;0) He apaseTca TOUKOH IKCTPEMYMA.

6) Ma(—2;0): A;=0, By=-16+24=8, C;=2, A:C>— B} <0,
T.e. M2(—2;0) ne apnsaerca Toukoli akcTpeMyMa.

B) M3(—3;2): A3 =16, B3 =0,C3 =2, A3Cs — B} =32> 0.
[Ipu 210M A > 0. Boison: M3(—3; 2) — Touka JIGKANBHOrO MUHU-
myMa yurumm f(z;y) ¢ fmin = f(—3;2) = -10.

Omeem. min f{z;y) = f(-3;2} = —10. ®

=2.

=8r+ 24,

Heenedosamns na axcmpemym caedyrouue dynuytiu:

11.7.8.

fz;y) =£2+$y+y2—2$—3y+5%.
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11.7.9.  f{z;y) = —-2% + zy — y? — 97 + 3y — 20. '
11.7.10. Hecnenopare Ha axcrpemyM ¢yuxume f(x;y) = sing + siny +
+ cos(z + y) BHyTpu kxBagpara {(z;¥): 0 <z <7, O <y < 7}

¥
C B
. 2
5r Ma
6 [T
My
x | M ,// E E
(3 | 1 H
i : H A
oy 7 iy 5z T X
6 2 I3
Puec. 129

Q O6nacts D onpenenenus GbyHKUnM ecTh Bea nnockocTs B2 | no
HAC WHTEPECYET TOMBKC OTKpPHITHIE kBanpat OABC (cM.puc. 129).
1. CTanmoHapHbie TOYKH ONMPENEsIMM U3 CHCTEMBI

i =cosz —sin(z +3) =0,
fy =cosy —sin(z +y) = 0.

Mocne BEIMUTAHUA APYT W3 ApPYra 3THX YPaBHEHHH noyyae

. .z
cosz—cosy = 2sin sin

r—y
2

+y_0 z—y=2mm, ne€z,
2 T+y=2mrm, me2z.

B HameM Kpafpare MOXeT UMEThb MECTO TOJILKO ycnoBue £ —y = 0
(n = 0}, a Torma, NPUCOSONHNUB K 3TOMY YPABHEHHIO NEPBOE ypab-
HEHHEe CHCTEMBI, [IOJIYJAEM DPABHOCHJIBHYIO CHCTEMY

cost —sin2zx =10 :‘c:%;z:%;z: %’I‘

TeM caMeIM, TOJYYHIM TPH CTANMOHAPHBIE TOYKH Ml(%;%),

T.T om. jm
M3(5:5) w s ().
2. HocraTounse yCi0enA.
> _ o*f
§gZ = —SnT - cos(z + ¥), 370y ~ cos(z + ),

82
—= = —siny — cos(z + y).

ay®
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11.7.11,

11.7.12,

11.7.13.

e

T. T Sm. Smy.
Haa Touex Ml(g,ﬁ) HM3( 55 % )
1
Ay = -1, BI=—§, Ci=-1, A4C-B}>0, A <0

IozTomy M) u M3 — TOYKHM MAKCUMYMA, C frmax = f(%, %) =
_‘;‘(5"rr 5“) 2. Ilnsa TouxkM M2(2-2)

A; =0, By=1, Cp=0, A,Cr-B}<0.
Tostomy M, He sABAAETCA TOYKOH SKCTpEMyMa.

Takum 06pa3om, B DAHHOM KBALPATe NaHHASA (PYHKUHA UMEET
OB TOYKH MAKCHMYMa (6 G) u (5(? 5(;") ¢ faax = % ®
Hccnenopats Ha akcrpemym dyukumio f(z;y) = sing + siny +
+ cos(z + y) e xkpagpate {(z;y): 0 <z <27, 0 <y <27}
Hecnenosars Ha axcTpemym dyukunw f(; y}=sinzsinysin{z+y)
B OTKPBITOM KBanpate {(z;y): 0 <z <7, 0 <y < x}.
Hcenenosates Ha akctpemyM byHENMIO 2(T;y), 3a0aHRYI0 HEABHO

3
ypABHEHHEM % + 2y — 2%z +2=0.

(Q Cxema uccnenoBaHMs Ta e, TOJMLKO BCE NAPaMeTPhbl IANATH
HAJO OUPEISTHTD [0 METONAM (PYHKUMH, 3ATaHHBIX HeﬂBHO

1. Heobxonumeie ycrosus. [lonoxum f(z;y; z) = — + 2y% —
-2z +z
2 2 2 _ 2
femo o %= g1 =0
fy=4y’ = z’=__y__[] =
fi=-220+1 ¥ —2zx+1
r=z,¢=—z,
= y3=09
%—+2y2—zz'£+z=0.

B Tperhefl crucreme NpEXOOHTCA NPUCOSOMHATL YPABHEHUE, ONpe-
OeNAIWES HAINY HEABHYIO GYHKUMIO,
Ycnoene y = 0 v z = r NPUBOINT HCXOSHOE YPABHEHHE K BHIY
3
% -’ +2=0,0otkymaz =0,z =:|:\/g (z::l:\/g).
¥Ycnoeue y = 0 ¥ z = —x NPUBOOMT MCXOOHOE YPABHEHUE K
3
BHAY “% -3 —z=0,0tkynaz =0.
[Nonyuaem napsr

{(z =0y =0), ($=\/§;y=0), (J:=— g;y=0).

505



Ecimz =0,y =070 z =0, f, =0, a Toria B OKPECTHOCTH
toukn (0;0) ypaBHeHHe HE ONpENENACT OAHOZHAYHYI0 (DYHKIMIO,
H 3Ta TOYKA He MOITEXKAT Hecienopannio. OcrarTes hbakTHYECKH

AR CTAMOHAPHBIE TOYKN: M, (\/g, 0) H Mg(—\/g;{))‘.

2. lnsa npopepku AOCTATOYHBIX Yeaobuit galinem BTOpHE JacT-
Hble NPOM3BOAHBIE TO NpaBuIaM IHGxbepeHUMpOBAHNA HESIBHEIX

dyHKumit:
M= (zz—;c2 )' _(2z2L —2x)(1—2x2)+(2? —2:2)(2z+2:cz:)
#T\1-222/, (1-2zz)*
v _ (22 — g2 ).f _ 222;(1 — 222} + (2% - :.|:2)2:J:z;
= 1-2z2/y (1 —2zz)° ’
"o Y o 1-2rz4y-2x
i (1—233)!;— {1 —2z2)?

IIpeobpasyem cHa4wana B OOWEM BAOE 3TH BBIPAKEHHA C YYETOM
y=0,z=1x, 2, =2,=0
2
= -2z{l - 2z°) 2z -0, 2% = 1
2 — - 2= = T o o-
¢ (1 —2z%)?2 1—22%" oy v 1—2¢7
3. Tonexo Teneps, COBCTBEHHO TOBOPA, [IEPEXOOAM K IPOBEPKE
IOCTATOUMHBIX YCJIOBHIY Ha 3KCTpEMYM.

Ml(\/g,o): A1=\/§, B =0, C =

b

AC -B2 >0,
A > 0 — MHHHMYM;
M2(_\/g,0): A2=—\/3, Bg—o C =% AEC2_B§<

< ) — aKCTpEeMyMa HET.
KcTaru, MBI 3HAYEHNE 3KCTPEMYMA SHAEM:!

3
z:m:\/;=zmm. ®

Heeaedosams na axempemym neagyo dynxywo z(x; y), onpedeaneryo dan-
HbLM YPAGHEHUEM:!

11.7.14. 2{(z? + 22} +3(2y° + 1) + 8{xz —y) — 4z = 0.
2

11.7.15. 2 +y? + 4z + % =4

11.7.16. Haitn Hambonpiiee H HaHMEHbLIUEE SHAYCHHA (YHKUHAM z =
= —10zy? + 2 + 10z + 1 B 3amxHyTOl O6nacTa D: L?—l + L%L <L
Q 1. Uccnenyem ¢dbyHKIHIO Ha JIOKAJIBHEIR 3KCTpEMyM BHYTpu D,

-1042 +2z+10 =0, z=0, T =-3,
= HITH
=—-20zy =0 y==1 y=0.

——,
woon
L R
o
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oy 9nnn Tpu CTANMOHADPHBIC TOYKH, KOTOPHIE BCE JIEXKAT B 00148~
ctu D: M1(0; 1), Mo(0; —1), Ms(-5;0).

Hpumevarue. Ilpn noncke HanboNsUIETO H HAHMEHBIIETO FHA-
yeHUl GYHKIHH B 006/1aCTH HE 00A3aTENBHO HAXOOHTh XapaKTep
TOYEK KCTPEMyMa, T.€. JOCTATOYHBIE YCJIOBUA MOXHO ONYCKaTh.
Hano naitTu 3Ha4ennsa GyHKUMHM B 9TUX CTAIMOHAPHBIX TOUKAX H
cpeny HAX BeIOHpare HanGOJBEIDEE M HAMMEHbINEE,

Hrak, ameem 2{0;1) =1, 2(0; -1} =1, 2(-5;0) = —24.

2| B

C/\A
TS—9] 9/7 :

Puc, 130

2. Hecnenyem <&yHkumic Ha rpanmune 8D ofnactu D
1%| + |%| = 1 — npencraenser coboit pom6 ABCD (cum. puc. 130).

3ameruM, uto z(y) = z(—y), T.e. GYHKUNA NIPUHAMAET OOMHE-
KOBbIE 3HAMEHHA B TOuKaX (z;y) U B Toukax {(z; —y) (MmeeM uer-
HOCTH o nepemenHott y). OTcona cnenyer BLIBON O AOCTATOUHOCTH
paccMoTpenns rpannesl ABC pouba ARCD.

Onun 13 criocobor mannreitmero necnenoranns Takoii. Cocra-
BHUM ypabueHus a4 AB n BC, nopcrasnM ux B z, nony4yum $yHk-
LMK ONHOH MepeMeHHOH, KOTOpHIE UCCTIENYEM Ha SKCTPEMYM.

Apyro#t cnocob — 310 ycnosmbilt axcrpeMyM. Ha oTpeske
AR paccmoTtpumM niepsbilt ciocof, T. e. 0GpIuHBIH 3KCTPEMYM, a HA
BC' — ycnoBHBIH 3KCTPEMYM.

a) YpasHenne orpeska AB — sTtoy = 2 — 2—1, 0z g7

TMoncraensaem ero B BeipaxeHne Hamel ¢yHKUARN

2
z= —10:1:y2+x2+10$+1=—10x(2— 2—‘"’) +e2+10c+1=

7
_ 80 , 40 4 _ 40 5 87 2
= —40z+ Tx 49$ +2*+10x+1 = 49x +—= =T —-30z+1.
Hudpdepenimpyem:
,_ 120 22 174
z = 49 + 7 r—30=0,
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OTCIOOA T = (%i %) . 147%, T = % — HE NPUHAAJIEXHT OTPE3KY

0;7), 22 = T = 1.4.

HaMm HeoDA3aTensHO 3HATH, YTO 3TO 33 TOYKA — MAKCHMyMa
HJIH MHHEMYMa. Berancamum z(%) Iockonexy npu ¢ = 1,4 nony-
yaeMm y = 2 — 27"” = 1,6, T0 JOCTATOYHO BBHIMHC/IHTE

2(x;y) = 2(1,4;16) = —10-14-1,6° + 147 +10- 14 + 1 =
=-3584+196+14+1= —18,88.

Otnensno cuntaem z(A4) 1 z(B), T.e. 2(7;0) = 120, 2(0;2) =1.
6) Ha BC 3altmemca ycioBHbIM 3kcTpeMyMoM. [lockonbky
ypaeHeHue npamoit BC — a10 — % + % =1, TO COCTABHM (DYHKLIHIO

Jlarpanxa:

I

Flz;yA) = —10zy® + 72 + 10z + 1 + A( 7

y

y_ 1).
t3
Hwem crauMoHapHbIE TOYKH 3T0H $yHKUMN:

Fl=-1042+20+10—- 2 =0, x7

7
F;=—20xy+%=o, X2
f— T ¥ _ 1=
Fi=-%2+¥-1=0

IlepBoe ypaBHeHMe YMHOMXHM Ha 7, BTOpOe — Ha 2 M CJIOHKHM pe-
3YJILTATEl. DTHM HCKJIOYHM OAPAMETP A H3 CHCTEMBI:

—70y% — 40zy + 14 + 70 = 0,
T = 222 -7

Henocpencrsennolt ofcTaHOBKOM NPHXOAAM K YPABHEHHIO, KOTO-
poe nocsie cokpamennit umeer sua 30y%—47y+4 = 0. Orciona naxo-
OUM § = %’— Cpasy nonyunm touka (y, = 1,5, z, = —1,75),
(_'9'2 = 0,1, I = —6,65), T. €. M](—1,75;1,5), Mz(—ﬁ,ﬁs; U,l)
Peaynprtare! BeryacaeHnit snavennii pyuxuun B My, My n C
TakoBsll z{M)) & —25,935, z(My) = —22,9, z(C) = 20.
CpaBHUBAA BCE MOJIYYEHHBIE BEJIMUMHBI, MPUXOOHM K BRIBOAY:

HauGonbiee 3nawenne GyHKUuY B D, T e (m&)).xD Flzy) =
BRI

= f(7;0) = 120, a nanmenbmee 3HaveHue, T.e. min f(x;y) =
{z;y)eD

= f(-5;0) = —24. o



Hattmu nouboavuuee © Haumenbitee anavenue dannus dynxyut z = f(z;y)
8 JauKBiT JaMEnyMbE obaccmaz D:

11.7.17. z =22 +3*, D: pomb 3|z| + 4|y| < 12.

11.7.18. z=zy+zx+y, D'kpagparl €252, 2y <3

11.7.19. z=1-z22—y?, D:ixpyr(z -1+ (y-1D?< L

11.7.20. Hana cucTema ToUeK, KQOPARHATHI KOTOPHIX YKasaHbl B Tabaune,
YUCIIO TOHeK 7t = 6.

zi-1|0]|1] 2 |3 4
y| 0121335345

TpebyeTca NeCTPONTE NPAMYIO ¢ YDABHEHAEM ¥ = aT + b Tak, 9To-
6Bl OHA OTJIMYANTACE KAK MOXHO MEHLINE OT NAHHON CHCTEMBI TOYEK
B CMBICJIE HAUMEHBIIHX KBAAPATOR.

(Q OueBnano, 4To TOYKM C HAHHBIMH KOODAMHATAMM HE MOLYT
ObITh pPacnofioKeHbl Ha OnHON npamoit, a MOCTPOUTE NPAMYIO Kak
Bbl «CIVIAKMBAWLIYIO» HTH TOYKH, MOXHO. Hnsa storo pocraroy-
HO PENIMTE CHCTEMY YPABHEHUH, MPHBESEHAYIO B COOTBETCTBYIOWEH
TeopeTH4eckoit yactn. dnA ymobcTea pacqeTob CTPOHM pabo4uyio

TabJIHIy.

Ne I Yi 93;2 iy | Xy +b | az;+ b—y; (Mi+b—yg)2
1 -1 0 1 0 0,81 0,81 0,6561

2 ] 210 0 1,55 -0,45 0,2025

3 1 3 1 3 2,29 0,711 0,5041

4 2 35| 4 7 3,03 —0,47 0,2209

5 3 319 9 3,77 0,77 0,5929

6 4 45116 | 18 4,51 0,01 0,001

3 9 i6 | 31| 37 2,1766

Ao, Bi | Co | AL Gy

Mepesiit cronben 0603HaAYAET HOMEP N0 NOPAIKY JATMCH TOUYEK (KO-
opaubar). U3 cymMm cTonbuos npu z;, ¥, T2, T;y; COCTARJIAOTCA
k03dduuments cucremnl (7.1) 4514 onpenesieHns napaMerpoe ¢ u b
npaMolt ¥ = az + b. Cucrema umeer Bum:

3la +9b =37,
9a + 6b = 16.
Pemnm ee Metogem onpenennreneit:
31 ¢ 37 9 31 37
A= 9 6 =105, A; = 16 6|—78, Ag_‘g 16|_163’
_ 4 78 _ Ay 163
=D = =074, b=F =2 =135

Hekomoee ypasuenne y = 0,74z + 1,55,
509



3amenanue. B cronbue ar; + b BEIYNCTIEHB] OPOAMHATHI TO4EK
noayveHHofi npaAMofi npM TaHHBIX 3HaYeHusx abcuucc. CpaBHEHHE
aTore ¢cToabua co cToabuoM 3HaueHuil y; NMOKA3LIBAET, UTO YACTh
AaHHLIX TOYEK HAXONUTCA mon npaMoli, Ipyrad uacTh — HaJ Hel.
Pasnocts az; + b— y; HA3KIBAETCA OTKJIOHEHHEM ODINHATHL NpAMORH)
OT OpAMHATHI NAHHOH TovkM, a (ez; + b — yi)2 — KBaIparT 3TOro
OTKJIoHEHHA. DTo oboanayeHo B nocnexneM cronbue. CyMma Kpa-
IpaToB OTKJIOHeHus oD03HAYEHA B MOcjenHeH cTpoke MmocJenHerc
cronbua 62 = 2,1766, a ecyu 3Ty CYMMY NONEINTb HA 72 = 6, TO
MIONTYYHM «CPEIHEee KBAIDATUYECKOe OTKJIOHEHHE» UpAMOH oT cH-
CTEMBbI TOYEK, T.€. CPEOHEe OTKJIOHEHWE, KOTOPOE NPHXOAUTCA HA
ONHY TOUKY:

2 2
82, = % - 2,1;’66 ~ 0,36, bcp= 1/% =0,6.

Hssaeuenne KOpPHA 0O3HAYAeT, YTO cpeqnee OTKJIOHEHHEe OOJLKHO
HIMEDATRCA B €IHHHIIAX T JIHHBI. ®

Hocmpoums ne memody naumenvwur xeadpamos npamyw y = ar + b dan
darnotll cucmemst TOYER U CUYEHUMD £e cPpedree Keadpamunecxoe omricHeue
Om IMOYU CUCTREMBL!

11.7.21.

11.7.22.

z] 05101 120] 25 {30

y1062]164]37]|502]6,04

z|1(2] 3| 5
y[(314]25]05

OdononHurenuwHLie 3aga4vn

Hatimu emayuonapreie mouxy u uccaedosame Ha IRcmpemym darnne PHyrn-

Yy

11.7.23.
11.7.24.
11.7.25.

11.7.286.

11.7.27.
11.7.28.
11.7.29.
11.7.30.
11.7.31.
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flz:y) = —22 + 2y — y®> — 9y + 6z — 35.
f(z;y) = 622 — Tzy + 2y + 6z — 3y.
flz;y) = 42® — 5oy + 3y* — 9z — 8y.
3 2
flz;y) = _xg_ —zy® + 3-:2— — 3y —2x +y* + 3y.
Flzy) = 22% + 248 — 362y + 10.
flz;y) = 142 + 2723 — 692 — 54y.
fzy) =5t +y* — 222 + 4oy — 2%
floy) =’y (12 -2 - ).
f(zy) = 2° + ¢ — 61y — 39z + 18y + 20.



Han Garnnur dynsyud 2(T;y) HAMU RRUDOADULEE U HEUMEHDILEE IHANEHUR
8 aeMrrymott ofaacmu D:

11.7.32. z =% —zy+ 2y + 3z + 2y + 1, D — samknyThil#l TPEYTONBLHHUK,
OTPAHHIEHEbI# OCAMM KOOPORHAT W npAMoll T + y = —5.

11.7.33. z = 2% +y*—6x+4y+2, D — npamoyronesux ABCD ¢ pepmunuamvy
A(4;-3), B(4;2), C(L;2), D(1;-3).

Heenedoaams na sxempesmym Pynxyuu 2(r; y), sadarnnse neaeno ypeenenu-
AMU!

11.7.34. 2?2 +zyz—ay? — 2% = 0.
11.7.35. 2?2 +4° 4+ 22 - 20 +2y—42-10=0.
11.7.36. 2° -y -3z +4y +22+z2-8=0.

Heenedosams Ha yeaoenwti axempemym dynxyuu:

11.7.37. z=¢€"¥ npu ycnobun z + gy = 1.

11.7.38. z = %+% npu £ +y = 2a (¢ > 0).

11.7.39. z=zympu a? +y* = 1.

11.7.40. z = 6 ~ 42 ~ 3y npu ycaosun z° + y? = 1.

11.7.41. V3 BCceX NpAMOYTOJbHBIX TApPaNIeNeNUIeAos, UMEIOUEX NaHHbIH
ob6bem V', HallTH TOT, NOMHAA NOBEPXHOCTh KOTOPOTO HAMMEHBIIAA.

11.7.42, Ilpu kaknx pasMepax OTKpPBITad NpPAMOYTOJAbHAA BaHHA o0bema V
HMEeT HAHMEHBIIYIO [OBEPXHOCTD

11.7.43. HaliTn npamoyroneHuIl napasiienenunesn ¢ JaHHOH IVIOMWALB0 1o~
BEPXHOCTH S, BMeromui nanGopuuit obbem.

11.7.44. Yepe: touky M{a;b;c) npoBecTH MIOCKOCTH, OOPA3YIOILYIO ¢ KO-
OPHMHATHEIMM [JIOCKOCTAMH TETPA3Ap HaRMeHbIIEro obbemMa.

11.7.45. B »anunconn BIMCATHL NPAMOYTONbHBIH Tapannenennnen Hantob-
uero odbeMa.

11.7.48. HaifitTs nawGonbuiee smauensne bynkumu f(z;y;2) = z°y%2? na
cepe z° + y* + 22 = R2.

KOHTPOJIbHAA PABOTA
Bapuwant 1

2
1. Ha#itu nonuniit audpdepenunan Gpyskuuu z = cos? %;_y_

- ¥
2. Ina bysxuum 2 = vV, rge u = arccos /2y, v = arcsin(z — y), naliTn

YaCcTHBIE IPOH3BOAHbIE gz g—;

3. Nloxaszars, yro cbymcuna z = ar

csin
:z:3z 3{82; 2 9z
¥y Oz to ay? 2 3+y3_

(::cy) YOOBAETBOPAET YPABHEHHIO
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7,02

Beruucaurh npubimkenHo arctg 507
1

Haiitn ypapHenue xacarensHON NA0CKOCTH ¥ HOPMATM K MOBEPXHOCTH
zly + 2)(zy — 2) + 8 = 0 B TouKe (2;1;3).

Hafiti HaubGonkllee ¥ HAMMEHBILEE IHAYCHUA NPOM3BOAHOH NO Hampa-
Brenmio dyuxkmun f(z,y) = 322 — 6zy + v° B Touke My (%, %)

Ha anaunce 22 + 4y? = 4 nanpl ABe TOUKE A(—\/ﬁ; %) H (1; Jzﬁ) Ha

BTOM K€ IIMICE HAWTH TAKYIO TPeThio TouKy C, 4TOBLI TpeyroJIbHAK
ABC nmen HanboNBLIIYIO IIOWALL (IVIOLIANEL TPEYTOJIBHAKA BEPA3ATH
4Yepes KOOPANHATHI €10 BepUIRH).

BapuanT 2

1.

2.

. Beraucnants npubauskeHHo B3MeHeHNe GYHKOHNE 2 = T

Haitru nostasitt gudbdpepeniman pyxaunu u(z,y, z)=i':§‘1 In(2%+5%+22%).

Ha#ttu sacrHBle TpOA3IBOAHBE g—; L %; dbynruun z = %, ecyn

u = arctg ./ry, v = %

Haditi 9acTHEIE NPOM3BOAHDIE % " % HesaBHOH (pyHKUMM 2 = z(Z;Yy),

2
onpenensiemolt ypasnenuem z tg{z +y + z) ~ Ez& = (.

2 —ry+y°, ecnn

T M3MeHsAeTcA ot 2 1o 2,15, a y uaMendAerca ot 1 go 1,25,

. CocTaBuTh YpaphneHie KacaTeJIbHOH TJIOCKOCTH K NOBEPXHOCTH £ =

= 4z — gy + y° napasnensHoli mrockocT 4z +y + 2z + 9 =0.

[Tokazatk, uyTo QyHKINA z = tgy + % YOOBJICTBOPAET YPABHCHUID

9 & 0z 9z

202 _ Pz 0z 0z
Ay* Tor Yoy T

z
Az’

y 0.

7. Haitru npamoyronbubill mapannenenunes ¢ AIHHOH IRArOHATH DABHOH

d, umeromeit Hanbonbnh ofbem.

Bapmanr 3

1.

512

Haitry wacTusle u noanoe npupamenue byuxkmun f(x,y) = 3z? + zy -
—y? + 1 B Touke My(1;2) npn Az = 0,15, Ay = —0,25.



T+ 4

.Haﬁm%,ecnuz:e v ,ay=cCos" T

. JokazaTh, uro pyHKIMS 2 = xy+ - f (%) YOOBJETBOPAET YPABHEHUID

z:g—;+yg§=zy+z.

4. TlokasaThb, 4TO NOBEPXHOCTU T° —2y—8z+2+5=0uz+2y—Inz+4 =0
HMEIOT OBIYI0 KACATE/IbHYIO IMIOCKOCTE B Touke Mp(2; —3;1).
5. Hality Toukn paspeiBa QYHKUHN z = tE T - CtE Y.
6. CocTaBuThL ypaBHEHHE KacaTe/TbHOW MIOCKOCTH H HOPMAaM K MOBEpDX-
nocts 222 4 3y? 4 522 = 10 B Touxe Mo(-1;1; -1).
7. Ha snnunce 4z° + 36y? = 9 Haiitn Touku HauGONee U HAUMEHee yna-
neHHBIe OT TipAMoit 4x + 9y = 25.
Bapuanrt 4
1. Hatitu pasnocts Au — du ans ysxuun v = z°y® B Touxe {2;1) npu
Az = 0,15, Ay = —0,18.
2. Haiftn % " % ana veasHoH byuxuuu z = z(z,y), onpemensemoli
2, .2
ypasHeHueMm arctg(zz) + %L =0.
3. Nokazark, 4ro QyHrIMA u = e*¥* ynOBJIETBOpAECT YPAPHEHHIO
By - %u o du w=0
61dydz  YOgdy Bz
4. Haftryt npoussonny:o dbynaxkumn 2z = 2% + 323y +92%y —8zy?+5y° b Touxe
(1;1) mo manparneruto x touxe (2;2). Hafitu taxxe HanpaeseHus, no
KOTOPBIM a—f NPUHEMAET 3HAYCHMA: HAHOOJBWee, HAMMeHbIIee, DABHOE
HYJTIO.
5. B i +”2
. BorynconTs npepen lim .
2304 - 2y + 16
6. COCTABHTb ypaBHEHME HODMAJIH K MOBepXHOCTH 4% — 22 + 6y — 2% = 4,
NapaJI/IeNIbHOMH TpAMOH % = 3_5_2_ = %
7. B nonymap paguyca E = 10 BoMcaTs NpAMOYTrONBHBIH Dapasanenenn-

nen, HanboIbmero 06LeMa.

Q

33 -2361



OTBEThbI

Maea 1. Marpuub n onpegenutenn

§ 1. Onepaywm Hap mMaTpyLaMK

2—- A -1 2 -7 =9 10
1.1.2. 5 -3-AX 3 .1,1.3.1 22 11 -23].
-1 0 ~2—A -12 -6 40

29 -10 -3 -8
1.1.4. (28 2 3 13)‘1.1.6.AB=(5 2),BA=(29 '22).

17 1 10 20 7o 31 24
12 0 -6 9 3
4 0 -2 3 1
1.1.7. AB=(31),BA=|-4 0 2 -3 -1
20 0 -10 15 5

8 0 -4 6 2
1.1.8.AB=(" 0),BA=(20 40).1.1.9.AB=BA=(1 ").

00 =10 -20 01
10 14 6 95

1.1.10. AB — ue cymecreyer, BA=| 4 4 ). 1,1.12. .
1 -9 a -70

0 8 -6 8 0 0
1.1.13. (j; _1122) 1114, | 6 1 -13).1.1.15. [0 4 0].
~20 1 27 0 0 4

1.1.16. Her. 1117, Her 1.1.18. [Ja. 1.1.19. Her. 1.1.22. (3 _25)

0
123 0
1 -3 5 r_ {2 46 0| o,
1.1.23. (0 ; _1).1.1.24.AA =283 o ara=qo.
0000
5 -3 6
1125 447=[-3 9 6 ,ATA=(1‘; ;3)
6 6 20

17 -2 21 -1

1.1.26. 44 ‘(4 43)’AA‘ 2 -3 26 -2

-1 7 -2 10

2 3 =2 2 3 -2 3
1.1.30. [0 -7 8§ |.1.1.831. 10 -7 8 —5}.
0 0 0 0 0 0 0

Si4



/1 -3 1 13 1 -2 1 1
0 10 -10 -30 0 & -1 -28
B e S e I
\0 0 0 0 0 0 0 0
/11 1 1 1 7 1 -2 1 1 -1
0 -1 -2 -2 -6 -23 0 5 -3 -3 3
1134090 0 0o o o o "M o 0 -3 -3 3
\0 0 0 0 0 0 0 0 0 -45 45
3 4 0 0 0 2-A 3
vase (3 4) 1nan (89 O wnse (230 2 )

4 22 -29 47 -20 -7 8
1.1.39. |64 -7 -33 4 }.1.1.40.| 28 19 -6].

-5 18 27
2 3 -3 -4
v an= (2 %) 5= (3 7))

5 -10 15 0
_ _{-3 6 -9 0

1142 AB=(-1),BA= "y ¢ T |
1 -2 3 0

1.1.43. AB= (;), BA — me cywecreyer.

4 2 -3
1.1.44.AB=(‘14 ”) BA=[-9 -15 3.
17 23 -5

2 -9 14 ~18 -2 16
1.1.45. AB = 53 -22 -11),BA=|-13 -13 -5].
—-18 19 —-32 -18 -9 =21
1.1.46. A(BC) = (AB)C = (_1133
1.1.48. A(BC) = (AB)C=(3 -17 —68 38).
33

-18 1 n 11
1.1.49. A(BC) = (AB)C = | ~,- |. 1.1.50. (0 1).1.1.51. 00
00

2 5

1
0].
0

'88). 1.1.47. A(BC) = (AB)C = (1 3)‘

31
a2

00 1 0 00 o 0
1,1.52. 4=|0 0 0|, 4A"=[0 0 0],n >3 1.1.53. (0 6).
0 0 0 0 0 0

21 —60 18 -20 -102 105
1.1.54. (0 o1 ) 1.1.55. (30 _2). 1.1.58. ( 2 _32)‘

0o 0 -3 -2 60 -6
1.1.57. (3 -3 1 ) 1.1.58. ( 60 -18 44 )

0 -12 -3 M 23 -63

5 0 4 —-100 -236 145
1.1.59. [3 3 3).1.1.60. | 38 251 —79) .

0 0 9 —44 3 —59
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1.1.61.
1.1.62,

1.1.63.

1.1.64.

1.1.85.

1.1.88.

1.1.87.

AB =

1.1.68,

1.1.69.

1.1.72.

1.1.73.

1.1.74.

1.1.75.

1.1.78.

1.1.77.

ai6

He komMMyTHpYIOT

He xommyTupyior

He xommyTupyor

He xoMMyTHDPYIOT

Kommytupyior: AB = BA =

—30 36

—42
He xomMytHpyoT: AB= | —66 81 -96
—102 126 —150

He xoMMyTHDYHT:

-10 -26 30
46 4 -6
70 —44 -38

] 72 30

Kommytupyior: AB=FBA = ( 0o -3

AATz(
AAT=(

5 -7
-7 83
-6 -21

9 0 0
0 4 0
0 0 2

14 32
2 7
30 122

-1 4 -5
: AB = (—32 9 —25) #BA= (
—30 22 -59
ax 0 0 O
0 b3 0 0
0 0 ey 0
0 0 0 dd

: AB — marpuna 1x1, BA — marpuna 3x3.
Cam_ (-1 1 {4 5
an= (D Y pmas (5

o {12 -13 _ (-8 0
.AB~(0 _8);&BA_(4 12).

-1 4 )
8§ 11 25 ).

-30 22 -39

—38 —46 —54

—-14 —16 -18
#BA=|-26 —31 36

—26 -8 -30 T2
112 —20 -38 -—44
0| FBA= 12 6 u
-8 -2 30 -26
-3 ¢ 0
0.
0 0 -3
3 -4 ;
5 1 }.11.71
7 2 3
4
r 10 14
ATA (14 20)
12 3 4
2 4 6 8
3 6 9 12
4 8 12 16
-6 26 9 -29
21}, ATAa=| 9 30 -33
21 -20 -33 53
0 0
9 0].
0 25
_ 25 0 0
,ATA=]0 4 0].
0 0 9
50 66 78 90
122 |, ATA=[78 93 108).
194 90 108 126

70
46
-10

).

)_



L 2 3 2 -1 5 1 -2 3 1
1.1.78. (0 5 _6).1.1.79. 0 3 1).11.80. |0 8 -13 -1].
0 0 0 ¢ 0 0 0

/1 2 3 -1 8 1 -1 5 -3 4
0 -5 -10 5 -15 6 3 -12 3 3
vaen [0 P 00 0 Phaase g 3 233
\0 0 0 o0 O 0 0 0 0 0
N1 -1 0 4 1 5 3 -10
0 —4 —4 -4 -5 0 —16 -8 40
1183 1o 9 o o 20| ¥ |g o 40 40
\6 0 0 0 0 6 0 0 0
oy (b
1.1.85. (0 5 2 |.1.1.88.
PO 0 0 12 2
o 0 o0 28

1

¢ -2 -6 -1 -2
0 ¢ 0 7 1
0 0 0 0 0
1.1.91. Ja. 1.1.92. Ta. 1.1.93. Ja. 1.1.94. A. 1.1.95. Ha. 1.1.96. [a.
1.1.97. Ha. 1.1,98. Bepuo, eciin AB = BA. 1.1.99. Bepuo, ecomm AB = BA.
1.1.100. Her. 1.1.101. Ha. 1.1.102, Her. 1.1.103. Her.

1.1.104. B npouzseneunn AB NOMEHAKTCA MECTAMH i-A H j-A CTPOKH.

1.1.87. . 1.1.88. Her. 1.1.89, Her. 1.1.90. Ta.

1.1.105. B npoussenenny AB x i-#f cTpoxe npubapuTcs j-a CTpoKa,
YMHOXEHHAS HA .

1.1.108. B nponspeneann AB nomenswTca MmectaMmn i u j-# cronbumt.
1.1.107. B npoussenennn AB k i-My cromouy npubapurca j-it cronben,
YMHOXK€EHHBIH Ha c.

1.1.108. (a b ), roe a® + be = 1. 1.1,109. (a b ), rae a® + be = 0.
¢ —-a c -a

1 n € 3 .. 7
01 » ¢ ... C°t
n—2 o
1:1.110 0 0 1 n ... CF  1.1.111. (C?Sna smna)
. . . 510 T CO8 Ny

00 0 0 ... 1
1.1.112. 4= (.2 b
R ATALEE a+1,58)

§ 2. Onpepenutenu

1.2.2. 2. 1.2.3. 0. 1.2.4. 0. 1.2.5. ad — be. 1.2.6. 1. 1.2.7. ;;,;. 1.2.8. 13.

1.2.9. 1 2. 1.2.10. 1; 5. 1.2.11. (2 -3). 1.2.12. B2, +Z + mn, n € Z.1.2.14. 0.

1.2.15. 40. 1.2.18. —12. 1,2.17, 1. 1.2.18. 20. 1.2.19. 6. 1.2.21. -6.
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1.2.22, —zyz. 1.2.23. 0. 1,2.26, —8. 1.2.27. 0. 1.2.28. 3. 1.2.29. 4.
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1.2.66. 5. 1.2.87. 1; —%. 1.2.88. (2;-1). 1.2,69. (-1;2). 1.2.70. 7"5—73, neZ.
1.2.71. 1. 1.2.72. 1. 1,2.73. —87. 1.2.74. 3abc — (a® + b* +%). 1.2.75. o8.
1.2.76. 2. 1.2.77. —2cosccos cosy. 1.2,78, 0. 1.2.79. 14. 1.2.80. —14.
1,2,81. 27. 1.2.B2, xyz. 1.2.88, cosex — cos # — cosy. 1.2.84. 2.

1.2.85. (—oo;—35—6]. 1.2.86. —3; 2. 1.2.87. 1. 1.2.88. (—v/23; V23).

1.2.89. Yxazauue. PaccMOTpeTh TDH ONPEOESIMTENA, MOMYYEHHEIX H3 HCXOLHOTO
NpM BRIYMMTAHNM, COOTBETCTBEHHO, U3 NepBoll CTPOEW — BTOpoH, 13 BTopoli
cTpoxu — Tperbel, w3 TpeTbell crpoxn — meppoft. 1.2.92. 0. 1.2.93. 0.
1.2.94. —zyzuv. 1.2.95. 60. 1.2.96. 22 — 8D + ¢+ 5d. 1,2.97. —6. 1.2.98. 150.

1.2.989, 5. 1.2.100. {-2)"'. 1.2.101. (—l)n_(ﬂﬁﬂl.

1.2.102. (z —ay)(z —az2)...(z—an). 1.2.108. 0. 1.2.104. (ag+a1+---+ax}-z".
1.2.105. (-1 + (-1 L + (-1 201024+ @182 - @n-2— @182 - @n_1 +
+ @181 @n—18n.

1.2.106. 9 — 271 1.2,107. Her. 1.2.108. Enunuunas ¥ HyJlepas MATPHIHL
1.2.109. (i [1}) " ((1) g) 1.2.110. Ha. 1.2.111. Ja. 1.2.112. [1a.

1.2.113, Her. 1.2.114. n- det A. 1,2.115. Her. 1.2.118. He nzMmerurca.

1.2.117. YMuomurcs ma (—1)"7 1. 1.2.118. (CL)2 +{(C2y2 +---+(C2 )2+ (CH)2
1.2.118. C} - CL +C2-CL +- -+ CR™' - CH™' 4+ C? - CR {(npn n € m).
1.2.120. Ha. 1.2.121. Ja. 1.2.122. (1 —anz)(1 —a2z) X - X (1 — @npt).
1.2.123. 0. 1.2.124. ¥xesanue. JliobBo#t MuHOp 2-r¢ NopsaAka MDHHUMAET OOHO M3
Tpex suadenudt {—2; 0; 2}. 1.2.125. ¥xasanue. JuCKpPUMMHAHT XBAAPATHOTO
ypasuenns papen {¢ — ¢)® + 4b%. 1.2.128. Vxasanue. [TpuBanums x I-My cronbuy
onpenenuTensa 1-H crosben, ymuoxennsi wa 100, w 2-i cronbenu, ymuoxenHuIl
Ha 10. 1.2.127. He uamenntca. 1,2,128. 5- 2771 — 4.3 1,

§ 3. Paur marpiys

1.3.2. 2. 1.3.3. 3. 1.3.4. 3. 1.3.5. 3. 1.3.6. 3. 1.3.7. 4. 1.3.9. 3; |4].

1 -2 1
1310.2 2 3 1sa1.2 0 2l isiz.3ls 2 3l 1sas.2 |l 3
4 5 3 2 2 5
5 -2 4
1 3 -1
1.314.3, |2 -1 4| 1.3.15. r=3npu A= 2, r=4npu A # 2.
7 7 1 3 3
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18.18. r=2mpu A=3,r =3 mpr A #3. 1.3.17. 2. 1.3.18. 3. 1.3.19. 3.
3 1

1.3.20. 3. 1.3.21. 2. 1.3.22. 2. 1.3.23. 2, |4 :3‘ 1.3.24. 3; |4].
9 1 1 -2 3 1 -2 1
1.3.25. 2; ‘1 1 ’ 1.3.26.3; 10 1 -1}.1.3.27.3;[2 1 -1f.
1 3 1] 3 -2 -1
1.3.28. 2; ﬁ _11| 1.3.29. r=3npu A=3, r=4npu A # 3.

1,330, r=2npu A=0,r =3 npu A #£0.

1.331.r=1npu A=1,+r=3 npu A # 1. 1.8.82. Jla; HeT, ner. 1.3.33. r; r; (.
1.3.34. He uamenurca. 1.3.35. Moxer ve uaMEHHTLCH WAM YBEJIMYHTHECA Ha 1.
1.3.36. MoxeT He N3MEHHTBCA WIIM YMEHBIIHTLCA Ha 1.

1.3.37. Yxazanue. Bocnonb30BaThC PABEHCTROM Uijlir = a1jUk, ¥V i, 7, k, 1.
1.3.88. r{4 & B) € r1 + r». 1.3.39. He uamenurcs.

1.3.40. ¥xasanue. Mcnosssoeats sanaydy 1.3.37. 1.3.41. n. 1.3.42. n.
1.3.47.n - 1.

§ 4. ObpatHan mavpuua. MaTtpuwdHeie ypasHeHus

(1 0 0 (1/3 2/3  2/3 -4 3 -2
142. [0 0 1).1.43.|2/3 1/3 -2/3|.1.44.[-8 6 -5].
010 2/3 -2/3 1/3 -7 5 —4)
-1 2 -1 2/3  -5/12 —1/12
1.4.5. (—2 1 0 ) 1.4.8. (—1/3 7/12 —1;12).
-3 -1 2 -1/3 1/12  5/12

/19 -1/19  -3/19
1.4,7. A~! He cymecTayer. 1.4.8, { 9/19 10/19 11719 |.
—13/19 -25/19 —18/19

3 -2 -2 1 - -z
1.4.10. (_1 1)‘1.4.11. (3f2 _1’,2)‘1.4.12. (_y I).

3 -1 -1 3 0 -1
1.4.13. A™! ne cymecreyer. 1.4.15. [ -1 1 0 }.1406.| 2 1 0 |.
-1 0 1 -4 -1 1

4/3 7/3  -5/3
1.4.17. | -2/3 -1/6 1/3 |.1.4.18. A~! ne cymecrsyer.
1/3 -2/3 1/3

-1/6 —1/5 —61/60 23/60

/3 3/10  11/15  —11/30

~1/6 0 /12 1/12
0 -1/10 -1/20  3/20

1.4.19. . 1.4.20. A™! He cymecTnyer.
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Ll == =a L e
oo
== s Y =

1 0 0
-1 1 0
1 -1 1
1-4-22. -1 1 -1 .
(1" (=)™ (=) (=1t L -1 1

1-11 -1... (1)~ 1 ¢ 0 0 0
n—2 -1 1 0 0 0
01 -1 1 ... (-1
0 0 1 1 1n—3 0 -1 1 0 0
1.4.23. -1 ... (-1 . 1.4.24. _
i o 0 o0 1 0
00 0 0 1 0 0 0 11
1 -1 0 1) n n—-1 n-2 ... 1
0 1 -1 0 n—-1 n-1 n-2 ... 1
1.4.25. 0 0 1 0 . 1.4.28. n—-2 n—-2 n-2 ... 1
0 0 o ... 1 1 1 1 R |

-33 22 2 -2
1.4.29. ( 1 3). 1.4.30. (1 2) 1.4.31. X ne cymectByet. 1.4.32, (1 3 )

200 —-1% 13 6
1.4.33. | -1 13 -10].1.4.34. | -5 |- 1.4.35. X se cymecTByer.

7
-8 5 -4 -3

-2 4 -1 0 0 -3 2 3
1.4.36. | -1 -1).1.437.1 0 0 21.1438. | 0 1 2].
-1 6 0o 05 0 -4 3 &

-1 -1/3 2/3 11/41  6/41  —4/41
0 -2/3 1/3 ) 1.4.40. (—5;41 1/41  13/41 )
1 1/2 -1/2

1.4.39.
14/41 —11/41 —20/41

—7/104 1/52 31/104

1

1

0

-19/60 1/4  1/5 -13/60
-7/3 2 -1/3

1.4.44.(5/3 -1 —1/3)‘1,4,45. 3/490  1/8 -1/10 1/40)

1/8 1/4 -1/8 311
1.4.41. A7! ne cymecrayer. 1.4.42, 1/26 2/13 3726 |.1.4.438. (1 0
1 l

11/60 -1/4 1/5  17/60

-1 23/60 -1/4 1 /10 11/60
1 0 0 0 0
o 1 0 0 0 0
a’® -a 1 0 0 0
1.4.46. | 3 g2 . ! P
(ma) (=)' (=a)* % (-a)"® ... -a 1
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1 —a 0 0 0 1 -2 1 0] g 0
0 1 -a 0 0 1 -2 1 0 0
0 1 0 o 0 1 -2 0 0
1.4.47. e . 1.4.48. . :
; 00 0 0 1 -2
0 0 0 0 1 0 0 0 0 0 1
2—-n 1 1 . 1
1 2—-n 1 - 1
1 1 1 2-a ... 1 0 0
1.4.49. o1 . . ‘ ' . . 1.4.50. (0 0).
1 1 1 ... 2—n
4 3 t
1.4.51, . 1.4.52. X He cywectsyer. 1.4.53. .
-5 -4 2-1
_ o0 1/3 158/7
1.4.54. (_Z ?) 1.4.55. (542 }) 1.4.56. |0 1 0 }.1.457. {-16/7).
30 0 -11/7
-1/7 47 1
1.458. | 2/7 -1/7 -1].1.4.59. a) Ma. 6) [a.
47 -1 -1

1.4.60. Yxaasgnue. BocnonnsopaTnca onpeneneHHeM oOPATHOR MaTPHLE.
1.4.61, a) Ja. 6) Her. 8) Oda. r) Her. a) da. e} Ha.

1.4.62. a) Het. 6) Hert. B) Ja. r} Ha. 1.4.63. Ha.

1.4.64. a) Her. 6} Her. B) Her 1.4.65. a) Ja. 6) Ha.

1.4.66, a) Oa. 6) Her B) Her. r} Ja.

1.4.67. a) Ja, ecau |A| # 0. 6) Her. p) Her. r} Her.

1.4.68. a) ITomenawrca mecrams -1t ¥ j-# cronbunt (i-a u j-a CTpovKH).

6) i-# croaben (cTpoka) yMHomﬁTcz Ha A~ B) U j-ro cronbua (crpokm)
BHuTETCA i-# cTosben (cTpoka), ymuoxenubif Ha A.

1.4.69. Vxasenue. Ipu |A| # 0 ymHOKRTS 00 4acTH YPARHEHHS HA MATPHIY

A~ 1.4.70. Vxasawue. Bocnonpacparbea sagaveit 1.4.61 1).

111 ... 1
0 1 1 ... 1
1.471. |0 0 1 U, 1.4.72. Yrasanue. (E — AYE+ A +--- + AF1).
¢ 0 0 ... 1
E, -A
1.4.73. 0 E 1.4.75. ¥rasanue. Bocnons3aoparnea 3agavamu 1.4.61 1)

n 1.4.68a). 1.4.77. ¥xazanue. Bocnons3zosareca 3amayedt 1.4.76.
Ecnr 4 = A, E, A2, To ogno us pemenntt X = A;'ET A7,
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Fnaea 2. Cucremel nuHelHbIx ypaBHeHnii

§ 1. Uccnepgopanve cucTem nHUHERHLIX ypaBrenuii. Teopema
Kponexepa—Kanennw. Merop Maycca

2.1.5. Cuctema copPMecTHa H onpenenenna; oee pemenne (0. p.} = 4acTHoe
pewrenne (4.p.) (1;2). 2.1.6. Hecobmectna. 2.1.7. CoBMeCTHA H HEONPEIL/ICHHA,
o.p. (t+ 1;t); 2.p. (1;0). 2.1,8. CoBMeCTHA ¥ HEONPEILIEHHA; 0. D.

(3~ t1 — t2;41;82); w.p. (3;0;0). 2.1.9. Hecoemectna, 2,1.10. CopmecTHa u
HeonpeneneHna; o.p. {(—3&;¢;5t); 4. p. (0;0,0). 2,1.11. ComMecTHA H ONPENESICHHE,;
0.p. = w.p. (0;0;0). 2,1,12. CoBMeCTHA H ONpelJesieHHa; 0.p. = 4. p. {2;3;5).
2.1.13. CoemecTHa ¥ onpelenenHa; o.p. = 4.p. {(,5;1). 2.1.14. CoemecTHa U
HeonpeneneHHa; o. p. (—3; 4,5 + 1); <.p. (0;0;1). 2.1.15. HecosmecTna.

2.1.16. CosmecTna ¥ Heonpenenenna; o.p. (2 + £, — t2;3 — 26, + f2;41;¢2); €. p.
(2;2;1;1). 2.1,17, CoBMECTHA M HEONPEOELJIEHHA; O. P

(£1;82;5 — BEy +dt2;—3;1 + 28 — t2); w.p. (0;0;5; —3;1). 2.1.18. CosmecTHa ¥
OnpefeseHHa; 0. p. = 4.p. {(3;0; —5; 11). 2.1.19. CobmecTHA 4 HEOTpENEIEHHA;
o.p. {1 + 2ty + t2 — s 8131 825 83); 9. p. (1;0;1;0;0). 2.1.20. Cosmecrna o
HeOnpene enna; 0. p. (¢3¢ — 13; -7;0); 4. p. (1;-10; -7;0). 2.1.22. CosmecTHa H
HeompeneneHHa; o.p. (n— 1 —t2 — ... —th_1i stz s bam1); 9. pe (3 0;0;...50).
2.1.23. HecopmecTHa, 2.1.24. CoBmecTHa UM ONpeneneHHa; 0. p. = 4. p.

(?l3—2_+nl; 1;2,3...;n— 1)‘ 2.1.25. CoBMecTHA M ONpefeneHta; 0. p. = 1. p.

(7;0;0;...;0). 2.1.27. [Ipu nw6oM X\ CHCTEMA COBMECTHA M OMPENeNeHHa; 0. P. =
€.p. (0,25X + 2;0,54 — 4). 2.1.28. IIpu A = —4 cHcTeMa HECOBMECTHA; NIpH A = 4
CHCTEMA COBMECTHA M HEOUPENeTeHHa, 0.p. (3 — 26,4), w.p. (3;0); upu A #£ —4,

A # 4 cucTema cOBMECTHA A ONPeTENeHHA, 0.p. = Y. p. ()\1_-34’ ,\Gﬁ)

2.1.29. IIpy A = 2 cHcTeMa COBMECTHA M HeompemeseHHa, 0.p. {5 + t1 — 2ta;#1;t2),
u.p. (6;1;0); opr A # 2 cHcTema COBMECTHA U HeONMpeneneHHa, o.p. (0; 2t — 5;t),
w.p. {0; —5;0). 2.1.30. lpu )\ # 8 cuctema COBMECTHA M OMPEOEIIEHHA, 0. ). = 1. .
(3;-1;0); upu A = 8 cHCTEMA COBMECTHA W HEONPENEJIEHHA, 0. p. (3 + 2¢; —1 —¢; ),
4.p. (3;-1;0). 2.1.31. IIpu A =0 unu A = —3 cHCTEMA HECOBMECTHa; npH A # 0,
A # —3 cucTeMa COBMECTHA ¥ ONPETE/IEHHA, O.p. = L. D.

22 22-1 AP
(z\()\+3)’ 3O F3) 30+ 3 ) 2.1.32. HecoBmecTHA.

2.1.33. CoBmecTHA H HEOUPEOEICHHA,; 0. P. (é - %t; t); 4. p. (%, 0).

3
2.1.34. Hecormecrna. 2.1.35. Copmectna ¥ meonpeaenenna; o. p. (1 +£v/3;8); 4.p.
(1;0). 2.1.36. CoBMeCTHA M OMpeNesieHHa; o.p. = 4.p. (—1;2). 2.1.37. CormecTHA
H onpeneneHHa; o.p. = 4.p. (2; —1;3). 2.1.38. HecopmecTHa. 2.1.38. CoBMecTHA
M oIpenesienna; o. p. = 4. p. {0;0;0). 2.1.40. CobMeCTHA ¥ HEONPEILNEHHA; 0. .
(11#; 28, 7¢) 4. p. (11;2; 7). 2.1.41. CoBMecTHA H ONpPeNeSeHHa; 0.P. = 4. p.

(2; —2;3). 2.1.42. CobpMeCcTHA ¥ HEONPEOneaeHHA: 0. P (M'tl;tz); *p.

2v5
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{—1; —1;2). 2.1.43. HeonpegenexHa; o. p. (l_—‘itsl;tz;tl;tz; 1) 2 p. (—-1;1;0;1).

2.1.44. Onpenenenna; o.p. = w. p. (1;—-1;0;1). 2.1.45. Onpenenesua; 0.p. = 4.p.
{1;2; —4; -3). 2,1.46. Heonpenesienna; o.p. {i1;42;13; 19 — 3¢, — 2£9; —34) 4. p.
(1;8;13; 0, —34). 2.1.47. Hecobmectna. 2.1.48. Heonpenenenna; o. p.

{1—2t, —3t2— ... —ntn_1;t1;t2;... tn_1). 2.1.49, HecosmecTna.

2.1.50. Onpenesnenta; o0.p. = 1. p. (M; ~{n~-1);...;-3;—-% —1)‘

2.1.51. Qupenenenta; o.p. = <.p. (2;1:1;...;1). 2.1.52, Onpegenenda; o.p. =
9.p. (=1;1;1;...;1;2). 2.1.58. [Ipu A # —2 cucTeMa COBMECTHA H ONpEOEICHHA,
0.p. =49.p. (1;2— X); opd A = —2 cHCTeMa COBMECTHA H HEOHpeNeneHHa; 0. .

(0,5t — 1:¢), w.p. (—1;0). 2.1.54, IIpu A = 2 ciHCTeMa HeCOBMECTHA; MPH A = —2
CHCTEMA COBMECTHA H HeompemeytenHa, 0. p. (—2¢ — 1;¢), w.p. (—1;0); mpu X # 2,

A # —2 CHCTeMA COBMECTHA M ONPENEIEHHA, 0.p. = 4. . (%, ﬁ)

2.1.55. TIpu X = -2 cucTeMa HeCOBMECTHA; NpH A = 2 COBMECTHA H
HeonpeneneHHa, o. p. (2t + 1;¢) €. p. (1;0); npu A # X2 cHcTeMa COBMECTHA U
onpefeneHHa, 0.p. = 4. p.(%_i_?; - ﬁ) 2.1.56. IIpu nwbom A cucrema
COBMECTHA ¥ HEONpenetenna; o.p. (30 — 2h — 218,96 + A — 12; 1), <. p.

(30 — 2 A —12:0). 2.1.57. IIpr A = —2 cucTeMa HeCOBMECTHa; IIPH A = 1 cHcTeMa
COBMECTHA ¥ HEOIPEIenenna, o.p. {3 — &) — to;ty;t2), ©.p. (2;0;1); upu A # -2,

A # 1 cHcTemMa COBMECTHA H ONPENESICHHA, 0. = 4.P. (2 _?_ XD _?_ 3 i /\).

2,1.58, IIpw ) = —3 cHCcTEMa HECOBMECTHA, NPH A = 1 ¢CHCTEMa COBMECTHE H
HeompenenenHa, o0.p. (4 — #) — t2 — ta; t1;ta;83), wp. (L, ;1) npu A # =3, A £1

CHCTEMA COBMECTHA H ONPEACSTICHHS, 0. P. = 4. P. (3 i 13 _;1_ 3 3 i 3 3 _"4_ /\).
2.1.59. He wamenutca wnd cyaurca. 2.1.60. Moxer crats coBMecTnolt wnm
ocTarbca HecoemectHol. 2.1.61, Marpuut He 06A3aTeTbHO PABHBL; PAHIH MATPHIL
paennt. 2.1.62. [Ja. 2.1.63. Na; neogunoponnsie. 2.1.64. Muoxectso pewrennit —
BCE BOIMOXKHbIE HAGOpE 3HA4YeHnit nepemennmx. 2.1.85. Taknx cucrem ne
cymecreyer. 2.1.66. Ha. 2.1.67. a) Ha. 6) Ha. B) [da. r) Her. 2.1.68. [a; Her;
mer. 2.1.71. B mofiom pemenny 1, = 0. Ecin pasusl vy 110 kosdpuuuenTs npu
BCEX HeHIBECTHRIX, KpOome 1 H & (i # 1), To #; = const B m0boM peuleHnM, Bce
OCTAJIbHEIE HEW3BeCTHRIE ¥; (§ # 1,7) MOryT npuaamMaTs /1100ke 3navenud. Eem
He paPHEI HYJIIO K03pOUIHEHTH IPH £, Ti, £; (1, {, § — TpH pA3HHIX YHCIA), TO
BCE HEM3BECTHHIE, KPOME T MOTYT NPHHHEMATE J0GEE 3Havenws. 2.1.72. k-if
cronbel He ApAETCA JuHeHOlM KoMGUHALNEH OCTANLHBIX CTOIGLOB MATDUIEED
cucremspl. 2,.1.73. k-#f cTonGen apnaerca aunelnod kombuHanmel ocTanbHLIX
cronfiop pacmMpedHo#t matpunsr cucremer. 2.1.75. {1;4;0,5).

Vrasenue. IlposorapudpMupoeaTh JIEBBIE ¥ NPABHIEC YACTH BCEX YPaPHeHHIE.

Bt -a? gl -0 _a’4b =
2.1.76. r = e N oY ,E= >ab .
f{d) - I fld)
2,1.78.x = ; i
TE-f @ T @-nfm T {d-af (9"
flzy=(z~-a)(z-b)(z—¢). 2.1.79. Ecmu D = abe—a—b—c+ 2 # 0, 10 ciicTema
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nMeeT eAMHCTBEHHOE PEeIIEHNE T = %(D + 2b + 2¢ — 2bc - 2),

y=Ilj(D+2a+2c—2ac—2),z=%(D+2a+2b—2ab—2). Ecnu D = 0 u Bee

4yMcaa a, b, ¢ He pasnnt 1, To cucTeMa HecobmecTHa. Ecmu D=0na=b=c=1,
TO obluee penleHHe HMeeT BUA & = 1 —y — z, Te y M 2 — CBOGOAHLIE HEHIRECTHHE,
Ecmu D = Q u gpa u3 uncern a, b n ¢ paBHH 1, a TpeThbe — He PABHO, HATTPHMED,

@ #b=ec=1, To obmee pemense umeer BUA 5 = 1, ¥y = —z, roe z — ceofiomHoe
Heu3pecTHOe.

§ 2. Pewsenve CHETEM NUHENHBIX YPAaRHEHNH C NOMOWLI0 0BPaTHON MaTpULbL!.
Popmynst Kpamepa

2.2.4. (—3;1). 2.2.5. (v3;4). 2.2.6. (—b; —%a) npu ab # 0; HEBO3IMOXKHO PEnNIMTh

npH ab = 0. 2.2.7. (f;fi — gzb; a&f; — g'cfl) npu ad — bc # 0; HEBOBMOKHO PEUTATH

npu ad — be = 0. 2.2,8. (-2;2;1). 2.2.9. (1;2; —3). 2.2.10. HepoamMOKHO PENINTh.
_3.3 _e+1 1 (a+1)? :

2.2.11. (—3;3;0). 2.2.12. ( atl 1442 ) npu A # 1, A # 2;

HeBOIMOMKHO pemMTh mpu A = 1 wnm A = 2. 2.2.13. (—2;0;1; -1).

2.2.14. (2, -3;2; -1). 2.2.15. (0;0;0;0). 2.2.16. a = -1, b=3,c = 2.

2.2.17. ¢ = =2, b= 3, ¢ = 2. 2.2.18. (2; -3). 2.2.18. (2V5; 2).

2a+1. a+4 1 . 1 .
2.2.20. (m, m) 2.2.21. (m, m) mpH & —_;é :tb, HEBO3IMOKHO

PeWRTL OpH e = +b. 2.2.22. (-1;1;3). 2.2.23. (2; —3; 2). 2.2.24. HepoamoxHo
pemnTs. 2.2.25, (—4;1;2).

22.26. (=%t e ety =gesy) e Dl +2) £ 6
HeBoaMoEHO pewnTs npa b{a — 1)(a + 2) = 0. 2,2.27. (0;0; 0;0).
2.2.28. (—1;1;2;,-2). 2,2.29. (3; -2;0;1). 2.2.30. a= -1, b= -3, c=5.
2.2.31.a=-1,b=2,c=3. 2,2.32, Her. 2.2.33. Ha. 2.2.34. Her. 2.2.35. [a;
Her. 2.2.36. ¥Yxaszenue. anwcars paznoxenne onpesesurenel D; mo i-my

. _ fib
crombuy, 1 =1,2,...,n 2,.2.837. 1; = m},m rae
flz)=(z—a)(x—az)...(zr —as). 2.2.38. CTA"'B,rne C, n B —
BEKTOP-CTONOLB, COCTABJIEHHBIE COOTBETCTBEHHO M3 uncen {c;} u {b;}.

§ 3. OpgviopogHbIe 1 HEOQHOPOOHLIE CUCTEMLI IMHERHBIX YPaBHEHWA

2.3.4. Obmee pewenwe (0; 0); dyHIaMENTANILHOR CHCTEMB! peLueHMlt HeT.

2.8.5. (=8}, (—1;1). 2.3.6. (3t;2t), (3; ). 2.3.7. (;4; 1), (0;1; 1), 2.8.8. (V3t; 1),
(v3;1). 2.8.9. (£ 2¢), (1;2). 2.3.10. (¢2 — t1;¢1;t2), (—1;1;0), {1;0;1).

2.3.11. (t; -2t ¢), (1; —-2;1). 2.3.12, Ofmee pemenwe (0;0;0;0; 0, 0);
dyagameHTANEHON ciCTeME pemreHuit HeT. 2.8.13. (2t — 3tg;t1;t2), (2;1;0);
(—3;0;1). 2.3.14. (t1;t2;22 — 281), (1,0; -2); (0;1;1). 2.3.15. O6wee pemenne
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(0;0; 0); dynaaMeHTaTBHON CHCTEMB] penieHHi Het.

2.3.16. (851 — Tta; —641 + Bta; b3 t2), (8;~6;1;0); (—7,5;0;1).

2.3.17. (=2¢;74,0,9¢), (—2;7;0;9). 2.3.18. (—34, — 5to; 241 + 3t2; 61; 0; b2),
{=3;2;1;0;0); (—3;3;0;0;1}. 2.3.19. IIpn A = 6 ofwee pemenue (7i; 2¢; 3t),
dyunameHTanbHan cuctema peutenutt (7;2; 3). [lpu A # —6 ofee pemenwe

(0; 0;0); dynsamenTaasholl cucTeMul pemenuit ner. 2.3.20. IIpu A = 2 obiee
peutenue (¢ 0; —2t), dbyunamentansHan cucrema pemernti (1;0;—2). [Ipu A = —4
obutee pemenue (5¢; —24¢; —4t), dynnameHTaTbHAA CHCTEMA peuleHN#H

(5; —24; —4). TIpu X # 2, A # —4 obuee pemenne (0;0; 0); dynaamMenTanbHOM’
cucremsl pemenutt ver. 2.3.22. a) @, u dp; 6) B2; B) 0.p. ooH. cucT. (2t; —t);

0.p. HeonH. cHeT. {28 — 2;3 — ) mam (24, 2 — t). 2.3.23. a) Cncrema HECOBMECTHA,
6} B3; 8} 0.p. oau. cuet. (13¢;2¢; 7t). 2.3.24. a) @) u as; 6) B: w Hy;

B} 0.p. omm. cHet. (15 Ea; 81 + t2) wome (281 — £y; —t1 + 282,41 + £2); 0.p. HEOmH. CHCT.
(L4+&; 1+t 1+t +62) mmm {1+ 28 —d2;1 —#1 + 282, 1 + 1 + t2) wom

(1;1 4+ d2;t1 + t2) o (28 — d251 — &1 + 2581 + £2). 2.3.25. a) &1, dg, da; B) Ba;
B} 0.p. onu. cuct. (3¢;0; 4, 0); o.p. meoan. cuer. (3t — 1; —2; 48 + 1, 2) umm

(3t 4+ 2; —2;4¢ + 5; 2) unm (3¢ — 4; -2;4¢ — 3;2). 2.3.26. (¢;2t); (1;2).

2.3.27. (+/3;1); (v/3;1). 2.3.28. (0;0); byHiameHTANBHOR CHCTEMDB] PEITEHUH HeT.
2.3.29. (—24;4); (—2;1). 2.3.30. (1 + 23613 42); {1;1;0); (L; 05 1).

2.3.31. (t; 7t; =5¢); (1;7; —5). 2.3.32. (0; 0; 0); dbyHaaMeRTAIEHON CHCTEMEL
pemrenntt wer. 2.3.33. (¢; —t;1); (1;—1;1). 2.8.34. (261 — 3t2;1;12); (21, 0);
(—3;0;1). 2.3.35. (;3¢;5¢); (1;3;5). 2.8.36. (t1 — f2; 81 — #3581 825 83); (1;1;1;0;0);
(—-1;0;0; 1;0); (0; -1, 0,0 1). 2.3.37. (0;0;0,0); dbyHnamenTanwHo# cucTeMEI
pemenuit wer. 2.3.38. (2t, + 2a; t1; ~5ta; Th2); (25 1;0;0); (2;0; —5; 7).

2.3.39. (0;#1 — 20; 341 0; 3¢2); (0; 1; 3;0; 0); (0;—2;0,0; 3). 2.8.40. [Ipn a = —1
obmee pemenue {—5¢;¢; 3), dbynnamenrtannuas cicrema pemenwtt (—5;1;3). IIpu
a # —1 o6mee pemenwue {0;0; 0) dpynaaMeHTAILHON CHCTEMEL peuleHR Het
2.3.41. IIpu A = 3 obwee pewenue (2¢; + 5tz; 3ty — 3ta, TH; Tia),
dyunamentansuan cucrema pemenntt (2;3;7;0), (5; =3;0; 7). pu A = 3 obmee
pewenne (5¢; -3¢ 0; 7t), dbyngamentansHasa cucrema pewenytt (5; -3;0; 7).
2.3.42. Her; na; na. 2.3.43. Ha. 2.3.44. [Ta; ner, ver. 2.3.45. Her; na.

2.3.46. Her; ma. 2.3.47. da. 2.3.48. Ha; wer. 2.3.49. Her. 2.3.50. Ja — y
onpegeneHHolt cncremel. 2.3.51. a) [da. 6) Her. 2.3.52. Her. 2.3.53. Her; na.
2.3.54. Ilpu m > n — uuvero, npy m £ 7 — GYHIAMEHTAILHAL CHCTEMA
pelleHuil CONEPXUT He MEHee OfIHOTO pelreHnA (3Tech m — HUCT0 yPaBHeHHH,

7t — YUC/I0 HEN3BECTHLIX cHcTembl). 2.3.55. Muoxecteo pemenuft nepaoi
CHCTEMBI COOEPXMT MHOKECTRO pemenwl BTopolt cHereMbr.

2.3.56. 01 +az+ - +an=1.2.3.57. e = ad — be.

Mnasa 3. BexropHan anreGpa
§ 1. Bextopnt. NMludedvnie onepaupn hag Humu. Pasnoxenne eextopos

3.1.4. Ta. d = —v/32 8.1.5. (—00;0) U (1;00). 8.1.6. (—o0; —1) U (0;2). 3.1.7. 22.
3.1.8. 13; 13. 3.1.9. AB = 3@ — b; BC = 2b - 3a. 3.1.10. BD = 2b — 2a;
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E—sb % 8.1.21. z = y = z = +/3. 8.1.22. 45°. 3.1.23. a = —2.
3.1.24, igf” =2; 8 onny. 3.1.25.d = a + b — & 3.1.26, (0;1;0). 3.1.27. (7;0)
(~1;0). 8.1.28. 7. 3.1.29. —48] + 45] — 36k. 3.1.30. 0 =2, § = ~1,

DA=-1B0.81.32. 0~ 5 —p; -G p~ & §+G 24 24 - . 3.1.34. VIT; 7.
3.1.35. 27 — 27; 27 4 27; 3@ + 7; 27 ~ A. 8.1.37. 0. 8.1.88. & = ~2a + 2b.
3.1.39. —12i — 217 + 12k. 8.1.40. —5i + 107 + 10%. 3.1.41. 1) (72— 73—;0)
2)( 11, )3) —27 4) 6. 8.1.42. 7| — 72 + 7. 3.1.44. (—4; 4:4/2). 3.1.45. T;
(2:3; ﬁ). 3.1.46. 15. 3.1.47. R = {23,173}; a & 18°; A = 27°. 3.1.48. 54°;

TTT
7,7 mfc. 3.1.49. [Fi| = 10v/3 (H); |F3| = 20v/3 (H).

n i _ Sm+ 37435
3.1.50. OM = —%_0A+ —11_0B.3.1.53. |; -2 3.1.54. Zm+ dn+ 35
3.1.55. 2c+ 6. 8.0.56. 5 = 3i + 37+ WE 3.1.57. 1) (@,5) — octpeu;

2) {@,b) — Tynoit: 3) ooHHAXORO HATpARIEHEL 4} NPOTUBONOMCKEO HANPABJIEHBL
3.1.58. BekTop cyMMBI HE MIMEHHTCH [I0 MOLYJII0, HO SYOET MOBEPHYT HA TOT Xe
yroa. 3,1.59. a) B03MOXHO, €OHHCTEEHHOE; 6} BO3MOXHO egUHCTBEHHOE; B) 0, 1
UJIH 2 pelreHys B 3ABUCHMOCTH OT mMoay.neit cnaraemerx. 3.1.60. Ay = A2 =0, ecan
E=0; A =0 #0,ecmu &b A £0; A2 =0, ecnun é || @& 3.1L.61. Ja.

3.1.62. Oa. 3.1.63. Her.

§ 2. Cxanaprioe npovasegeHwe pexTopoB

3.2.2. V13. 8.2.3. V73. 3.2.6. §. 3.2.7. —%i + %5-1- gk 3.2.9. —4.

3.2.10. a) —3; 6) 26. 3.2.11. 5. 3.2.13. —1,5. 3.2.14. 7. 3.2.15. 2i — 3;.
3.2.18. (2;4; —6). 3.2.19. a) 3; 6) =~ 77°; B} &~ 0,7; r) 1. 8.2.20. 20.

3.2.21. 2 (en. pab.). 3.2.22. —5. 3.2.23. a) 3; 3; V2; 6) = 76°; & 76°; = 27°;
B) 7 50°. 3.2.24. ~ 122°; = 37°; ~ 74°. 3.2.26. 3. 3.2.27. —1.

3.2.28. 2,a.rocosg~£,a.rccos‘/_ 8.2.20. -13. 3.2.30. 60°. 3.2.31. T

3.2.32. ¢ = (1;0; -1) mm c=( ) 3.2.34. 8 + 87 + 7k. 3.2.35. 5.

333

3.2.37. IlmockocTh, NepneH Ik y.IApHAA X OCH BeKTOpa 4. 3.2.38. ¢ = arccos

3
2
3.2.41. Her 3.2.44. @ || &, b Lan b L & 3.2.45. Her. Her Ha. 3.2.46. Her
3.2.47. Her. 3.2.48. a) [a; 6} Her, T.x. u3a 2-ro # l-oe; B) la.

§ 3. BexToprioe npon3peaeHne BeKTOpOs

3.3.2. (5;1,7). 8.3.3. (10;10;10); 10+/3. 3.3.4. v/3; 5v/3. 336.3@‘

3.3.7. 18v/Z. 3.3.8. 50v/Z. 8.83.10. —10¢ + 137 + 11%; o = 120°; 8 = 49°; v = 56°.
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3.3.11. [M] = 15; coﬁcr—g,cosﬂ—-~ ccusqr:—%. 3.3.12. a) 3; 6) 2(a x &);

B) 34i — 77 + 26%. 3.3.13. YosoeHHAA NIOWALL NAPALIEIOIPAMMA PaBHA
IJI0MAMH TapaslefcrpaMMa, TOCTPOEHHOro HA €ro auarcHaaax. 3.3.15. 30v/3.

3.3.16. +30. 3.3.17. :I:F}E(EJE —7-8K).3.3.18. = (0; 3 - g) Viasawue, € L 3.
5
3.3.19. 42/2. 3.8.20. 4v/2. 3.3.21. (—40; 40; 20); ; 60.
V2. V2 ( ) 7%
3.3.22. —467 + 297 — 12k; —7i + 77 + Tk. 3.3.23. (45;24;0). 3.3.24. V/5; V5; V6.

5y17 .E. 58
3.3.25. 5T 3.3.26. 5. 3.3.27. (7:5;1). 3.3.28, Vﬁ 8.83.33. Cm. 3.3.14

1
3.3.34. 2J

3.3.35. L. 143v2 3537 13| = |5 = || = 1. Bexrops nonapro

2
g —21 Zpr—In
23— 21 T¥z—21

2
Y- -2
Ys—i Zz— 21

2
rr—Z1 Y2 th
Ta—I1 Ys—y

6:73' 108
neprenauEyapust. 3.3.40. & || b. 3.3.41. o = 2, 8= 3. 3.3.42, Her

3.3.45. Her U3 2-ro & 1-ce. 3.3.48, Ha, ecomn & L b; cpenn uux ecTh BexTOp E,
HAWMEHbWEHR oJMHE || = J|T?|l ner,ectn b=0,a#0unmath

§ 4, CmelnaHHOR NponIeeaegHUe PEKTOPOS

—é-‘ 3.4.5. 12. 3.4.6, % 3.4.7. 365. 3.4.9. 0.

3.4.10. 3a@bc. 3.4.11. a) Jlesyio; 6) IIpasyio. 3.4.12. 24. 3.4.13. (3;3;0).
3.4.14. —-10. 3.4.15. +27. 3.4.186. 20. 3.4.18, 11. 3.4.19. ((;8;0) wau (0; -7;0).

3.4.20. a) 12; 6) 2v/26; B) 7— I') arccos ——mz— 16‘/_ . 8.4.21. a) V17; 2¢/13; 5v2;

3.4.2. a) Oa; 6) Het. 3.4.3.

6) 14; B) arocos(—wlb:ﬁ); r) 30; o) 6%. 3.4.24. (8;,-17;—-13).

1 T1— T4 Y1 — W 21— 24
gdet Ty —Tg Yo— Y4 Zz— 24

Fa— T4 Y3—UYa Fa— 24

3.4.25. mpu V =0, 3.4.27. (ex @) b=0.

3.4.28. Korna 4, b, & pzaumMuo mepnengukyaapusl. 3.4.29. abe.

Mnasa 4. AHanUTUYECKanA reOMeTpUA Ha NNOCKOCTU

4.1.2. (3;2); (-3;-2); (—3;2). 4.1.3. 1) (—4; -2); 2) (4;2). 4.1.6. (-1,3).
4.1.7. 6. 4.1.10. (%; %) AL1L (0 —4) w (0;-12). 41.12. V5, 3.

1 .1 D1+ T2t x3 ity -+ .
4.1.13. (2, 3) u (3, 3). 4.1.14. (J—L-—“ izt ) 4.1.15. (5,2)
naw (2;2). 4.1.16. (4;0) wu (—2;0). 4.1.17. {5;5) u (13;13). 4.1.18. Oa, ZBAC.
4.1.19. +/82. 4.1.20. 34. 4.1.21. 26. 4.1.22, (3; -2}, 10. 4.1.23. 2+/5.
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4.1.24. (6 -2) n (2 —4). 4.1.25. (~4;3); (& 7); (6:-1). 4.1.26. 5 Y2,

4127, (-13;- ) (=5 —6); (—%:~5); (10;4). 4.1.28. (3;0) u (~7;0).

4.1.29. (0;4) u (~1; —3). 4.1.30, 60°. 4.1.31. (4; —5). 4.1.32. (5;5). 4.1.33. 20.

— Timy + Tomy + Tamy, i+ yaims + yams 3
4.1.34. 3 Uk Zaty 2 Eg, g T E Yo LT 4. 35, (1 2).

4.1.37. (—5;0) u (~2; —4) wan (3;6) u (6;2). 4.1.38, (8;0) umu (—1;33).
4.1.39. 7. 4.1.40. (%; %) 4.1.41. 1) I n I, 2) I & IV; 8) I » 1L, 4) I, 111,
IV; 5} Hu V. 4.1.42. (—9;11). 4.1.44. (2z2 — z1;31) 7 (22, 2y1 — ) wim
(#1;2y2 — 1) u (221 — T2 y2). 4.1.47. A(3;0); B(1; —v/3); C(0; 5); D{0; 0);

E(-%;@)A.l.‘m. A(sﬁ; %‘-‘T) (5 -I)ic (2J§ -—:r) D(4;11‘);E(4;%).

rsn 0y (v8.3): 25); (45 (530) ars. (5 3o (5-3)

4.1.53. 8. 4.1.54. 3 — 1. 4.1.55, (1;~§n)‘ 4.1.57. a) (2;-%«); (1;%11’);

(3;m); 6) (2;-%); (1; g) (3;0). 4.1.58. 25. 4.1.59. %ﬁ. 4.1.60. 3(4v3 - 1).

4.1.61. a) Ha oxpy&HOCTH paguyca r ¢ neHTpoM B Touke (). 6) Ha nyue,

BEIXOOALUEM M3 MOAKCA MO, YIVIOM (%) K nonApHoit ocn. B) Ha nonapsoit ocu.

4.1.62. (7;0). 4.1.65. 3r +y —4 = 0. 4.1.66, y® = 4z — 12, 4.1.68. y = :l:%.
T =acost

4.1.69. 2% +y° —dzx + 6y —12=10. 4.1.71. { T 4,1.72.r = 2Rsin .
y =asini.

4.1.73. p = £ 4.1.75. A) n As. 4.1.76. (0;6); (6;0); (—1;0). 4.1.77. (-3;4) u

6
{4:3). 4.1.78. a) (3;4) n (3;—4); 6) (v/25 - yg; ¥o) ¥ (—+/25 — y§; po)-

2 2
4.1.79. a} ¢ — 2y + 2 = 0, npamasn; 6) % + % = 1, asununc; B) y* — z = 0,

2 2 b
napa6osaa. 4.1.80. %— +y® =1. 4.1.81. %— - % = 1, runepbona.
4.1.82. r* = 202 cos 2p. Kpnaa HashiBaeTca JeMHHCKaToN BepHysum.

=alt—
4.1.83. @ =a(t —sind), . DTa KpUBad HASHIBASTCA LMKJOHIOH.
y = a(l — cost)

4.1.84. r = asin 2p. 4.1.85. 22 — 4z — 6y + 13 = 0. 4.1.86. sy = L23

4.1.87. y° = 2pz. 4.1.88. a) Ocu koopounar. 6) Ock Oy n Guccexrpuca [T u IV
KOOPOMHEAT YIJIOB.

§ 2. NMpaman Ha NNOCKOCTH

422 5+ ¥ —1.423%.a)a=00a=1;6)a=1 42441

g _3 1 1 3 A ﬁ
4.2.5, 15x — by + 32 = 0. 4.2.7. Paccrosnus: a) 6413@; 6) 2,5; B) 39; r} 0.
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2.5 3 -3 =
429.k=-%b=35 4210, (0,3).4.2.11. 1.4.2.18. 3z + y— 3 =0.

4.215.a)y=v3z—-6;6)y=28)dc +3y—12=0.4216. 2 + 2y -8 =0.
4217 2 +y~7=0.4.218. 5. 4.2.19. (1;0); s +y—1=04.2.20. a = 3;

f=-44221.22—y—-4=0umuz—2y+4=0 4.222. 5r+y—-3=0.
4.2.23. 3z -4y —-25=0.4224. =3 y=2; 2z +y—14=0.

4.2.25. 7 — y+2 = 0. 4.2.26. 5. 4.2.27. rcos((p - g) =232 4.2.28. 4y = 0,

y=3z+y~5=02z—-y+5=042290.2+2y-8=0;z—-2y+4=0.
4230, y=—-2r+3.4.2.31. 6, -9.4.232. 24+y—-1=0.4233. 5z + 13 =10.
4.234.7+y—6=0.4.235. 2 +y+4=0uz—y—8 =0. 4.2.36. (2,0); (0;-3)

wm (—4; 0); (0; %) 4.2.37. (1,0). 4.2.38. 2r + y+4=0; 2z -y + 4 = 0;

% +y—4=0 4.2.40. y+2=0.4.2.41. A=B. 4.2.42. y = 3?:: +4.

4.2.43. 6 =1.4.2.50. C = +90. 4.2.51. y = - J2 +5. 4.2.53. 1) 5, 2) 0;

3) arctg %; 1) % 4.2.54. a) %; 6) arctg % 4.2.55. 1) TlepneHauKyTADHS

2) Ilepecexaorca; 3) Coenagamnt, 4} [Mapannensn; 5) Cornagator; 6) ITepnen-
mukysaapusr; 7) Iepecekatorcs; 8) Mapawnensuer; 9) Mepecekarrcsa; 10) IMep-
neHOMKYIapHH. 4.2.56, 1) a) 4;6) —9; 2) a) 8; 6) —2; 3) a) %; 6) —12; 4) a) —%—;

6) % 4.258.a) 2z —y+4=0,6) 30 —y+5=0.4.2.59. a) 2 — 3y — 11 = 0;

G)z+y+1=0 4.2.63. 5 4.2,64, 19 4.2.65. 4z +y— 6 =0 pu

3z + 2y —7=0. 4.2.66. 5z — 12y - 52 = 0, 5z — 12y + 26 = 0. 4.2.69. /13.
4.2.70.5,1- V2. 4.2.71. 4. 4.2.72. y - 5 = 0w 5z + 12y — 65 = 0. 4.2.73. (1;3).
4.2.74. (2:4). 4.2.75. 3z + 2y — 11 = 0. 4.2.76. (=3; ~1). 4.2.77. (6;6).

4.2.78. 7+ 2y~ 10 = 0. 4.2.80. 7z — 56y + 83 = 0 u 32z + 4y + 73 = 0.

4.2.81. 47 -3y +7=0,7=2.4.2.82. 4z — 3y — 7T =10. 4.2.83, (2;1) n (5;2) wout
(0;7) n (3;8). 4.2.84. 5z -3y —-2=10,Tz + 6y + 4 =0, v = arctg 3. 4.2.85, Ha;

= —10- o = . @ - b ..
A =10, h2 = 6. 4.2.86. F; 7. 4.2.87. 2 75 bv/3. 4.2.88. 8) M ).
4.2.89. +v2.4.2.90. T.4.291.4a-b-1=0.42.92. =3, a=4.

4
4.2.93. (1;6). 4.2.94. Ilepecexawtca. 4.2.96. 13. 4.2.97. a) z = -2;
B)y=-z-L;n)2z+y+3=0r)y=z+3n)z+6y—4=0,e)2r—y+5=0
wimdr+y+5=0 42087z —y =0 1Ty — 28 = 0. 4.2.99, arctg 2.

4.2.100. a) (4:4); 6) J. 4.2.101. 2z + 11y — 26 = 0. 4.2.102. C:,};g.

4.2103. 242y ~7=0,z—-4dy—-1=0, 2 —y+2=10. 4.2.104. (2;-3).
4.2.105, 3z — 3y — 8 = 0. 4.2,108. (0;2); (4;0); (2;4); (-2;6). 4.2.107. (-3;1).
4.2.108. a) (—3; £3v3); 6) (~3;+/3). 4.2.109. 3z — 4y - 9 = 0,
3z -4y +16=0,4c + 3y — 37 =0 wm 42 + 3y + 13 = 0. 4.2.110. Kpaspar co
CTOPOHAMH, JEeXANMMH HA MPAMEX 32 +y = 5, z - 3y = 5.
4.2111. 22+ 7y+22=0; T + 2y - 13=0; z — y+ 2 = 0. 4.2.112. 1} 5; 5;
2)4z+3y—-2T=0u3z—-4y—14=0;3) 4z +3y—-27=0;4) 5
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5) 2z —y—6=0; G)JC 7) x4+ 7y —13=0; 3)( )9) ;10) I

4.2113.3r+y—-14=0uz -3y +12=10. 4.2.114. y = 2z, ¢ — 3y = 15,
3x+y=25.42.115. 3z +4y+6=0,3r+4dy~ 14 =0 unu 3r + 4y + 6 = 0,
3r+ 4y + 26 = 0. 4.2,116. 3z + 4y - 12 = 0. 4.2.117. K cTopone AB.

4.2.118. 3z —dy— 25 =0, 3z — 4y + 5 = 0. 4.2.120. rsin(8 - @) = r1sin(d — p1).
4.2.121.z-3y—-23=0,72+ 9+ 19=0,4x+ 3y + 13 =0.

§ 3. Kpnebie BTOpOro nopanxa

4.3.2. a) (2,-3); R=4; 6) (-1; %) R= @. 4.34.{(z -2 +(y+2)? = 4,

(z = 10) + (y + 10)? = 100. 4.3.5. y = 0 w 4z — 3y = 0. 4.3.6. (-1 5) R=1.
43.8.a) (z+2)2+y* =46} (z+4)°+ (¥ -5 =25;8) (z—3)2 +(y-2)2 = 13.
4.3.9, (z - % + (y - 2)2 =10, 4.3.10. 4. 4.3.11. 3¢ — 4y + 7 =0, 4.3.12. (41);

(—2;-5). 4.3.13. s +y—-6=0. 4.3.14, (-3;-2); R =5.

4.3.15. (2 + 2)* + (y + 1)® = 20. 4.8.16. © — arctg 2—74‘ 43.17.0<k < %; k=0
nk= 1% 4.3.18, y = 2z £ 5. 4.3.19. Txo + yyo = R®. 4.3.20. 7.

4.3.21, (w—? +(y —4)* = 1. 4.3.22, Her. 4.3.23. [Ja. 4.3.24. Touxka C.
4.3.25. 2% + y° + 203 — 6y + a® =0.4.3.26. 22 + >+ 12y — 64 = 0. 4.3.29. 5 u 4;

N . o pe o 25 -2 o _
(30) n (<30 e = 06,5 =22 a.3.30.1) E 2 & -

2 5y 2 2 2 2
2)%+%L=1.4.3.32.1)%+y4—=1'2)%g+y§—1 8) &5+ =1

2 Z 2
¥ v v L ¥
s rip=14898 ) Bl =12 Lo ‘13)100 51 =1

4)$ +y? =1. 4.3.35. jaf < VB; a = +v6. 4.3.36. (“’ 97 (?”4 2" _

2
4.3.38. 1) %"5 + Hi + s =1.4.3.39. 4. 4.3.40. (2 :EJC)

1.0y
6 =12) 25 169

4.3.41. -‘@. 4.3.42. 12V/2. 4.3.43. (i%@; :|:2J/—§)‘ 4.3.44. i";‘;L i

2 2
Yrxesanue. 4 — /22 + 42 = /{z — 2)2 + y*. 4.3.45. ﬂ + % =1.

4.3.46. (- léJwC) (-5 JIQ) 4.3.47. —42%,‘ 4348, 7 -2 +3=0.

4.3.49. (—3;2); Vi3. 4.3.50. ( -SC i@) 4.3.51, A%? + B2p? = G2

4.3.53. 31;.;1 + H— =1. 4.3.54, Suunanc. Yxazasue. CTOPOHH YIa IPHHATE 33 OCH

KOOPOWHAT. BBeCTH ¥YTOJT ¢ MeXAY oTpeskamu u ockio Oy. ckmounTts napamerp

@ U3 NOJIyYEHHBIX Boipaxenui ona « x y. 4.3.56. ¢ = 0,08. 4.3.57. 1; 0; 2.
V2 2y e ¥y
4.3.58. 7 4.3.59. 20. 4.3.62. 1) 9 6= 1; 2) 3 = = 1;

330



2

32—41' %:14363 -
2 2 2

_¥ . x_ ¥ /3

- L =14306 = 1; &Y

2 2 2
y—:l‘2)%—y5—=1;3):c2—y2=1.
4.3.68. 3z -4y —-18=0mn

3)
4.3.65.

3z + 4y + 6 = 0. 4.3.70. ;’5+9—_1 4.8.71. ¢ = 2. 4.3.72. (%;i:ﬁ@)
4.3.73. 3z 4+ 2y -6=0H -3z +2y+6=043.T4. 2+ y 1 =0

2 2
4.3.75. a) Dunepbona E—;—F’?l- - Qig_l)_ = 1; 6) Tnnepbona 2 — y? =1,

2
1 I B
16 48 ~

4.3.83. (:I: 3@':&3@). 4.3.84. 5v/2. 4.3.85. 5/T0; 3v/10; 7,5; 12,5.
4.3.86. (45C EC) 3%?—2 4.3.87. 2/2; 6+/2. 4.3.88. |a| > V10;

2 2
- _¥ (:z: 2) _y-2)
a = +/10. 4.3.80, £ 16 4= 1. 4.3.90. %
2 2
4.3.01, 22 —y* = g 4.3.92, % - % =1. 4.3.083. A%® - B = 2.
2 2
4.3.94. 8 F4— =1.4.3.85. z° — 33— =1 z>0. 4.3.97. 4. 1.3.99, Cn. 4.3.98.

4.3.100. Her. |k| = %. 4.3.101. 1) Berss runepfossl B HHEKHEH TOIYIIOCEOCTH;

2) Bereb runepfonn B nesolt noaynaoceocry. 4.3.102. 90°. 4.3.103, 4.
4.3.104. Yepes B. 4,3.107. yz = —3z. 4.3.108. 3. 4.3.110. 4x — 2y +1=0.

4.3.111. k < %; k= %‘ 4.3.112. 2% = y. 4.3.113. (2; £2+/3). 4.3.114. 12.

4.3.115. 4/3p. 4.3.116. 8/2. 4.3.117. 1,6 m. 4.3.118. 7 m. 4.3.119. (—1;2).

4.3.120. y = £z. 4.3.121. z? = 16y; y° = —9,6x. 4.3.122. 2% = 2y.

4.3.123. 4/5. 4.3.125. y? = 8(z + 2). 4.3.126. 4z — 2y + 7 = 0. 4.3.127. 24.

4.3.128. 2 —y+9=0,9r —y+1=10. 4.3.129. 9z — 5y + 9 = 0.

4.3.132. y — 18 = 0. Cm. 4.3.131. 4.3.133. 2z —y — 4 = 0. 4.3.135. =° = 4y;
2

§? = —dr; 2% = —4y. 4.3.136. 22 = 14y. 4.3.137. [apabora. y2 = %x; P=

=

Zr

F(g;o); z=-2 43.130.8

Fnaesa 5. AHANUTHYECKAA reoMeTpvn 8 NPOCTPAHCTeE

§ 1. MeTop, KOOpgMHaT B NPOCTpPAaHCTEE

5.1.2. (179;24; D). 5.1.5. OtHocuTensHO MnockocTelt Ozy, Oyz, Ozz —

coorpercTBenHO (3; —4; —2), (—3; —4;2), (3; 4;2); ornocurensho oceli Oz, Oy,

Oz — cooreercreenno (3;4; —2), (—3; —4; —2), (—3; 4; 2); OrHOCHTENBLHO POYKH
O — (~3;4;,-2). 5.1.6. v/65. 5.1.9. (6 3, 2??) 5.1.10. (4; -1;3). 5.1.11. (0;0;6);
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(0;0;2). 5.1.12. 0,75 - /10. 5.1.13. Ha. 5.1.14. 1) 1,3,5.7; 2) 2,3,5,8; 8) 1,3,5,7;
4) 2,4,5,7. 5.1.15. {3; —3; —3), R = 3. 5.1.186. |AQ| = 5+/2, paccroanua 1o oceit
Oz, Oy, Oz cootpercreenso pasus v41; v/34; 5. 5.1.17. C(7; —1;7); D(10; —3:6).
5.1.18. 3,5. 5.1.20. Vxeserue. HJokasars, 4TO CepenHub! 3THX OTPEIKOB HMEIOT
onMHakoBble koopauHarhl. 5.1.21. A € Oz, B € Ozy, C € Oyz. 5.1.22. 5.

5.1.23. 3@ 5.1.27. (1;0; —3), R = 4. 5.1.28. Bue cdepn; BHYTPH; BHYTPH.
5.1.30, 1} Hee naockocrn ¥ = 2, y = —2; 2) Iapabonnyecknit unamaap;

3) Touka O0;0;0); 4) TLlnockocte z =0 1 y = —z. 5.1.31. 1) ILiockocts = = 0,
y =0, z = 0; 2) [dpe nnockocTH, Tpoxoasauie 4epea ock Oz M Je/IAmue NonosiaM
ABYrPAHHEIE YIVIH, 0OpasoBanume wiockocTamu Ozy u Oyz; 3} Hukakoi;

4) Kpyrosol unnpaop ¢ B = 2 1 oceio napamnensHoli ocu Oz. 5.1.33, Cdepa

2
(:.c - %) +{y-42 4= % 5.1.34. OxpyxHOCTD, JeXAMAA B NJIOCKOCTH

y = 2, ¢ pammycom R = +/5 w uenrpom 8 touxe (3;2;0). 5.1.35. 1} Ocs Oz;
2) Mpsamas napasutenpras ocu Oz; 3) Oxpyxnocts ¢ B = 2v/5 w uentpom »
Touke (4;0;0). 5.1.36, (z — 2) + (y — 1) + (2 + 4)* =49,
_ o2 _ 2 o2 —
5.1.37. {[x 02) T-D FE-DT=9 sy =z 5.1.30. y—3=0.
y=0.

5.1.40. 2% 4+ y° = 2pz, rue p — paccrosHEE OT TOYKH 00 MIOCKOCTH.

¥ 4 _22 = -
16 9 16 = 1. 5,1.43. Znnenc.
5.1.44. uHJIHHJ],p‘ 5.1.45, Al JIEKHT, A2 He JIEXKHT.

2
5.1.41, 2% + y* + 2* = % 5.1.42, E;

§ 2. MNnockocts 8 NpocTpaHcTee

5.22.1)2-1=0;2)zc+22=0.523.1)z-5=0;2)c+y+z—-7=0.

5.2.5. cosex = 341{)@, cosf3 = —2J5é,-cos'y = 39 528. 9% +y+112-7=0.

5.2.9.8r+3y—-2:-5=10.5211. 10x - 5y — 4z + 20=0.

5.2.13. x + 5y + 22 —8=10. 5.2.14. 3y — 82 + 13 = 0. 5.2.15, 37,5. 5.2.186. 10;

arccos 5‘11- 5.2.17.0—2y+2:-18=0.5.2.18. 22 —y — 3z + 5 = 0.

5.2.19. 3z — 2y + 4z — 8 = (. 5.2.20. 7 — 2y + 2z — 3 = 0.

5221, 5z — 2y — 32+4=0. 5,2.22, 5z — 2y + 5z — 16 = 0. 5.2.23. 2.

5224 r+y+2z-4=0 56225 z+y+32—15=10.5.2.26. 2 —y—32—2=0.
T—%c Y—Ho 22— 20

5.2.27. 1) (1; —2;2); 2} Her obmeli Toukn. 5.2.28. | a. ay a. | =10

A B C

5.2.30. 9z + 10y — 11z = 0. 5.2.31, 27. 5.2.32, (—40; —8; 44). 5.2.33. 6.

5.2.34. 3z + 2y + 2z — 10 = 0. 5.2.35. 1) u 4). 5.2.36. a, vepea A u C.

5.2.37. (—6;0;0); (0; —3;0); (0,0,2). 5.2.39. o+ 2y — 3z +4 =10

5.2.40. 15z — 5y — 4z — 7 = 0. 5.2.42, 1) arccos 31@41; 2) arccos %

5.2.44. 1) 332@; 2) 8. 5.2.45. 4. 5.2.47. 32 — 4y + 22 = 0.
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5.2.48. 1) Mapannensusr; 2) CopnagawnT, 3) IlepnenaMgyasApHEL.

5.2.49. %z —y — z — 6 = 0. 5.2.50. (0;1;0); (0; —15;0). 6.2.51. 4.

5.2.52. 3z — 6y — 22 —20=0; 3xr — 6y — 22+ 36 = 0. 5.2.54. 8.

5.255. r—3y+4x-21=0,zr-4=0;y+2:-1=0.

5256. r+2y+52+1=0.5257.c—2=05258. c—-4dy+3:+8=1;
32— 2z+2=0.5250. 42 -3y+2+3=10.5260 =5z +2+2:-2=0.
5.2.61. (AlDz - Ale):L' + (BlDz - Bng)y + (ClDz - Cng)z =10.

zr z 1
5.2.82. a1 e 1]=0.5283.1)a=3 8=—-4 2)0:-%,5:-%.
az O3 1

5.2.64. 1) 13; 2} 1. 5.2.65. Ha.

§ 3. NMpaman & npocrpancree

5.3.2. (0;1,0). 5.3.3. %2 = %7 = %’é 5.3.4. cosa = %; cos 8 = 0;
c=1+2, 2 =2+ 4,
coBy = —%. 5.3.6. 1) < y = 3t, 2) Sy=2
z= -1, z=2—t
r—3 _y+2_z-5 — — ooy Z—3 _y+2 _z-5
5.3.8.1) i ) (re.2=3,y=-2);2) TE =y =g
6.3.9. Ja. 5.3.10, Her. 5.3.11. —Ll = y—-g—l = % 5.3.12. (4; —4;0); (2;0;10);
4 e {003, (14 — . _ Y _z=2
(0:4:20). 5.3.13. (22:0); {5;0; 3), (0:14,-10). B.3.14, L, =¥ =252
-1 _y+1_2-2 z—1_y4—3_z4+2
5.8.15. L1 =YL = 252 536 Il = 43S - 242

5.3.17. D=—-20.5.3.18. 2 = —3-+ £, y =2, s = 8 — 4¢.
z—T7_y—-8B_248 z—1_4¥—2 247
5.3.19. E=T U2 =248 5390 2=l ¥ 2241
- -0 - —0a C1_ D1, =D =
5.3.21.1) Dy =0,D:=0;2) B1=0,B,=0;8) & = 3L 4) A=D1 =0,
A2 =Dy=0.53.22. 3z —5y+2=0; 13z — 102 +32=0; 13y — 6z + 14 = 0.
0 =3,
y=1 _ _ T, 2
5.3.23.{ o 5824 qy= tzg 5.3.26. 1) §; 2) arccos 2.
z = —2,

5.3.28. 1} Cosnanawr, 2) ckpeminpa]Tcs (MEPUeHINKYNAPHEL).
5.3.80. £=¥ =2 5.3.31. 221 - V42 - 28 5332 9070, 5.3.33. 3.

2 0 6 16 17
5.3.34. Her. 5.3.35. n = —26; (%; $-3) s33n.1)c=-3 Ty-2:=0,

2)y=22=T 5.3.38. & = 120°, 8 = 45°, v = 60°. 5.3.39. 135°.

5._11.3 z_y-1_z-1 V8
5.3.40. (3,-11;3) . 5.3.41.2.5.3.42. =27t — 2=l 5343 VS
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z—-2 _y+1 _ 243 x—1_y-=-1_2-1,
5.3.44. — == _1.5.3.45. Ha. 5.3.48, a) -0 -1

z—1_y—1_z2-1 z=-1,
8) === =45 .5.3.47.{?;:0.

§ 4. Mpaman u NROCKOCTE B NPOCTPAHCTEE

5.4.2. (—6;—-12:4). 5.4.4. 3z + Sy +22 - 9=0.5.4.5. 2x +y — 22 + 7 = 0.

5.4.7. % 5.4.9. 1) 1 || @; 2) Uepeceranorca B Touke (2;4;6).

5.4.10. 172 +y+ 112 + 22 = 0. 5.4.11, 25 + y — 2 — 1 = 0. 5.4.12. (=3; —4; 0).
5.4.13. (5;1; —1). 5.4.14. (4;2;3). 5.4.15. 6. 5.4.16. C = -1, D = 3.

4. 23l =Uzlo2=08 5418 6245y —2:+1=05.4.19. V33,

5.4.20. arcsin 71.5 5.4.21.y—2=0.5.4.22. 52+ 2y — 82— 6 =0,

2r—y+2z—-3=0 54231 ﬁ; 2) 8/42. 5.4.24. (1, -2:2). 5.4.25. 7.
3 7

2z — 3 -4=0 r—To y—ye -
5.4.26.{I y+"2_0 5427 m m | =0
s+y+z+2=0 ma fig P2

100, _10. 89 - - 19 =
5.4.28. ( 90,19, 17). 5.4.29. 2 —2+4=0ux+20y+ 7z — 12 = 0.
5.4.31. Her. 5.4.32. x = y = z. 5.4.33. Ha; wer. 5.4.34. p=-15;, B = -8,
5.4.35. A =2.

§ 5. NoeepxvocTh eToporo nopagka

552 2 +(y—4*+22=9.555 1) (z -2+ +(z-2r =21

2 (z-5)+y+ (-3 =183 (z -+ (y-1)*+(z-3)2 =9

YD -5+ +{z+1)2 =665 (x+56)°+(y—-12+:2=46

6) (r+5)°%+(y—3?+27=121.5.5.8.a} 1 <|m| <v26) |m| < 1.

5.5.9.a) me (—%;0) U{0;4+0) 6} m = 0. 5.5.11. 1) Dmncona: a = 2, b= 4,

¢ = 9. 2) OpynonocTuoll runepbosony ¢ oceo Oz, 3) DanunTraeckmii
napafononn ¢ sepwunoll B Touke (0;0; 2) HanpapieHHOH «BBEpPX» MpH @ > 0,
«BHM3» 11pH a < 0; oce Oz, econ a = 0. 4) [apaGomona runepGonuveckuli.

5} Uunnnap napabonuecknii ¢ obpasyoweli, napaunensuolf ocu Oz,

6) IapaGomonn xpyrawit (kpyropot) ¢ sepunHoi B Touke (0;0; 5) HanparmenHolt
«pHn3», T) Konyc snuHntrueckni ¢ oceio Oz. 8) Lunmunp napabonuvecknit ¢
ofipasywometi, napaniensHolt ocH Oz, 9) Oanononocrunil runepbotoun.

10} Konyc ¢ oceis Oy. 11) IMapabononn amnunrtuyeckuit

H
T+ %9 = (y - %) + 3z + 1)2, HAAPABJEHHBIH B NOMOKHTEIBHOM HANDABNCHHN

ocH Oz. 12) Konyc. Yxazenue. IlosopoT nnockocrn Oy: Ha 45° dopmynammu
¥ =10 — 21, £ =1h + z1 NPUBOANT K YPABHEHHIO z? - yf + zf =1.
534



5.5.18. 1} Dnnunc. 2) Mapabona. 3) ['inepbona,

5.5.18. (2 +2)2 + (y — % + (2 — 5)*> =81,

5.5.10. (z — 1) + (y + 2)% + (2 — 3)? = 49. Vwasanue. Llenrp ncxkomolt cdepsl
MOMHO ONPEAE/ATE KAK TOMKY TIEPECe¥eHHa TPeX TMocKocTel, OAHA K3 KOTODBIX
3aNaHa, a ABe APYTHe HPOXOLAT COOTBETCTBEHHO Yepes CepelnHH oTpeskoe AB u
BC' nepnennneysiapHo >TuM oTpeskam. 5.5.20. (z -+ 2)% +{y — 4)° + (2 - 5)? = 81.
5.5.21. 1) Bae cdepn. 2) Ha cdepe. 3) Buytpn cdeprr. 5.5.22. Mo(-1,2,3),
R=28.5.523.50 —8y+52—7=0.5.5.24. 2° +° + 2> — 10z + 15y — 252 = 0.
5.5.28. 1) nepecesaer, 2) BHe cdeprl, 3) kacaerca. 5.5.27. 1) 5, 2) 7.

5.5.28. 62 — 3y — 2z — 49 = 0. 5.5.28. (2; —6;3). 5.5.30. 2 + 2y — 2z + 9 = 0.

5.5.31. 1) (9:5; —2), 2) (% 0; —10), 8) (—2;2;6). 5.5.82. {y + zz =00‘
z—-5=0

2r — 5z =10, 5.5.38 2r— 12y -2+ 16 =0, 2r - 12y — 2+ 16 = 0,

y+4=0. lz-2y+4=0; T+2-8=0.

Masa 6. @ynxuun v npegenst
§ 1. ®yHkumn 1 Ux rpahvkm

6.1.3. (—o0; —1)U(—1; +00). 6.1.4. (—o0; —2) U (-2;2) U [2; +00). 6.1.5, (—o0;0),
6.1.6. (—00;2] U [5; +00). 6.1.7. 2 # T + 7, n € Z. 6.1.8. [7; 10].

6.1.9. (0; v2) U (vV2; +00). 8.1.10. [-2;1}. 6.1.11. [0; ). 6112, (23],

8.1.14. [4; +0c0). 6.1.15. (0;1). 6.1.18. [—9; —5]. 6.1.17. {—00;4) U {4; +00).

1.1 , coy 2. gy __ B .4y _z%
6.1.18. (—5,5)‘6.1.19. (2 +00). 6.1.21. 1) 2; 2) - 2L, 3) 2‘%’4) &,

5) 27 8%; 8) 23 2 ) 2,, 8) (b —2)° 2072, 6.1.22. 1) 2; 2) 0; 3) 1,6

(z+3) (2t
4) HedeTHas; 5) oﬁm,em BuAa; 8) wernas; T) ernasn; 8) obmero puaa.
6.1.26. 1) nepuonuyeckan, T = 8n; 2) Henepuommueckad; 3) nepuogudeckan,
it

T = %; 4) nepwoanueckas, T = 4w; 5) nepwonnueckasn, T = 3

6.1.38. 1) fog(z)=z, 2> 0;go flz) =z, 2 €R; 2) fog(z) =6z — 14,
go f(z) =6z —3; 3) fog(z) =|cosz|, go f(z) = cosx. 6.1.41. ObpaTnasn
byuxuua y = L Obparnas bynxuma y = 3z + 2. 6.1.43. Y 310t

. 6.1.24. 1) yerHan; 2) HeweTHan; 3) obwero BHAA;

dbynrupn ner obparnolt. 6.1.44. Obpatnas dyueunsa y = T E e

6.1.45. Pysxuna MOHOTOHRAA M orpaHudentas. 6.1.46. Orpanndennas pyHxums.
6.1.47. Crporo MOHOTOHHAS M OTPaHKHYeHHAR PyHEUHA. 6.1.48. OPyHKUNHA He
ABJIACTCH HW MOHOTOHHOW, HH CTPOTO MOHOTOHHOH, HH OrDAHHMEHHOH.

6.1.48. Crparo MonoToHHasa $yskuus. 6.1.50. Monoronnan dyweuns. 6.1.51. 0;
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1; 0; 32‘1 . 6.1.54.1) y= :|:2m 2yy=2(1-12),¢
6.1.55. Touxn A, C, D, 6.1.56. 1) (—1;1), (0;2), {(—v2 —1;3); 2) Tousu A n B.
6.1.57. v # mn, n € Z. 6.1.58. (—00;2) U (~2;5) U (5; +x). 6.1.59. [-1; %]
8.1.80. (0; 1) U (1;-+00). 6.1.61. &. 6.1.62. (0;3) U (3; +00). 6.1.63. (0: +00).
6.1.64. [%3] 8.1.65. [~1;0) U (0; 1]. 6.1.66. (—o0; —5) U (—5;—%) U [0; +00).
6.1.67. (—1;0) U (0; 7). 6.1.68. (—o0;4]. 6.1.69. [—— +oo)
6.1.70. (0; 1) U (1; +oo). 6.1.71. (0; +00). 6.1.72. [e™%; +oc). 6.1.73. {—1;1}.

1

6.1.74. [—5 —] Yxasanue. sinz cosx = § sin2z. 6.1.75. [2; +00).

8.1.78. [—1;8]. 6.1.77. y(0) = VT; y(2) = VI, y( ) =VZFT;
y(t%) = V21T + 7, 3y(6z) = 3/10x + 7. 6.1.78. y(0) = —1; y(2) =

—1, gpu I‘<4, _1: HpH |t|"~<~."/§:
y(§)=10, mpma=4, ytH={0, wom|=vZ,
1, npu >4, 1, npu |t|2\/§;
_3 2
5, TP :r:<5,
3y(5z)=1{ 0, npu 1‘=%, 68.1.79. 1 = 0; x2.3 = £1. 6,1.80. 1) HeuerHan;
3 2
2 opi z>5.

2) neuernas; 3) obwero suaa; 4) obmero suaa; 5) obwero suna; 6) mewernas;
7} ofwero Buna; 8) vernad, ecaM ¢ # (); YeTHasA M HeveTHad, ecsM ¢ = (.

z, npuz 20,

0, mpuz <0
6.1.82. 1) nenepuonnyeckasn; 2} nepuonnyeckaa, T = m; 3} nepwopnyeckasn,
HAHMMEHBUIErO [OJCKHTENLHOTD Nepnona Het; 4) nepnonnqecxaa T =12n.

6.1.81. 1) g(z) = |z|; 2) g(=) = z; 3) nanpuwep, g(z) = {

6.1.96. 1) z*, (z +2)* n2? +2; 2) signz, —1w -2; 3) 10 ‘.";x ﬁnél—x;
_ _J0, mpuz#0, . 1
4)f°f($]—[3]‘f°9(5“)—{1‘ npi = 0, Qof(x)—mn‘ﬁ

6.1.97. OGparnaa GyHKLHS ¥ = }—f—_—l 6.1.98. OfpaTnas ¢yHrEuA

Z npu « 2 0,
¥ = 3+ log, z. 6.1.99, ObparHasa byHEUHA ¢ = { 2

—/—z, mpuzx <.
6.1.100, OyHxuua He nmeet obpaTnoi. 6.1,101, Orpanuyennas byHenHs.
6.1.102. Crporo Monoronnas $yrkuna. 6.1,103. OrpaHnueHHas GyHEInA.
6.1.104, ®ynkuua He aRIAeTCA HH MOHOTOHHON, HH cTpOro MOHOTOHHOH, HU
orpanM4entoli. 6.1.105. Ctporo MoHoToHHAA GyHEIuA. 6.1,106. MoHoTOHHAA
byuxuma. 6.1.113. Hanpumep: 1) y = arcsin(z? + 1); 2} y = arccos(2 — z*);
3)y=+/—sinxz]. 6.1.114. 1) y==; 2y y=¢%; B} y = Inx.

2
6.1.115. 1) (—o0; —2) U {2; +00). ¥Yxazanue. Yuectn, uto |uzll = |9: + %| > 2,
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reR; 2) {—— £ 1 8) [0;1). Vxasawue. F‘_L Tz—l-l-l-——’ coe z]+121

mraecex z. 6.1,116. 1) y=C; 2) y = E[; 3yy==x++/—|sinwz|

¥razanue. Om. 3apagy 6.1.113, 0. 3). 6.1.117, 1} uer; 2) Her. 6.1.118, 1) Ja.
Hanpumep, ecn f2(z) = —fi1{z) + 1, £ € R; 2) Ja. Hanpumep, fi(z) =22 +1,

fAz) = ;2% 6.1.120. B ofoux cryvaax oreeT oTpruaTenchbii. Hanpnumep,

hHhiz) ==z, f2(z) = 1. 6.1.121, y = 0. 6.1.125. 1) Vxazanue. Y4ecTs, UT0 cymma
ABYX PAlHOHANBHLIX YUCEN (COOTBETCTBEHHO, PALHOHAILHODO H
APPALHOHAJIEHOTD) — CHOBA PALHOHAJBHOE (COOTBETCTBEHHO, HPPALHOHAJIBLHOE)
qHea1o; 2) oM. yrazanne k 6. 1). 6.1.126. Yxasanue. [Tpeanonoknm npoTHBHOE —
y aaunoll pyurnun ecrs nepwon T'. Torna maa suoboro z mmeenm

cos{z + T)? = cosz?, otxyma (z + T2 = £2° + ¢mn, n € Z, T.&.

22+ 2Tz + T F 2% = 27n, n € Z. lpu = = 0 noayunm T? = 2rk npn HeRoTOpOM
nenom k. Manee moxasars, wro pasencrso r° + 2Tz + T? F 1% = 2n(n — k), rae
n,k € Z ne moxer Gelth roxaecrsoM. 6.1.127. 1) 7; 2) %; 3) =

_1l.1
z—2+2cos2z‘

6.1.130. ¥xesenue. Bocnonpzoparsca Toxoecteom sin' o +costz =1 - % sin? 2z.

6.1.1298. Vresenue. BocnonbzopaTsca ToXKIecTBOM Cos’

6.1.131. VYxeaenue. Yuects, 4o PpyHEUMA umeeT nepuoca T =2z

e, wpnm -F<zg§,
arcsinx = . _x 3y 6.1.132. ¥xasanue. Ilpensapuresnsro
T, mpm -5 STE 5

BOCTPORTE B OTHOH cHCTeMe KooOpIHHAT rpadbusH GyHkuut y =z u y =sinz, a
3aTeM «CIOKATE» HX. 6.1.139. 1) f(x) =

= Pewenue. Obosnavum t = + 2,

TOrAA. f(t) = (t g) e 3 —gi e flz)= o 2) flz) =2*° + 4
3) f{z)= 3 . ¥xazenue. Oboanaums t = ;: g, natitu 7. 6.1.140. f{z) =1z,

Yrasgnue. Hycn; g{z) = ¢. Toraa fog{x) = f(c) = go f(z) =c nna scex z, T. &.
fley=¢,c € R Orcrona f{z) =z, x € R 6.1.141. Ha, sanpumep, dynruun z, %,

; t } y oo 8.1,142, OH cuMMeTpudeH OTHOCHTENRHO NpaMol ¥ = T.

1 1
6.1.145, 1) H ' R
) Hanprmep, ecn fi = i1 fa= T +D

fi(z) : fa(x) = 22 + 1. 2) Hanpumep, ecn fi{z) = fo(z) = z.

1
6.1.146, 1) ¥ Y ,UTO e = ——
) KOIOHUE YeCThE, 4T m 1 " %

sinT 2
gyt —=—==2— < 1. 6.1.148. 1 =z +1;2 ———+3
V2 —cosz ) Y 3

. 2} ¥xasanue. Hokazars,

Yxesanue. Bocnonpsopareca ToxoecTEOM sinf +cos®t = 1.
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§ 2. MocneposarencHOCTY 1 MX CBOALTBA

622, 5 =422=8x3=16,24=232.6.23. 2, =6, 22 =11, 33 = 18, z4 = 27.
6.24. 5y =0,22=2,23=0,24=2.6,25. 21 =2, 22 = =g t= 15

6.2.6. 7 = 1, rg = 0, r3 = —1, Ta=0.6.2.7. 2, = —1, Iz = 2, Iz — —6, Ty = 24,

— 1 _ 1 _n+1 _ 1y .
6.2.8. 70 = .10 6.2.0. 0, = 1. 6.210. 2. = 2L 82110 5u = (-1)" - m

6.2.13. OrpaHyyenHad nOCITEnOBATENBHOCTE. 6.2.14. OrpaHNveHHan CHHIY
IOCAeN0BATeNbHOCTL, 6.2.15. Orpanuuennas ¢Bepxy NOCIEAOBATE/LHOCTD.
6.2.16. OrpanudeHHas nOCIEI0BaTeLHOCTE. 8.2.17. Heorpannyennan
nocaeposarenshocte. §.2.18. OrpannyueHHas CHH3Y NOCASIOBATE/IBHOCTE,
6.2.20. Ctpore BO3pacTaOmai, HeOTPAHHYEHHAR NOC/IEN0BATELHOCTD.

6.2.21. HemonoTonHaA, OrpaHMYedHasa Woc/IeaoparensHocTs. 8.2,22, Crporo
BO3PACTAAA, OTPAHHYEHHAA NOCASAGBATENLHOCTE. §.2.23. Crporo ybrBaman,
OTDAHHYEHHAS CBEPXY NOCASHOBaTeNbHOCTh. 6.2.24, MoHOTOHHAA, OrpaHHYeHHAA
[OC/TEN0BaTeIbHOCTE. 6.2.268. {2, + yn} = {(-1)" + (-2)"} = {-3, 5, -9,...},
{Zn—we}={1,-3,7,.. }, {zn -} = {27} = {2,4,8,.. .},
(2)-1#1-0 14

6.2.27. {xn +ym} ={r" +n+1} =1{3,7,13,...},
{Za—gn}={n*—n+1}={1,3,7,...}, {zn- yn} = {n® +n} = {2, 10, 30,.. .},

{yﬂ} {n+ 1} {2 2l 3L, }

6.2.28. {aza + By} = {an wmi={-n}={-1, -3,...}.

6.2.29. {axn + Bys} = {V22, — 5yn} = {(V2)" - 5} ={-3,3v2-5, -1,...}.
6.2.30. 71 =5, 22 =61, 23 =133, 2: =30k 6.231. 21 =1, 22 = 1, 25 =1,
Ly = 1. 6.2.32- T = 1, T2 = 1, I3 = 1, T4 = 2. 6-2.33. r = 2, T2 = 0, I3 = 2,
24=0.6234. 21 =1, 22 =2, 23=06,24=24. 6.2.35. 0, =0, 52 =2, 23 =8,
z4=5. 6.2.36. z, = n” + 1. 8.2.37. 2, = cosn. 6.2.38, z, = =1

6.2.39. z, = % 6.2.40. OrpannuedHas MOCIEIOBATE/IEHACTS.

6.2.41. OrpaHuveHHaa CBepXY NOCAeAOBATENLHOCTL, 6.2.42, OrpanHueHHasn
CHH3Y NOCAea0BATeMbHOCTE. 6.2.43. Heorpannyennad nocnenoBare IbHOCTD.

6.2.44. HeMOHOTOHHAS, OTPAHMYEHHAA ROCNEN0BATENEHOCTE. 6.2.45. CTpora
yORBAONAA, OTPAHNYEHHAA NOCNEA0BATEMBHOCTE. YXa3eHue. YuecTh, 4T0

1
= | A NOCENOBATENBHOCTD 3 — 2 CTPOrG BOIPACTACT.
in-2 3— g n

n
6.2.46. CTporo BO3IPACTAOIAL, OrPAHWYEHHAS CBEPXY NOCJIEA0BATE/ILHOCTD.
6.2.47. IlocrofHHan 1, CNeAOBATeNLHO, OTPAHHYEHHAA I MOHOTOHHAHA

nocaenoparesbocTs. 6.2.48. {r2} = {n’}, {3y = 2} {2n — 1}

6.2.49. {2} = {n'}, {3y +2} {%?1;21}.6.2.50.m1=1,:.."2=1,a:3=2,

T4 =3, s =5, 26 = 8, x7 = 13. 6.2.51. Py =33, Py = 42, P5 = 10sin 36°,
Ps = 6. 8.2.52. z, = (v/3)". 6.2.53. 1) £, — n-H 3HAK JECATAYHON 3AMMCH IHCIA
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m2) e, =5+2". 6.2.54. 2, = RL—H' 6.2.56. Hanpnwmep, o, = %;, UYn = ilnlzL

6.2.57. ¥xazanue. Boconesopareca nenodkoll pabeHCTB

m_n=(\/n2+1—n)(«,/n"’+l+n)_n2+1—n2 1

VrZ4+1l+n _\/n2+l+n_v’n2+1+n.
6.2.58. Vxesanue. Yyecrn, yro ln{n+ 1) —lnn=In "n—'u =In (1 + %) <In2.
6.2.59. Yxasanue. YuecTs, uto "'11—-_3”2 =1_-3- —2——4 a —2——4 <lopunz?2
’ n° +1 n"+1"  n’+1 =

6.2.60. Vxcsanue. Cpennee apudmeruveckoe ABYX MHCEN Trn_2 H Tn_1
H300paxaerca cepenuHolt OTPe3ka [Ln—2;Tn—1), IO3TOMY BCE TOYKM Ta, L4q, T's,...
BpHHALNeXAT orpesky [z1;x2] = [2;5]). 6.2.61. MoHoToHHO BO3pACTAOMIAT,
OrpaHHYEHHAA CHU3Y NOCTenoBarensHocTs. 6.2.62. Crporo yousalomas,
OTDAHHYEHHAA CPEpXY NOCAEeIOBATENLHOCTL, Yxazanue. [lokalaTk, 410 £n > T4,
=123, .,relnn—n>In(n+1)— (n+ 1) 6.2.63. HemoHoroHHas,
OrpaHHYeHHad MOCNeA0BaTe/IbHOCTEL. Yxazenue. Brinucars Aepbhle Tpu 41eHa
nocneaoparesHocry. 6.2.64, HemoHnoroHHas, orpaHH4deHHan
nocsenoparentHocts. 6.2.656. 1) Ha, Hanpumep, ecnu T, = yx = (—1)"; 2) Ha,
€C/TH, HATIPUMED, Zn = Yy = (—2)". 6.2.68. Hanpumep, ecau

{za}={gm}={n-2}={-1,0.1,.. .}.
§ 3- ﬂpe,q,erl nocNeposaTeneHOLTH

6.3.4.1) 2; 2) 6; 3) 34. 6.3.0. 1) 17; 2) 101; 3) 205. 6.3.11. 2. 6.3.12. 1.

$.3.13. 0o. 6.3.14. 0. 6.3.15. %. 6.3.16. 6. 6.3.17. 1. 6.3.18. cc. 6.3.19. %

6.3.20. 2. 6.3.24. 1) 3; 2) 5; 3) 10. 6.8.28. a = 1; 1) 2; 2) 11; 8) 168. 6.3.29.

[

g-
6.3.30. 0. 6.3.31. % Yxasanue. Ilpusectr 0poGu K ofmeMy 3HaMEHATEIIO.

6.3.32. —%. Yxasanue. JTOoRONHATH BHpaKeHHe NOA 3HAKOM NPenena A0 pasHOCTH

Ky6op. 6.3.33. 1. 6.3.34. 1. Vxaesanue. Bocnonezoparbea dbopmynolt cymMmer
apudmernyeckoli nporpeccun. 6.3.35. ﬁ, ecnu |q| < 1; oo, eca |g| > 1.

6.3.36. % Vrgzenue. YUecTs, 4T B WHCIMTENE M 3HAMEHATENE OpobH Haxoaarca

CYMMBI FeOMETpHYecKHX nporpeccu#t. 6.3.37. 0,2, 6.3.38. 1.

6.3.39. Vxcacnue. JorasaTenncThC METOOOM OT NPOTHBHOIO YICOHO APOBECTH,
HCROJIB3YA FeOMeTpHMecKoe onpeaesieHne npegena. 6.3.40. Hanpumep, ecau
an = %, Ba = ﬁ'}'. 6.3.43. Hanpumep, z, = (—1)". 6.3.44. 2) Hanpumep,

nocrenoparensHocrs {1, 0, 2,0, 3, 0, 4,...}. 6.3.45. 1} 1. ¥xeaernue. Y4ecrs, 4To
22 — 820 + 2 = (2, — 2)(zs — 1). 2) 3. Vxasanue. CHauana MeTogaM
MATEMATHYEeCKoH WHAYKUHMN TOKA3ATE, YTO I < 3 (yuecTs, uTo ecnn 0 < @ < 3, 10
VB Fa < 6+ 3 =3). Hanee, yunthipas, 4yro 0 < z, < 3, ¥n, nMoKasatk, ura
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Ir
ZTp € Int1, ¥, TaknM obpasom, NOCACAOBATENBEHOCTE MOHOTOHHG BO3PACTALT U
OFPAHHYEHA CBEPXY, & (JIEHOBATENIBHO, CXOLATCH. Teneps Npeano/ioxHB, 1To
lim &, = a, B38TL Npedes Ot obeux HacTelt paBeHCTRA Tn = /B + 2,. 3} 9.

n—+0o0
1 _1_ 1
6.3.46. 1) 1. Ywasanue. BocHONL30BATECE PABEHCTBOM am+l) — n .

n+1

1 1 _1(1_ .1
2) i Yxaszonue. Y4ecTh, 4ro T CES IR (2n S 1 2). 6.3.47. 1) Her,

HanpHMep, Tn = _12’ Yn = n. 2) Her, nanpumep, z, = 11—1, y» = n°. 8) Her,

HANPHMEP, Tr, = L_—IL. yn = n. 4} Ha. 5) Her, vanpamep, yp, =, 2, =3 —n.
6.3.48. 1)} Hanpumep, z, =1 + l, 9o = 1. 2} Hanpumep, =, = @ L Yn = %‘

6.3.49. 1) e. ¥xgaanue. (l + %)n“ = (1 + 1) (1 + ) 2) 1

n \" _ 1 n_ 1
Yxaaanue. (1+n) = (l'f‘:‘.) = (1+%)n

§ 4. MNpepen hyHxym

6.4.2. —-1. 6.4.3. 4. 8.4.4. 3'2@ 6.4.5. 4. 6.4.8. Vxoesanue. Ilockonnky

|f(z) — 4l = |z — 3| - |z + 3| u maxHO cunTars, ¥10 [z + 3| <4+ 3 =7 ana
3HauenHit z, 6ruskHx k 3, To npu § = % (rne € — WPOM3BOJIEHOE TIOJIOKNTEJIEHOE

«ncs1o) wmeem |z — zo| = |z - 3| < §=£ = [f(z} - A| <¢. 6.413.1) 5= 1

(aooﬁme 10AX0IUT Modoe TOJTOXKUTENIBHOE YHCI0, MEHBIIEE HAH PABHOE l);

4
2) 6 = 0,005. 6.4.15. 15. 6.4.16. 3. 6.4.17. —1. 6.4.18. 0. 6.4.19. 0.4.

4 -3 4 -
6.4.20. 0.5. 6.4.21. 3. 6.4.22. — 7. 6.4.23. 3. 6.4.24. — 5. 6.4.25. 0,05.

6.4.26. 1,6. 6.4.27. 2 . 6.4.28. 2. 6.4.29. —1—5 Vxasanue. JTOMEOKETS

SHCAUTENb M SHAMEHATENL APOGH Ha PLIpaXeHHe, AonosHAmee { ¥8 — T — 2) a0

pasmocTH kyGop. 6.4.30. —12. 6.4.31. -%. 6.4.32. —3. 6.4.33. 0. 6.4.34. o

6.4.35. 0. 6.4.36. 0. 6.4.38. 2,25. 6.4.39. (,4. Yxesexue. Yuects, 4T
tg2z = ?;"22:; " lil:&)cos 2z = 1. 6.4.40. 0,5. Yxesenue. Bocnosssoparscs

ToxRIecTBoM 1 —cosz = 2 sin® % HAY JOMHGENTE YACJIMTEAL H 3HAMEHATENb

apobu na 1+ cosz. 6.4.41, 1. 6.4.42, 2, 6.4.43, —8. ¥wesanue. Henons3oears
TOXOECTBO €08 52 — cos 3z = —2sindrsinz. 6.4.44. —6. 6.4.45. —0,5.

6.4.48. ¢, 6.4.49. ¢7°. 6.4.50. ¢. 6.4.51. ¢*. 6.4.52. ¢

¥razanue. IIpeacraButh ucxonubilt Apenen B BUAe NPOH3BEACHUA NPEIESIOB

z 2
lim (:'5 = 5) - lim (:'5 = 5) . 6.4.53. ¢ . 6.4.54. e}, ¥xeaenue. Cnenate

200\ X — B 200 \E — B
sameny ¢ = sinz. 6.4.55. 3. Yxesanue. Bocmonvaoparkca dopmynod ona
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paznocTH norapudMob, nocne Yero COEeNaTh 3aMEHY ¥ = % 6.4.57. f(2-0)=1,
F(2+0)=2 6.4.58.a) f(1-0)= -2, f(l +0) =3

6) f(11 - 0) = fF(11 +0) = 11 . 6.4.60. 3. 6.4.61. g 6.4.62. ~§ 6.4.63. log, 7.

6.4.64. 3,5. 6.4.85. 0,5. .ansanue npeJICTaBHTb DaHHb# npesen B BuIe

mponsnegewas lim L . lim ucte(z - 2) g.4.66. 6. 6.4.67. . 6.4.68. 3.
= =

6.4.89. 243a°. 6.4.70. .V?caaauue, BOCHDJIb3OBaTbCS[ HepaBeHcTBOM |sin x| < |z
6.4.74. ¥xasanue. PaccmoTperh nociemsopaTesibHOCTH {Z),} = {%} "

1
{zh} = {m } 6.4.75. Yxasanue. PaccMoTpers ape nocsieqopaTesIbHOCTH,
p]

Loy f1l,11, 1, V3 ]
cxonaumeca k 3: {zh} = {1+ 1} u {} + ¥ } 6.4.76. 3. 6.4.77. 3. 6.4.78. 1.

6.4.79. —0,75. 6.4.80. 2%. 6.4.81. 0. 6.4.82. 0,25. Vxezanue. [IpupecTn gpobn x

obmemy snamenaresmo. 6.4.83, 0,5. 6.4.84. 1. 6.4.85. 3z°. 6.4.86. 48.

6.
6.4.87. 1,5. 6.4.88. ﬁ 8.4.89. 1,5. 6.4.90. 1. 6.4.91. 4. Yxesanue. Cuenats

3aMeNy T = {7, T.e. ¥y = «*, nocsie wero wexonswi npenes npEMeT Bua

A4.93. o0. 6.4.94, 0. Yxazanue. [Tonennte kamoell u3

=1 I —
MHo:xHTe.rleﬁ P YHC/IMTERE W 3HAMEHaTese Ha r°. 6.4,95, +co. 6.4.96. 0,

6.4.97. — 25 6.4.98. 3. 6.4.99. —1,5. 6.4.100. 0,5. 6.4.101. 0.

Yxasanue. [logesHTh YHCIHTEND M 3HAMEHATENDL OPOOH Hz i M BOCNIONB3IOBATHCA
NEPBHIM 3aMEYaTeIHEIM npenenoM. 6.4.102, % 6.4.103, 2. ¥Yxoaanue. YuecTn,

ato 1 — cosdx = 2sin’ 2z, tg 2z = % 6.4.104, 1,75. Yrasanue. [logenuts

YUCJINTEND M 3HaMeHaTens Apobn na r. 6.4.1056. 2. ¥Vxasanue. Coenare 3ameny
y= % 6.4.108. log, 7. Yxesanue. [lomenuTs YNCIHTENE U 3HAMEHATEND IpoGH Ha

£, 3aTeM BOCTONb30BATLCH PEeIyNRTATOM 3adaqu 6.4.46. 6.4.107. e. 6.4.108, ¢*
6.4.109, 3. Vxaaanue. [logenuTs YHCANTE L M SHAMEHATETH OPOOH HA I.
6.4.110. e7*. 6.4.111. 0,5. 6.4.112. 1. 8.4.113. ¢~°. ¥Vxasanue. Y4ecTs, 4To
cos2r =1 —2sin’z. 6.4.114. 2. 6.4.315. f(0—-0) =0, fF(0+0) =

6.4.118. f(1-0)=1, f(1+0) = +00. 6.4.117. 4) Pewenue. Tak rax
2Incosz =Incos’ z = In(1 —sin’z), 2 In(l + ) ~ z, sinz ~ z, T =+ 0, To

-1 —sin?z) ~ —iginZz ~ —Lg2 1
Incosz = 2 In(1 —sin® ) 5sin°z FT - 6.4.118, 5a" 6.4.119. In2.

6.4.120. 271°. 6.4.121. 2. 6.4.122. % 6.4.123. 0,5. 6.4.124. 1) Her, 13k xaKx B

npoTHRHOM cayvae dynrmua g{z) = [f(z) + g{x)] — f(z) Taxxe nmena Gsl npemen
B TOMKE g, KK PA3HOCTh JBYX UMEIOMHX Ipenen B atoll Touke. 2) Her,
HanpuMep, ecin f(z) = signz, g{z) = —signz, zo = 0. 6.4.125. [lpeanonoxuts
npotHpHoe. damnee ygects, yro VM > ( moxno HaliTu TAEME TOYEM X) ® T2, 4TO
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Ty > Muze > M, u|fiz1) — f(z2)| = 2. 6.4.126. Hanpumep, bynknyn y = [r] n
y = {z}. 6.4.127. 1} Pewenue. Ilycts ¥(z) = alzx) + B(z), rne a{z) n 3(z) — ope
AaHHBE GECKOHEMHO MaJjike NpH T — T ¢yuxuun. Torna ana moboit
NOC/TEI0BATENLHOCTH {2}, cxooame#cs k 2o, MMeeM

lim a{z,)= lim A(z,) = 0. Ho orciona nojy«um, 4o

fi=aa L =

lim {z.) = lim [a{z.} + 8(zn)] = lim af{z,)+ lim B(z.) = 0. [To nepsomy
= 4 =00 =t n—to0

ONpeaesIeHHIO Npedesia PYHKIUY 3TO M 03HAMALT, YTO zlirgo 4(z} =0, r.e. y(z) —
GeckonewHO MaTas npu ¥ — 2o. 6.4.128, 1) Hanpumep, wacTHoe GecKOHEWHO
Manex mpu £ — 0 dyuxuuk £ u 2° masercs Geckouewno Gonpmokt byuxuneh.

2) Hanpumep, ecru «(z) = x, a 8{z) =1 — z, 10 o(z) + B(z) = 1. 3) Hanpumep,
=1 —__1
ecqn f(x) = ik glxy= 3 (Geckoneuno Gompmme npu £ — 0 dhyHELENH), TO

Fz) + g{z) = 0. 6.4.129. Hanpumep, f{z) = (z — 1}{z - 2)(z — 3). 6.4,130. 0.
Yxazanue. Bocnone3opaThen pesynbnTaroM 3adaqn 6.4.1272). 6.4.131. 9

1
Yxasarue. IIpuMeHnts dopmysy 2™ — 1= (x — D" '+ 2" 2+ -+ 2z +1).
6.4.132. e. ¥Yxaagnue. [lockonsky cosz = 1 — 2sin? %, TO

alpi_r)r}](cos:.c)_'ﬁf =1L1110(1 — 2sin® %)-;27 =
in an 2
= lim (1 — 2sin? %)m%:i )__23.1;2_&]( ) )

=0

= lim [(1 — 2sin? 3—2:

z—=0

6.4.138. 3. Yxaszanue. HenonnzopaTh nenoyky paBeHCTD

£2
o= ~cos%s (e —1) +£1 —c082T} _ o°
z T

2 .2
= 1, &glg_w 6.4.134. 0,6.

Yxasenue. Coenare sameny ¢ = t'5, Janee cM. yrazanne K 3amaqe 6.4.130.

6.4.135. 0,2. Yxasanue. Coenats sameny y = 1+ z. 6.4.136. —%‘ Peuenue.

Tlpencrapup ancaurens gpofin crenywomwmm obpasom:
/(1 +=x)? — /(1 + )%, DOMHONHAM YHC/MTESIb M IHAMEHATETh HA BRIPAKEHUE

(VT+a0+ YA+ + A+ 22+ T+ 0+ YT+ 5+ §/T+2)T ).
Torma 11:1_1.1}] w = lim V(l +z)? — V(l + )3 -

r—0 xz
1 2 _ 3 g 9y?
= i g g =5 HE S < Lt e 1) = -
z- Y A +a)
i=10

§ 5. HenpepwsHacTe dyHKLMM

Ar | -05|-01 | -001| 0,5 0,1 0,01
Ay |35 -21|-201]|-15}-19]| —1,99
Ha ocHopanny TaGMIE MOXKHO COEJIATEH NPEINOIOHEHHE ¢ PASPEIBHOCTH
dbyukuun f(x) B TouKe 29 = —1.
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6.5.2. a)




Ar |l -Q5]-01] 001! 0,5 | 0,1 0,01

Ay | 1,25 | 0,21 {0,0201 | 1,25 | 0,21 | 0,0201

Ha ocHopaHEH 3TOl TaB/MHIBI MOKHO COENaTh NPEANOIOXKEHHUE O HENPEPLIBHOCTH

dyukunu f(x) B TOUuke Tg = —1.

Ar | -06|-03|-01|-001(06(03]|01]0,01

Ay | 06 | 0,3 | 01 001 [06]03]|01 001

Ha ocHoPaHuH TAlJIMLBI MOXHO CIENATh TPESNOJIOKEHHE O HENPEPBIBHOCTH

¢yukumn f(z) B TOUKE To = 1,5.

6) Azr| -06 | -03 |-0,1|-0,01 |06]0,3]0,1]|0,01
Ay | -167 | -333| ~10 | —-100 (1,2 | 0,6 | 0,2 | 0,02

Hexona uz TaliMubl MOXKHO COESTATh BHIBOA O PASPHIBHOCTH IAHHOH yHEMHE B

TOYKe Ty = 1,5; npy 3T0M byHKUMA HENPEpLIBHA CNIPaBa B TOl Touke,

6.5.5. 8} IIpunap apryMeHTy B TOYKE T¢ NPHPAINEHHE AT, NOJYUHM

Ay = (zo + A2)® — 23 = 2] + 32} Az + 3za(Ax)Y? + (Ax) —2d =

= Az(3xz3 + 3roAz + (Az)?), otkyma Aim Ay=0,1e bynxmuay =z

6)

8.5.3. a)

3

HENpEpHIBHA B TOUKE Zgo. 6.5.12, a) DyHKuMA TepOHT paspeip l-ro poga B Touke
2 = —2 (ckavoK PYHKUMA PaBeH —2)} M UMeeT YCTPaHHMbIl ﬁaapbm B TOUKE

z = 2. B ocranbublx Toukax QyHEnua Henpepripna. Fpadwk Qyuxnun naolbpaxen
Ha pucyHke 131 a}; 6) OyHKUHA HMEET YCTPAHMMBIN PAIPHIB B TOUKE T =11
TEPIHT pasphib 1-ro poga B To4ke r = 2 (ckatok dynxkuuu papen 4). B
OCTAMBHEIX TOYKaX (PYHKUHA HenpepbibHa. ['padunk pyuxumn H3obpaxen Ha
pucyuke 131 6). 6.5.13. a) z = —2 — Touxa paspsiea 2-T0 posa, £ = 1 — Touka

ot

2 i
P
I or 1 2 T
T 2 z

a Puc. 131 g

YCTPAHHMOIO Pa3speiBa; T = 4 -—— TOYKA paspuiBa 1-ro poga (Ckavka); B OCTANBHBIX
rovyKax ¢yHklus HenpepbBua. 6) £ =0 u 2 = 3 -— Touku pazpwiBa 2-ro pona,

z =5 — TOuEA pPa3puBa 1-r0 pona (CEAMKA); B OCTAJIBHBIX TOUKAX GYHKUHA
HempepeieHa. 8.5.15. a) £y = —4 — TOMKA YCTPAHHMOrO paspmBea; 6) 2o =0 —
TOYKA YCTPAHHMOTO paspbiba. 6.5.16. a) OyHxums uMeer paspup 1-ro pona B
TOYKe Zg; 6) To — TOUKA paspriBa 2-ro pona. 8.5.20, a) 1; 6) %; B) 2;r) In2

6.5.22. 1) Oyuxuus senpepriBHA HA oTpeske [4; §], HMeeT OnHY TONKY paspeiBa,
BTOpOro pona r = 1 Ha orpeske [(; 2] 1 ABe TouKN pa3puipa BTOPOrO poxa x = +1
Ha oTpeske [—3; 1]; 2) Ha orpezke {4;5] dynxuna Henpepnipa, na orpeaxe {0; 2]
HMEeET OSHY TOUKY Pa3phisa BTOPOTO poga & = 1, a na otpeske [—3; 1] — ape
TOYKY PA3PHIBAa BTOPOro poda 1 = —3, 2 = 1. B OCTANLHEIX TOUYKAX NOCNETHHX
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IBYX oTpe3zkoB ¢yHKUNA HenpephieHa. 3) He onpenesiena HE Ha OOHOM OTpeE3Ke.
4) ©yukiun ve onpefenesa ua orpeskax {0; 2] n [-3;1]). B ciyvae orpeska [—4; 5]
(yHEUNA OnpegeNneHa JIMIIL B €r0 KOHUEROH TOYKE T = 5 U nosToMy HE ABJIAeTCH
HenpepuipHoll HU B onHol ero Touke. 6.5.24. OynrEuusa HENpPEpPHBHA NPH BCEX

Zz # 0; B rouxe ¢ = 0 pyHKUHA TepnuT paspeis 1-ro poaa.

6.5.25. a) Yxasanue. Ay = f(z + Az) — f(z) =sin(z + Az) —sinz =

= 2sin % + COS (z + %) Hanee y4ects, 4To HyHEDUA Sin % — GecKoHeYHo
masiad npu Az — 0, a GyHKUNA COS (x + %) — OTpaHWYeHHAd.

6.5.26. Vrxasanue. [lycTh, Hanpumep, £o — NPON3BOJILHOE PAUHOHAABHOE YUCIIO.
Toroa nocaea0BATENBHOCTE {En } = {:co + @} CXOONTCH K TOMKE To. OoHaxo
lim f(zn) = lim 0 =03 f{zo) =1, T e. B Touke £y He PLINONHEHBI YC/OBHA
- L o= i

HENPEePLBHOCTH. AHATOTHYHO PAacCMaTPHBaeTCA caydal, korma To —

nppaunoHanshoe. 6.5.27, a) f(z) =signz, g{x) = —signz, 2o = O

6) f(z)} = D{z) (dyuxuusa Jupuxme, cM. sagauy 6.1.125), g{z) = 1 — D(z). Torna

Flz) - g(z) =0,Vz € R 6.5.28. a) f{zr) = D{z) (cM. sapauy 6.1.125),

g(z) = —D(z); 6) f(z) = D(z), g(z) = 1 — D(x). 6.5.29. Yxaaenue. Paccmorpers
1

7 +2m

Touke 0. 6.5.30. Yxasanue. Yuects, uT0 PyHruna £ — HeCkoHeYHO Majad B

OKpecTHocTH To4kH (), a GdYyHEuUA sin T — OTPaHiYeHHas. 8.5.32. Hanpumep,

NOCJIEIOBATEEHOCTH {Th} = {#} ui{zh}= { }, CXOOAWMECH K

1 0, npuz=10,
fz)= S Ha uuTepsase {0;1). 6.5.33. Hanpumep, f(z) = l‘ apH 0 < z < 1.

6.5.34. Hanpumep, ¢pyukuua f(x) onpenenenyas Ha oLeIHHEHHH HHTEDBAIOB

{1;2) u (3;5), npunem f{z) = {0’ mpu = € (1;2),

8.5.35. H .
2, npnz € (3;5). ApHMED

-4
Flz) = L mprl<a<l, 6.5.36. a) Hanpunmep, f(x) = z na neTEpBAIE
2, npulgzg2

(0;1). 6) Hanpumep, f(z) = sin z Ha unreppane (0;2x). 8) Hanpumep, f(x} = {}
({z} = 1 — [z] — npobGuaa vacTL yMcna z} Ha uHTEpBane (0; 2).

1, npuz=40,
6.5.37. Hanpumep, Ha otpeske [0; 1], pyuxuua f(r) =<z, npul<z <1,
0, mpuz=1.
6.5.39. Yxasanue. Yuecrs, uto lim f{z) = +oo, lim f{r) = —oo (ecin
z— oo T 0
go > 0y mm lim f(z) = —o0, lim f{z}= +oo (ecam ag < 0). IlosTomy
T+ x= 400

uallgetcs oTpe3ok [a;b), Ha KOHuUAX KOTOPOro f(%) NMPHHHMAET IHAYEHMS PASHBLIX
3nakop. Janee npuMeHuTs Teopemy Bonbuano—¥omm.

6.5.40. Yxasanue. ITpencraeuts |f{z)| » Buae nponspegenns bynkuni f(x) n

. — ] _

sign f(z). 6.5.41. Hanpumep, byurmna f(z) = D{z) - 5, rae D(z) — dbyuxuun

Hupuxne {(cM. sapavy 6.1.125).
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lnaea 7. NponasopHan v ee npumMeHeHue
§ 1. Nponasogran pyuxymn

7.1.4. Vwxasanue. Y4ecTn, 9TO %g Yr+dzr—T _

Az -
_{(Vz+Az—r)(Ve+Az+z)
Az-(Ve+Az+/7T) Az- (v7:c+A;c+\/_) Az (\/z+Ax+f)‘

2 _ _1 1
7.1.7. 322 — 0,4z + 2. 7.1.B. 2az + b. 7.1.9. 422° 4 1227 g 7.1.10, m.

1 3 18 2 6 4
7.1.11. + - . ¥.1.12. - —+ 7.7.1.13. 1,25 .
et Wyt TVT vz

7.1.34.5-2°.ln2 - —3,— 7.1 15.+ 7.1.16. —10 4 7=,
4sin” x 2z 1+1°

[
7.1.17. .1:2(310323: + T‘i) 7.1.18. 423 + 2z, 7.1.19. —26

(1—e)
1 21" 1n21 Va
7.1.20. a.rcsmy + \/_+ 7121, _ln 7.1.99 BICCOST _
V1= 21"+ 1)* \/ 1 V- =
+M§$ﬂ— 7.1.23. 0. 7.1.24. 7. 7.1.25. 0. 7.1.28. L. 7.1.28. —5sin 5z.

" In6 6
7.1.29. 3In 7 7%t 7.1.80. —3cos® zsinz. 7.1.31. 100{z + 1)*,

1 1 1
7.1.32, . 7.1.33. . 7.1.34. e et 7.1.35. ctgx.
2,/tgzcos 2;;2—12 z ¢

ctgx =z 2arctg
7.1.38. — £ CTL8T. e 7.1.3B. - — == 7.1.39. 4 8z :
m 3 m 7.1.38. — T2 . 7.1.39. 4,5sin 2(:052

2 1
7.1.40, . 7.1.41, — . 7.1.42. sec2r.
Vaz -1 \/2{:c-—:.c2)(l+z) SeeST

Yxaaanue. ¥uecrs, 410 In 1+tgzr 1 (___tE.‘E) =
1-tgzr I—-tge

{12 sin 3:r: — €08 3.1:}
2 cos” 3z

= Lin(1 +tg2) ~ In(1 - tg=)). 7.1.43,

7.1.44. Vt 7.1.45. Qfﬁ,ﬂ. 7.1.46. 2?(3sin{cos ) — zsin z cos{cos z)).

2
7.1.47. — A (42" 103+ 233 - 20l 3) - 5). 7.1.48, TABAL
2;; z? — 5z In6

7.1.49. 7.1.50.

1 - sin =z 6 .
VT{l + V) 1+\/_ g+ D +2)z+ 3Nz +4)
Yxaszanue. Bocnonesopateca dopmynamMn 03 Jorapudma NpoH3BeneHns,

MACTHOrO H crenenn. 7.1.51. —<E—=—— 7.1.52. —Lsinaz.
e (@” — 4z +5) 2

Yxasenue. IIpuMeHnTh TOXIECTBO Sin® % + cos® % =1- %sin2 z.

7.1.53, 5% % sh 10z. ¥xazanue. Yvects, yto sh2z = 2shrchr.

2¢%7 (32 — 1 T 1
7.1.54. . 71,55 - /j——. 7.1.56. - . 7.1.57. - 2z,
qreres EE 7T cos2a
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2
7.1.59. z°(1 + Inx). 7.1.60. 22" Inz. 7.1.01._§5 D8

{z—-3)
32 + 5043 «® 2)\/z— 1 4
m 7.1.02. E2g ( +3(x_1} 1:+5)’

L]
7.1.83. (tg2)* - (G- - sins-Intgs). 7.1.64. @ = Yeos’a Heos 2,

T

oz 5 2.1:3111(1: +y )+ye bzx
x +6tgxr + 7.1.66, — . 7.1.67. —
(l g Tx ) 2ysin{z” +y°} + ze® oy’

2 2
7.1.68. 22" +ly . 7.1.69, —YeosTHsiny oo, 20 —y)

(1 ¥} :ccoay+smz y(2y" + z7)
1 sin ¢
7.1.7L. ¢ —y—v y{0) = - 2. 7.1.73. 3 B TLT4 TR wn ctg £ z
cosf —sint _ — —
7.1.75. cost T sinf’ 7.1.76. —1. 7.1.77. 0,8ctht. 7.1.79. y=z+luy= -z +1.

7.1.80. y = §:|:+ J% Wy=—-2z+ 4—@;6535. 7.1.81. a) 7o = 0,5; 6) To = 1.

7.1.82, arctg 3. 7.1.84. %‘%. 7.1.85. 2sinz + zcosz. 7.1.86, 20 =In2)
L

- Y = 1) 9
1.87. - @ 7, . . 7.1.80, — 2.
7.1.87. = . 7.1.88. 32¢ 1.89 TTs 7.1.80 v

__1 1) = oY = 5 _ 52, 2
T-LOL —— . 7.1.96. £/(1) = 5. 7.1.97. £/(0) = 0. 7.1.98. 52= — 3% + o2
3

2 1 ®
LT, - - . 7.1.101. .
YT g 3cosz. 7.1.101 -—~——g1+x + Te
8

7.1.102. 19 - In 19 — . 7.1.103, 52% ~ 1. 7.1,104, — i + 2.
V1~ 22 Vi-a? Vot

7.1.105. —"’—7—-; 7.1.108. — l ik Yxazanue. Bocnons30BaThCA TOXKASCTEOM

7.1.99. 602° + 4
L

3sin’z 4+ 3cos’z = 3. 7.1.107. — %152- + %313 + 4% - In4. ¥xesenue. YIeCTh, 4T

Y = (1YY = ()Y mi=-%. 2°(1 - 2lng)
(#) =((3)) =(3) mg=—g w3 710108 2e® )’
7.1.109. 3x2+12x+11 7.1.110. 2x(32* — 182% + 23).

3 5
7.1.111, =& +22° — 6z’ 824 7912, - 2 713 2 -2 4
(@ +47 R odz T

3% . In§

7.1.114, —2!;13 - hl—g};—?. ¥xaszanue. Yvectn, uto (%:;)* _ ((%)z)? =
3= . 2lng

=(9)" w2 %;f |n("23)2 = —223——% 7.1.115. 0,25. 7.1.116. 4.,5.

7.1.117. 0. 7.1.118. 2e(41n2 — 1). 7.1.118. 2z - 10"+ - In 10. 7.1.120. E%a;'

2
71,121, 2¢h® Lsh 2. 7.1.122. 192" =1 73 123, _24in2z.
2%472 52— e
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Vxasanue. Bocnons3osarsca ToxaecTBoM cost — sint z = cos 2.
7.1.124. =1 _ 7.1.125, —p —— 2 . 7.1.126. —6 cos 6.
;;4 — 7zt sin’ 10z - §/(1 + ctg 10x)*

¥xazanue. BoCIOIB30BATECA TOXKIECTBOM (slin 3z — cos3x)® = 1 — sin 6.
7.1.127. 1210’ sin 3¢ - ctg 3. 7.1.128. . 7.1.129., — .
2vh( 1-x2arcsin’z

7.1.130. cos®z —sin’x 7.1.131. £=lnz—1 74 440 ch!lntgh}.

Loz —sin’ % !
(cosz + sinx) (xr—-1) sin 4z
7.1.133. arcsin 7. 7.1.134, 2In 3 357" 20H4sin2s 00000 (35in2 27 + 4).
7.1.135. 0. Yxazanue. Bocnons3oBaThca paBeHCTBOM & RS g z_T_ g
7.1.136. —I_ e — L 7.1.137. 2V (14 ¥Z12),
Vo0 =20 eyl 2 ( 2 " )
7.1.138 —,—5“““5 71138, —L—. 70140, 2e’(e” -1
R T 9 et +1
T _ 2
7.1.141. m. 7.1.142. (1 t.g 3.1'.') . 7.1.143. cosec z.
2 2
7.1.144. (52— . 7.1.145. — A - 1 7.1.146. —32.=52
(7%5) oy e g N g rer=d
3
7.1.147. £FE=1 71,148, gorewe . (_Inz  arctgzy
{z +2) * (1+x T )
2
e (B0 | 2E)
e (x+4)! 4 8
TS0 (1+ 54 2(5:|:~1))'

3
7.1.151, —£ vz —10 3 1 __ 1 ___6z \
(z° +4)° - Yz — ( * 2z—-1Y 7Tz -6) :r:2+4)

7.1.152. 3% - 2% V2T x(ln3 +34 ﬁd"‘—l)) 7.1.153. 0. 7.1.154. —‘/g‘

2(

— _ 2
7.1.155. 2’;—‘_2395 71156, —YETYVY ) gy e l:’—zﬂ,liu,-l,

c(ylnz - y? —z2+ 1}

_yly+ziny
7.1.158, ;(m% Yraszauue IlpenpapurensHo nponorapudgpMupopaTs ohe

4acTH pasexcTea. 7.1.159. ' = —%, ¥ (—v2) = 1. 7.1.180. Elg 7.1.181. —tgt.

7.1.162. ~1. 7.1.163. 2 + 1. 7.1.164. y = 12 + 16 u y = —ﬁ sé

7.1.166. y = —7153 + 745 HYy = V3z. 7.1.1868. y=2ruy= -%—.1: B TOYKE
MO0, y=—2r+4ny= %a: —1 B rouxe M>2(2;0). 7.1.167. y =3z —4n

y———+9é 7.1.168. a) zo = 2; 6) 1o = 1,5. 71169.arctg3

7.1.170. arcig 2v/2. 7.1.171. _'c?;’_x' 7.1.172. 2cos 2z. 7.1.173. 57 - In® 5.
7.1.174. 243:3—21)5' 7.1.175. *(z + 3). 7.1.176. cos .
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1" Y.ftn=-12 1 1
7.1.177. L7178, Fontooa’t’ 7.1.179. ™
T dsintc 9et

7.1.182. ¥xaszanue. Iloxasats, uto lim Ay # lim Ay B TOuEe o = .
ar5040 AT 7 az—o-0 Az

7.1.183. Hanpumep, y = |z — 1|+ |z~ 2| nan y = |2° — 3z + 2|. 7.1.184. Cyaa no
rpapHKy, B TOUKAX T1, £2,..., £5 (PYHKUAA He HMeeT nponasosuoll, xora u
onpegesiena. B octanpumx TouEax dyHEuma nmeer npowspoanywy. DyHKnus
HENPEPLIBHA BO BCEX TOMKax, KpOMe To4Yek x4 u ¥5. 7.1.18B, Het; Hanpumep, econ
fle) =1z, g(z} = |z, 2o = 0.

§ 2. Andpepenuman

= 1 . = — . ‘1“'3 =
7.2.2. dy = m dz. 7.2.3. dy [(3$ 1) tgx + m]dx

2
7.2.4. dy =z(2Inz+ 1) dz. 7.2.5. dy = _T:c ++4:;) L i

7.2.7. Ay = (32° 4+ 2)Az + (3z + Az){Ax)?, Ay = 0,050301 B Touxe To = 1 u npu
Az = 0,01; dy = (32% ¥ 2) dz, dy = 0,05 » Touxe o = 1 u npu Az = 0,01.

7.2.8. Ay = (22 + DAz + (Az)?, Ay = 0,75 B TouKe To = 0 n npu Az = 0,5;

dy = {2z + 1) dz, dy = 0,5 B Touke z9 = 0 u upn Az = 0,5. 7.2.10. 2,96.

7.2.11. 0,965. 7.2.12. 1,1. 7.2.14. dy = 6z(2? + 1)*dx,

d*y = 6{5x* + 1)(2? + 1}dz>. 7.2.15. dy = sin 2xdz, d°y = 2 cos 2zdz’.

7.2.16. dy = —~2sinz - In2 - 2°*"dg. 7.2.17. dy = 3In*sinz - ctgr dx.

- _ Sz'ds t+1)dt
7.2.18. df(:r:) = m‘ 7.2.19. —m)m[.

7.2.20. Ay = 8zAT + 4(Az)?, Ay = 0,1616 B Touke 1o = 1 n npn Az = 0,02;

dy = 8z dz, dy = 0,16 B Touke 9 = 1 u upu Ax = 0,02.
=

7.2.21. Ay = Az, mpuz 20, Ay = —0,1 » Touke o = 10 u npn

—Azx, npuzx <0,

dr, npu z > 0,

Ar=-01,dy= { dy = Ay = —0,1 B Touke £9 = 10 n ipn

—dzr, npuz <,
Az = —0,1. 7.2.22. 0,485. 7.2.28. 0,811. 7.2.24. 0,96. 7.2.26. dy = (wQTdrl),,

2
d%y = (—41_1—)5 7.2.26. dy = Inzdr, d*y = £ 7.2.27. dy = ne" s,

2y = nin — 1)z" " *dx?, &y = n(n — 1)(n ~ 2)2""3dz°. 7.2.30. 1) 1,99.

Yreasanue. Tonoxuts flx) =, /L I 3, zo =1, Ax = 0,04; 2) 0,996.

B 2—-x
24z

Yxaaanue. Monoxute f(z) = » oo = 0, Az = 0,02

7.2.31. Ywaaanue. Moxaszars, uro d’y = gl du® + ¢, d%u.
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§ 3. Teopemui o cpepHem. Mpaenna Monurana, Mopmynel Teiinopa

7.3.2. Teopema Ponna B pannoM CTyua HENpUMEHNMA, TAaK Kak GyHKOuA
neaudpdepennupyema s rouxe r = 0, npuHamIexkameth nurepsasy (—2; 2).
7.3.3. Teopema B BaHHOM CIy4vae cnpaseqnuea, ¢ = 2. 7.3.4. ¥YcnoBua TeopeMul
BBIIOVIHEHBL, ¢ = 7. 7.3.5. Yc/I0BHA TeOpeMbl HE BBINOJIHEHEI, TAK KAK
flz)= 72— He onpegesieHa B Touke ¢ = ) untepsana (—1;1).

z3

7.3.6.c=1n{e—-1}. 7.3.7. ¢ = 715 7.3.8. Teopema Jlarpanxa saecs ne

NPUMEHHMa, Tak Kak ¥ pynkmuu f(x) ver npoussognol p Touke = = 1 u3 gausoro
otpeska. 7.8.9. M(3; -3), cu. puc. 132. 7.3.10. M(e — L;In{e — 1)). 7.8.12. 14

9
¥ =r? -4z
y} wacemeasnad
! 1 Z Y=z
0 _! — T : i
; It 1A E i
A B
KACATNEALHAA ol 1 2 3 4 T
Puc. 132 Puc. 133

7.3.13. 1. 7.3.14. 1. 7.3.15. 0. 7.3.16. +00. 7.3.17. 0. 7.3.19. 0. 7.3.20. 0.
7.3.21. 1. 7.3.22. co. 7.3.24. 1. 7.3.25. e7%. 7.3.26. 1. 7.3.27. ¢

7.3.20. (x+ 1P + (z+ 1)) — 1i{z + 1) + 1.

7.3.30. (x — 2)* + T{z — 2)* +16(z — 2)° + 8(x — 2)* - 9(z — 2).

2 2
7.8.32. 34+ 31n2. (o — log, 3) + 22 2@ logp ) 4

4 3" 2z —log, 9)" o((x — log, 3)™),  — 0.

7l
a 4 5
7.3.33. 1(x_1)+_(___)__+£x_~1)__£x_~_lL+£z_—l)_+_”
3 2-3-4 3:-4.5
L (@

(n—2)(n—1) 1" +e{(z-1})"),z > 1.

JEI 2

x e 4 T 3
7.3.34.¢* - ¢ :.|:+—2!— —3;—+—~Z|—+o(x ). 7335.z+-—+o(:|: I3
7.3.36. Ycnosua Teopemni He BHIIOTHeHHT, Tak kak f(1) # f(3). 7.3.37. Ycuonna
TEOPEMbI BBINOJHEHH, ¢ = :I:‘%,/—g. 7.8.38. Ycnopus TeopeMbl HE BBIMONHEHHL
7.3.39. Ycraopua TeopeMbl He BHIIOJIHEHEL, TAK Kak f' (T} He CymecTByeT B TOYKe
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z= -2 7.8.40. c = —v/3. 7.8.41. Teopema Jlarpaixa HENPEMEHHMA, IOCKOJILKY
f'(z) ne onpeneneno B Touke T = 0, MpuHaznexamel orpeaky [—2; 1].

7.3.42. ¢ = 2% —e. 7.3.43. M(2,25;1,5), cm. puc. 133. 7.3.44, M(1;0).

7.3.45. 0,5, 7.3.48. 10. 7.3.47. 1. 7.3.48. —%. 7.3.48. 1. 7.3.50. . 7.3.51. 0.

7.3.52. 0,2, 7.3.563. 1. 7.3.54. —1. 7.8.55. 0. 7.3.56. 1. 7.3.57. —%. 7.3.58. 0.

7.3.59. 1. 7.3.60. e~ %. 7.3.61. 2. 7.3.62. 1. 7.3.63. 1. 7.3.84. 1.
7.3.85. (x+2)' —8(z +2* + 21(z + 2)* — 19(z + 2) + 1.

1 i, 1y 581(. 1
7.3.66. (:r 2) + 2(3: 2) +4(:r 2)+Ei.
z+1¥  2@+1)°  3@+1)* n—(z+1)" n
7.3.67.~%+£ D 4 (3! Y. (4'3 Y ok P +o((z+1)"}.

2° (-1)2 P C ) NP o) ML
T $3 ‘+ n$

7.3.68. 2(z—1)— =B 4 o((e 1))

7.3.69, 2 —?+o(z4) 7.3.70.1+ L T +24+o[ z5). 7.3.72. Her, He chenyert.

Yxoaanue. Paccmorpers, nanpumep, dyukumio f(x) = |22 — 2z| na oTpeske
[-1;3]. 7.3.73. ¥xazanue. [IycTh 21 M Tp, ©Oe T1 < T3 — NPONIBOJBHLIE TOYKH H3
otpeska [a; b]. [lokazare, uyro f(z1) < f(z2), npumennn Teopemy Jlarpanxa k
OTPe3IEY {21, T2). 7-3.74. Yrasanue. Obosuaunm f(z} =¢® —x — 1. Torma
f(z)=¢€"~1u f{0) = 0. Hoatomy ¥z > 0, f(x) = f(z) — f(0) = f'{c)- 2, (rme

0 < ¢ < ) no Teopeme Jlarpanxa, npuMeHerHolt k orpesky [0; 2] Tax kak
fley>0npuc>0,to0 fiz})=fic)z >0, re. e —x— 1> 0 mpn z > 0. Hanee
paccMoTpers ciydall £ < (, HCIOMB3YA NPENBIAYIIYIO 3A0AYY.

7.3.76. Yxaszgnue. Ilpumennts Teopemy Pomnia k ¢yneuum Pz} na orpeske

[z1; x2). 7.83.77. Vxasanue. Henonbzopats Teopemy Jlarpanka,

7.3.78. IIpencranam f{z) B Bune f(z) = (z+2¥{z+1) -z {z — 1){z — 2). Orcrona
pugno, u10 f(—2) = f(—1) = f{0) = f(1) = f(2) = 0. lIpumenan reopemy Posna
K ¢ynxunu f(z) na orpeske {—2; —1j, nonyunm, uto f(c1) = 0 ana nekotopoi
TouKM 1 € (—2; —1). AHATOrMuHO NoKashiBaeTcH, 4To f' (&) HMEeT KOpHM C2, €3 H
€4 COOTBETCTBEHHO Ha unTepsanax (—1;0), {0;1), (1;2). dpyrux xoprelt vy f'{z)
HeT, TaK KAaK 3TO MHOrowneH verpeprolf creneun. 7.3.79. [Mockonwky

{arcsin z + arccos )’ = T \/1 — = 0 mns Beex ¢ € [0;1)], To

arcsin r 4 arccos & = ¢ B CHJIy 3a0a4H 7.3.77. Y4uThlnas, 4YTO, HANPHUMED,
410 U Tpebopantock. 7.3.82, 1.

arcsin 0 + arccosf) = %, NOAYHHM: ¢ = %,

r
Vraszonue. Iloxasars, yto lim wzr He CymecTByer. [ BLIMHCTICHHSA
zo0 (& +cosT)
HCXOJHONO NpPefena NOAe/MTE YHCANTE/E B 3HAMEHATS/IR JpOoDH Ha £,
7.3.85. 0,0175. 7.3.86. 0,262. 7.3.87. 0,5. Pemeﬂue PaanoxuMm tgz K sina: no

dopmynam Maxsopena oo o{z'): tgz = o + & 3 + o(z"), sinx =z — ~6— + o{x*).
3 3
Orciopa tgx —sine = (a: + £ 3 +0(z4)) - (.1: - %— +0(:.c4)) = %— + o(x*), T €.
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. — i = 4oz
lim &Z asma: = 11m z—»o( + —l—g—l) 5+ llm o(x) =

2=+ T 22— o3

7.3.88. 1 . 7.3.89. 0,5. 7.3.90. 3

§ 4. Wccneposaune hyHKumiA n nocrpoenue rpadgmkos

7.4.2. Ctporo Bo3pacTaer Ha (—oo; —%) u Ha (2; +ox), cTporo y6LiBaeT na
(——§,2) 7.4.3, Crporo sospacraer Ha (1; +00), crpore y6epaer Ha (—oo; 1),

T7.4.5. foax = fle) = 1 7.4.. Fmin = f(—1} = —0,5, fmax = f(1} = 0,5.

7.4.8. Bunykna eeepx Ha (—2;0) v Ha (2; +00), BEnyEn2 BHH3 Ha (—0c; —2) H Ha
(0;2); z = 0 — Toyka nepernba. T.4.9. Bunyxsa seepx Ha {—2;4), BhIyK1a BHHI
Ha (—00; —2) ¥ na (4; +00); £1 = —2 H 2 = 4 — TOMKH nepernba.

7.4.11. lIpambie £ = —3 ¥ £ = 3 — BEPTHEAILHLIC 3CHMITOTH, NIPAMAT y¥ = 1 —
TOpPH3oHTaILHAA acumMnToTa 7.4.12. Ipavas y = 0 — ropusonransHas

acHMOTOTa OpH T — —00. 7.4.16. Crporo BozpactaeT npu z < 0, crporo yGuipaet

1

npu z > 0. 7.4.17. CTporo po3pacTaeT Ha (g;+oo), crporo yObipaeT Ha (0; %)

7.4.18. Crporo Bospacraer Ha (0; 1) u (1; +00), cTporo ybuBaer ua (—oo0; ~1) u
(~—1;0). 7.4.19, Bospacraer na (—oo;+0c} T.4.20. fuax = f(—1) =3,
Fmin = f(1) = —1. 7.4.21. ymin = ¥(2) = €. 7.4.22. DECTPEMYMOB HET.

7.4.28. rmex = r(2) = 3. 7.4.24, Bunyk/a Beepx Ha (—715; 715), BLIMYK.T2 BHH3

HA (—-oo; —-715) H Ha (715, +oo); Z12 = :1:715 — Touxu meperuba.
7.4.25. Beinyxna peepx na (—oc; 1), BEnyksa Bau3 na (1; +00); x = 1 — Touxa

neperuba. 7.4.26. Bunykna peepx Ha [— T 42mm; T 3 + Zrm] 7 € Z, BNYEJIS
BHR3 Ha [% + 2mn; 323 + 21m] ncZ;x= :i:g,:l:sg, . — TOYEH neperuda.
7.4.27. Banyksaocts Ban3 na {—00; +o0}); To4er nepernba wer. 7.4.28. ¢ = 12.
7.4.29. [IpaMas £ = —2 — BEPTHKAJILHAA ACHMATOTA, NpAMag y = 3 —
rODH30HTANBHAR acumnroTa. 7.4.30. [IpaMad £ = 0 — BepTHKANLHAA BCUMIOTOTA,
npaMad y = 1 — ropusonTanbHas acumnrora. 7.4.31. [Ipampe s =1l nw g = —6 —
BEPTHEAJILHBIE ACUMOTOTHL, NpaMad ¥ = 0 — ropu3oHTANLHAS ACHMITOTA.

7.4.32. Ilpamasa y = ¢ — % — HAKJIOHHAd aCHMITTOTa npu T — 400, NpaMa:n

y=z+ 32[ — HAEJIOHHAA &CHMITOTA NpH F — —o0. T7.4.43. Hanpruep,

3

f{z) = cos nx. T.4.47. ¥xeaanue. PaccMoTpers dynxnuo y = 2° # touky xo = 0.
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fnasa 8. Heonpepenenuwiii nuterpan

§ 1. Baxneiwmwe ceoiicTBa MHTErpuposaHUa

8.1.2. “il +C. B.1.3. ~6—5+C 8.1.4. ?. 5/4 4 C. 8.1.5. ;a.rctg%+6'.

8.1.6. fln‘%;—z;l' 8.1.7. Inlz + V2T + 3| + C. 8.1.9. +ln|:a:1+ +C.
8.1.10. 51n|z| - 40 ¥ — Jc arctg 7‘1"- + . B.1.11. ?..*r:3 T+ %m\/E +C.
8.1.12.3arc31n2+2:+C 8.1.13. 2 f+ 2% T +8/7+C.

8.1.14. —4cosz +2z° ~ 11tgz +C. 8.1.16. L sin22 +C. 8.1.17. ﬁg—“’li’b.f—)laJrc.
8.1.18. Lnjsz — 1]+ C. 8.1.19. 51 7 +C.81.20. 2/ Bz r AP +C.

8.1.21. ln|~‘l~§£—'—'—5| +C.8.1.23. 2+ 8028 4 €. §.1.24. ¢ —5Infz + 3]+ C.

8.1.25.x+3ln‘x l?'|+C' 8.1.26. —5ctgz —cosz + C. 8.1.27. sinz — 3.

1
5§
|+c

5 _ l
B.1.28, = . 8.1.29. 8.1.30. arct, 8.1.31.
15,2 C - 7 3 7— c37-+C 3

8.1.32. arcsin

Z+C. 8183 Inlz+ V27 -1+ C. 8.1.34.

10553

3
8.1.35. & + 4z - % +C. 8.1.36. %arctg 2 + C.

7 . _3. 3 2
8.1.37.]—— 8ln|x| + 4sinz + C. 8.1.38. V3igz 1FVE+ 3+ C

4 14 . WoE 4 i3 7 799 1
a

8.1.41. 5chz — 7shz + z + C. 8.1.42. -23f+3—z ——a:\/_—4:r+0

8.1.43. Tlajz + vVZZ + #| -z + C. 8.1.44. 125 5“ + 18 C.
le+ Vot dw| -2 W aEt e wEt

_1 5 s/ _ (1 4™
B.1.45. 7cos7rr+C. 8.1.46. 13 (2z — 85 4+ (. B.1.47. + C.

BOO8

1 1
=1 . 8.1.49. 1. =
3 n|9z +7|+C. 8 "B 117 + C. 8.1.50. 5arctg5m+C

1 - 1
8.1.51. — g - 3°7VF + C. 8.1.52. 5In|2x + V422 1| + C.

B.1.48.

8.1.53. 3z — > sin6z + C. 8.1.54. Jz + 3l2 sin16z + C. 8.1.85. tgz —z + C.

B.1.66. 42 + 21In|z — 5[+ C. 8.1.57. 9tgz —detgz — 25z + C.

8.1.58, 3z+gln|$;} —darcsinz + C. 8.1.69. C —tgzr —ctgz.

B.1.60. C — 2cosz. B,1.61. Oa. 8.1.62. Vxazarue. [loxasars, 9ro ecin
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neppoobpasuas F(x) cymecteyeT, T0 OHa OOJDKHAE HMETh BHI;

Flz) = C1, ecqm ¢ § 0,
T+ Cs ecnmHz 20,

OTKYIa U3 HenpeprbHOCTH bynxunu F(z) B Hyne cnegyert, yto Cy = Ca. Hanee
NMOKa3aTh, 4To byHKUUA

C, ecn £ % 0,
F
(=} = {z+C ey ¢ 22 0,

He HMEET NPOH3BOIHON B HYJIE H, 3HAMUT, He MOXKeT OwTs neppoofpasuoil mia
dyuunn y. 8.1.63. Hanpuwmep, $yurunzn

2
-z ecmx 0
F(:{,‘} = N k] - )
z* ecau r > (.

Yxezanue. YaecTs, uro

Iz| -z, ecanr 0,
r| =
T, ecomn > 0.

Hanee noxasa'_rb, UT0 ykazaHHas GYHKIHR F{Z) uMeeT NPOMIBONHYIO B TOUKE

= 0. 8.1.64. 3 +z+ é lnl‘; T { | + C. Yxasanue. Ilpenctapurh yucauTE Db

noOpINTerpasHolt apobn B Bume z' = (zf - 1)+ 1= (2 — D(x? +1) + 1.
8.1.85. tgz — ctgx -+ C. ¥Yxazanue. Bocnonb3soparbea nenouxoif papencrs

1 sin’z + cos’x 1 1 1 1
- = = 5= = + — .B8.1.66. = co52x — == cos8zx+C.
Bin° & cos° T sin® z cos* z cos z  sin‘x 4 16 i

Yraaanue. Ucnonezopars ToxkaecTBo sin 3z - cos 5z = %(Sin 8z — sin 21).
8.1.67. tg 7 + C. Yxasanue. Yuecrs, uro 1+ cosz = 2 cos® 3
8.1.68. 3z — gxﬁ + C. Yxasanue. Yuectn, uro 9 — x = (3 — /Z)(3 + /Z).
8.1.69. :c\/_ :c ¥z + 2+ C. Vrazanue. Yuectn, wro 1+ 2 = 1% + (¥z )7,
Jasee NPUMeHNTs opMysty cymMmer Kybon. 8.1.70. C — 3:' — arctg x.

1 -
¥xazanue. Yaecth, uro —!(—x!+—1) po Pﬁ 8.1,71. %]n|f:—+"23| +C.
1 -1 _ 1
-3(z+2) -3 =z+2°
8.1.72. arctg{r + 2} + C. Yxasanue. Brimenurs nosHeiit kpanpar B 3HaMeHaTes1e
nogsETErpassnolt apobu. 8.1.73. %z - %sin 2r + —315 sindzx + C.

Yxazanue. Bocnonb3oBaTeCa PaBEHCTBOM =

Vrasenue, deaxnm npuMeHuts HOPMY/IY NMOHRKEHRA CTENCHH.
8.1.74. sinz — cosx + C. ¥xazanue. Bocnosissoparbea dopmysiol cyMMel xyGos.
8.1.75. Her. Yxasanue. Hanpumep, paccmorpets dynkuun f(z) = ¢(z) = z.
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§ 2. OcHOBHBIE METOLI MHTETPHUPOBIHUA

1 1
8.2.2. /(4 - 5)° + C.8.2.3, ————— +C
6 ( » 9(3x +2) +

8.2.4. %sin‘ z+C. 8.2.5. %e*’ +C. 8.2.6. %mﬁ z+C.

B8.2.7. ~Injcosz + 1|+ C. 8.2.8. 11n|a: +1}+C. 8.2.9. a.rctg z+C.

8.2.11. 472 —5+3In |z + V27 — 5|+ C. B.2.12. €' + C. 8.2.18. 3";§3;2+C.

+C. 8.2.16. w./ e a.rcsun 3 +C.

Vxazanue. Cﬂ;ena‘rh 3aMeHy r = Jsint. l'[peoﬁpaaoamm OTBET, Y4eCTh,

ln|:t:—2|+51n|a:+2|

8.2.14.

410 Sin 2t = sin(? arcsin %) = 2sin(arcsin %) ‘oos(arcsin %) =2 54/1- (%)2
B mocnemHeM papeHCTBE HCIOILIOBAHO TOXKIECTBO cos(arcsin z) = V1—z2.
8.2.17. |%| +C.8.218. /- 2p - $ /RBP4 C.

8.2.19. 2./ —8arctg 3% +C.8.2.21.sinz—z-cosz+C. B.2.22, % € 4+ C.

8.2.28. C — l_-l-?ly_az 8.2.24. 2 J:lln 22- L, ¢ s.2.2s. z{ln®z —2Inz +2)+C.
n

2 _ g
8.2.28. {z +1)a;ctg:z: Z L0 8.2.28. % !sm:;:2 cos x) +C

8.2.29. E(sinlnz ~coslnz) 4+ C. 8.2.31. zarcsinz + /1 — 22 + C.

: - 1 8.2.34. —
8.2.32. Inz(lnlnz — 1) + C. 8.2,33. sm(61:+ 1+ C. 3 W+C
8.2.35. %\/tg3 z +C. 8.2.36. é arctg & 3 +C. B.2.37T. \/33 F7+C.

12
8.2.38. —lnarccosz + C. 8.2.89. ———— L 1 (. 8.2.40, ~%8_22 , C.

3z’ + 3z - 1) 24
§.2.41. ,27 TV 40, 8.2.42. €% +(. 8.2.48. LIn?521.C. 8.2.44. In{sinz|+C.
8.2.45. 3 3«2 +8)% + C. 8.2.48. —.— +C. 8.2.47. -1 In|cos 22| + C.

8.2.48. % arctgz® + C. 8.2.49. —%e"’ +C. 8.260. Lin|s® + Vz°— 4|+ C.

8.2.51. —1 (8cos§ - 5) +C.8.2.52. 2VzF — X ¥ s =24 C.

2z +1)Y (204 1)%°
8253.4((“’37) (“’3 ) )+C‘8.2.54. @+ -4/m R +C.

8.2.55. sin 1y — \/_+0 8.2.56. 7vz? + 10 + 2ln|z + Vo7 £ 10| + C.
T

8 /farcsin® z —
8.2.57. arctge® + (. B.2.58. § In{z? +3)+ 7 arctg 75 +C. B.2.59. g Varcsin

—VT—22+C. 8.2.60. %m‘z; L } ~3lnja? ~1]+C. 8.2.61. 3 YT+ sm 2z +C.
Vxasanue. Bocnosnaosarses ToRIecTBOM €08 20 = cos” & — sin? 2.
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8.2.62. '8

%\/16 — 22 + Barcsin % +C.
8.2.64. 2(v/7 — In(1 + /7)) + C. 8.2.65. §¢(z 35 -2,/ z+35+C.
8.2.66, 2 arctg /z+C. 8.2.867. C— % (z+2)v/1 —x.8.2.68. %(a.rcsin r—zy/1 —z2)+

2
+C. 8.2.69. -’%(2 Inz —1) + €, 8.2.70. (2 + 3)sinz + 2cos s + C.

3
8.2.71. 5.1: -ch 53—-23 shbz+C. B.2.72. C— ——2———— ctgz.8.2.73. % (3 Inx-1)+
+C. 8274, e (1 + 25 — 22} + C. B.2.75. e"(z* — 327 + 6z - 6) + c‘

8.2.76. 2{+/1 + zarccosr — 24/1 — 2} + C. B.2.TT. 2(/Z — /1 — zarcsin /7) + C.

8.2.78. 1 (lnl +{ - ;223—1) + C. B.2.79. %(5inlnz+coslnm) +C.

8.2.80. 8—3(2 sin 2z + 3cos2z) + C. 8.2.81. 2eV* (/T — 1) + C. B.2.82. vtgz +

2

+In|cosz|+C. 8.2.83. (z: —-1)+C.8.2.84. z - In{z + V22 + ) - V22 + 1 +C.

8.2.85. 5“12 L. (2lnsinz —1) + C. 8,2.86, % - arccos 3z + ﬁ\/(l —9r2)2 —
- %-\/1 027 + C. 8.2.87. 2(6 — 2)/T - c08 /T + 6(z — 2) - sin /7 + C.

8.2.88. z - arcsin® ¢ + 21 — z? arcsinx — 2z + €. Vxasanue. Jpaxam
OPHMEHHTH MPABUJI0 HHTEIPHPOBaHUA 1o yactaM. 8.2.89. 2sin /T + C.

_ 1, |cosz—1 e x
8.2.90. (z + 1) arctg /% — VF + C. 8.2.91. 21n| cos.:]H_l|+c Inltg 2|+C.

Yxasenue, [JOMHOKATE YACAHTENE R SHAMEHATEIE IONBIHTEIPAJIEHONC BHIDAKEHIS
Ha §in r, MOC/Ie Yero CAeAaTh 3aMedy § = cosz. 8.2.92, —2\/3 —Inz(ln’z+4Inz+

+24) 4 C. 8.2.93, %= 4 aIn(1+ %) + C. 8.2.04. 5cos( & ) 3e~*(z +1) +C.
8.2.95. E(arcsm:l: + zv1 — z?) + C Pewenue. f\/l —~z¥dz =

I L 1 ’d d
[ e [ e e [ i
f! . If

~
-

1 (—v1-—2x%)
=arcsin:c—(—mx/I—2:2+f\/1—:r:zdrr:)=a.rcsin.1:+m\/1—:c2—f\/1—xzd:r.

Orciona 2f\/1 —z¥dr = arcsinz + /1 —224+C, re.
f\/l ~zidr = %(a.rcsinz + vl —z?) + C.
8.2.86. 1[z - VI + a7 +In(z + VI+ 7)) + C.

8.2.97. Injtgz| + C. ¥xasanue. ¥uects, uro

2 2 2 2
1 =SD ztcosz _ _SIN'F | COST  _yrnciep
sinz - cos T sinT-cos® sinZ-cosz  SINZ-COSZT

8.2.98, %(a.rcsin T — zv/1 — z2) + C. ¥Yxazerue. [IpOMHTErPHPOPATE 10 JACTSM,
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rlpe,llBa.pHTeJ'IhHO npeobpasnd NOIKHTETPAIBHOE BEDAKEHNE K BHAY N
- dx. [Janee pocnosb30BaThCA sagaueii 8.2.95,
;; 1-z?2
1 + 1'2 _ ;lg‘ + 1 _ El‘i"r -+ 1
142" H+a? (p-1)42]

2

§.2.99. 715 arctg “’75‘—; + C. Pewenue. Tax xax,

TO, cOenas 3ameny t =1 — -1— H YYHTHIBAA, 9TO di = d(r - %) = (1 + —15-) dr,
z

nony'-mu:fiix f 1+_!dr_ft

f di _
£+ (V2)*
1 t - 2 -1
= arct, +C= arct —1+C=: arct
V2 gﬁ 75 & V2 7' 37'_

8.2.100, 2In(z? ~ 2z + 10) 4 arctg £ 5 L 4 €. Yxoaowue. Brnesum p wucmrene

Ipou3BOAHYIo sHaMeHatend: (22 — 22+ 10) =22 —2=> 42 — 1 =2(22 — 2) + 3.
Orciona f g;}.r —Dds f 2(2x - 2)+3dz -

-2z +10 z° -2z 4+ 10
_ f22z-2)dz 3dz - {2z — 2} dx
f -2z4+10 f 2 -2z + 10 2 z2—23+10Jr f(a:—l} +9

Hanee caeath B NEPBOM HATErpAJTe MOOCTANOBEY ¢ = 2° — 2% + 10, a BO

BTOpoM — ¥y =T — 1. 82101.3[3|Jl|£+1 lnlx2—1|—£2]+C‘

3
Yxaasariue. [IDHMEHRD UHTEIPUDOBAHHE [0 YACTAM, NOAYYUThL HHTEIPAT f —"%d—:"l}

TO €CTh f x—g‘r—d’: anee caenars noacranopky ¢ = z° — 1. Toraa

1
2 1 gfn2
f xdr _ f[(l‘ —1)+1] - 3d(z"~1) =1 [ty
z -1 2 -1 2 t .
8.2.102, C — ;—"S,”— + %ln|tg % | Yraesanue. BocnonbayeMca MeTOOOM CTDENIOK:
l dit 2 .9
"Gefr —_Lco8r feosx . cosr fl-sin'z g
f sin°z f 51{1‘3 sin” f sin” & sin” & ] sin°
f! “‘\ lf
_ COSET
sin z( ctg )
CO5 T 1 1 CO8 T dz dz
- - - = de = — == — | = = Orcrooa
sin2 f(sin3z SIHI) Iw sin“ x sin” x t sing OO
_COSZ dz
2 f T’ - snls i aade B e Hamee BOCOOALIOBATLCH YEAIZHHEM K
sanade 8.2.91.

§ 3. NurerpupopaHue paumoHansueix apobei

8.3.2. 4In|z — 3| + C.8.3.3. —ﬁ; +C. 8.3.4. —ﬁf +C.

8.3.5. %a.rct.g £ '2" 5 4. 8.3.8. %ln(x2 -2+ 17+ % arctg £ 1 1
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8.3.7. 2In{z? 1) - 2v/3 arctg 2211 4 ¢,
n(z® +z+1) \/_arcgﬁ—

8.3.9. 4(—:9‘;—1)7 + %(;g% + arctgrr:) +C. 8.3.10, 55 [E;?T;—i)z_e + arctg %] +C.
8.3.11. C — ;38 — Larcig(e +3). 8.3.13. Inj(z — 5){(z +2)| + C.

8.8.14. Thnjz -5 - Injs — 1)+ C. 8.3.15. C - L —arceg .
3 2

8.3.16. %+ %+4z+2lnlz|+5ln1z—2|——3ln1z+2l +C.

8.3.17. {5 Inje — 2|~ 5 In(e + 2z +4) ~ &garcug %31 +C.

8.3.18. %ln(x2+9) —lnjz-1|+7n|z+2| - %arctgz +C.
5

3
2 _+C.

(=-13)
7 1 1. . z—3
8.3.21. — C.8.322 ——1L 10 8328 Lacct c.
Sz +37 0@z v 27 | g arcte S5

8.3.24. % arctg 2—“’\7'5—1 +C. 8.3.25. 3In(z® — 82+ 25) + Larcg T3 + C.

8.3.19. 5ln{z + v2{ + C. 8.3.20. —

8.3.26. g In(z? + 2z + 10) — arctg % +C. 8.3.27. % In{z? + 3z + 5) +

1 2r +3 1 2 _ 1 Sz +1
+7ﬁa.rctgﬁ—+0. 8.3.28. 5]11(53: +2x+1) 1p 2T¢t8 S +C.
8.329.C— —2t2 _ _V2.pz+1 g3go. 0o &t

A +2+3) 4 BT 8(” + 2z + 5)

-1 z+1 162" + 402+ 33z . 5
16arctg 7 + C. 8.3.31. B+ 1) +16

13z — 24 26 2z -3 7 1
8.8.32. ;A Ay Doaretg 2223.4.0.8.8.38. Thnfo+21- o~ 11+C.
30z ——3.7:+3)+3 7 arctg < + 3 n|z+2| 3 n|z-1{+

8.3.34. 2ln|z - 2| ~ In|z — 3| + C. 8.3.35. %In lz - 5] + —16111]1:+ 11+ C.

arctgz + C.

8.3.36.2m—%ln|2—2|—%]n[z+3|+0.8.3.37.1n1m+1l—%ln1z—41—
—%lnlx—21+C.8.3.38.%ln|z+1|—%ln|w+2|+%ln|z——2l+c.
2 1 3 _ _ 7 __2
8.3.39. m =+ 1 In |I+ 1| -+ 4]1'1 I.T'., 1| +C. 8.3.40. C 2(1:—_2)5 _13 5
2
8.3.41.%-2x+—é-ln|z-1|—%ln1z+11+-13ﬁln[z+21+0.8.3.42.%ln|w——lf-
I R 1 2z +1 122 =1
6ln(.«: +1:+1)+\/§arctg 73 +C. 8.3.43.4ln|m|+0.

8.3.44. %a.rctgrr - %a.rctg% + (. 8.3.45. %In(x"’ -2z +5) -

—ln|lz—1]+ %arctgzgl +C. 8.3.46. E(Egl-_'_—l)+a.rctg:c +Inljx| + C.

2
8.3.47. % -2z + %ln|m+11 - %ln(zz—m+1}+ %arctgz%_?-’—l +C.

8.3.48. 5ln|z| — gln(a:2 + 1)+ %a.rctgz + T‘?::gt—al) +C.
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8.3.49. A, +infz+1)+C. sssoll‘t‘l Larctgt+0. o

i+1l7 2
E] Z
8.3.51. %ln(e’ +2)+ % In(e?* + 3% +2) — -1n(e= +1)+C=n Le?% +C.
el | __-= 1,y,.|sinz~1 1 smml
8.3.52. In| ;& r[-e77+C. 8.3.53. Ln|Be =1 ¢ 8.3.54. ln\—“'—smz

- 2
Caing o SnTx Y2, & 2-r+1 \/2-
sinz 3 + C. 8.3.55. 5 lnx2_ 2-.1:+1+ T a.rctgl +C.

Yxasanue. PaznoxnTs 3namenaTeskr noapMTerpansiolt apobu ma MuoxuTenn:
2 +1=(z" +207+1) - 22" = (;2 +1)? = (vV22)? = (& + V22 + 1)(z® — 2z +1).
8.3.56. — + - +C. ¥ .C

199(z + 2)™™ © 09(z + 2)"°  197(z + 2)°" radante. Laenath

3aMeny t = 7 + 2. 8.3.57. ——Eg-%-'_—;:- + C. Pewenue. Caestaem 3ameny § = 2° + .

Toraa dt = (52" + Ndz w2 - (z® +22° + 1) = 2" + 21° + 2? = (z° + 7)* = ¢?,

52* +1)dz dt _ 1
—~— =—-———4+C.
l:rrxynaf (x" +22° +1) f +e ' +z

8.3.58. 100 In|z*% — 1] — In|z| + €. ¥raaanue. [looesnp “HCIHTENE B

3HaMeHaTeb NONHHTerpaTbHOM GpoGr na o', cnematk sameny t = 2% — —1105
z

§ 4. WurerpupopaHne UPPaLMOHanbHbix hyHKUmi

842 6(;VaT+Jva+1¢E+ ¥+ |95 -1)) +C
8.4.3.4[%\/_—{‘/5+ln(\4/5+1)]+6"

8.45. Y F1+392+1+3l |92z +1-1|+C.
8.4.6.3{"/(m+1)2—3\3/x+1+31n]%_ﬁ+1|+0.8.4.8.2‘/3—5—T+C.
8.4.10. :cv’“+ﬁz w/_+36 2 \/_+—z2 f+17 2 V540
8.4.11. @%’”—+C 8.4.12. 3In| ¥z + 1|+ C.

8.4.13. $[V2® -m(¥a¥ + 1)] + C.

8.414. -3 V27— 6 Yz —om| Yz - 1] - 3m(§z+ 1) + C.

—%I—}I-&(Zﬂ 84.16.z -2y +2In(l +/7)+ C.

Bfe
8.4.17. C - 69z ~ 2z~ S Va5 — § Va7 — 31| L2 1

T+ 1|
8.4.18. 2/ + 2 + /31 3%—“/‘:’P
.1': VZln V+2+V2
8.4.19. 2/(o+17~ 3 e+ 1+ 8 Yot 1) -2+ L Y1 -3 Y+ +C.
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8.4.15. 2/Z + 6 ¥/ + 3In




8.4.20. 2arctg vz + 1+ C. 8.421. s+ 4/1 +z+4In{/1+z -1} + C.
8.4.22. $‘2 VIZT—1+C. 84.28.C—/T-2x -2y 1T -2z -2 |YT-2z-1|.

8.4.24. 1/2""H""+C B.4.25. 21f£_2+C ¥xazarnue. YuecTs, 4T0

\/(3—1)3(9:—-2) z—l (z—l)(m—?)

1 22+1+1 2441 _ sfz+1
B.4.26. ln_’T—fl \/_arcth+C,rnet— -1
8.4.27. /12 + C. ¥xeaanie, YaecTs, 1TO 1 =
V1-z (1 um);;l——:r:g
1

.8.4.28. In{z| - 3 [1n11+¢‘| 2Vz+3 ]+

T 1-nEtD)- iz 201+ V)

8.4.20, Y1+ “’2):'5' ELi) )
1 {28 +1V 1 [zt +1Y2 1 fz* 41 2
8.4.30. C — m\/(ﬁ—) + EJ(ﬁ—) - EJJQI_ 8.4.31. 1—_7;+C.

3 _ p3}2
8.4.32. L YT+ - LY[T+25F + C. 8.4.33. ~J@ +C.

3
2

8.4.35. }z 3/(z® — 4)2 + C. 8.4.36. arcsin % +C.

8.4.37. vz - 10+ 29+ 3In|x ~ 5 + vz? — 10z + 29| + C. ¥xasanue. Berancnus
B YHCJITEJI® NPOM3BOAHYIC NOIKOPEHHOrO BLIPAXEHUA, TTPENCTABUTL AAHHLIH
MHTETPAN B BRAE CYMMEl OBYX HHTETPAJIOR (KA IPH HHTErPHPOBAHHN
npocrelimux panuonansnix apofelt tpeTsere Tuma).

8.4.38. 32 —dz + 5+ In|z — 2+ v7? — 4z + 5| + C.
8.4.39. 2arcsin{xr ~ 1) ~ v2zr ~ 22+ C. 8.4.40. In ﬂ +v1-z2+C.

Vroesanue. Coenath noacranoexy z = gint. §.4.41. 2a.rcsm + "‘U\/4 22+ C.

8.4.34. gm T+ 23° +5 622 /5 + 11: + C. Yxaasnue. Packpuite CKOBKH.

8.4.42. L YG- "+ S Y- 2P +C 8.448. 0~ YL

Yxeaanue. Coenare nogcranoegy. B oreere yuecTs, ro sin(arcig z) = L

\/:r:2+l'

B.4.44. %[\/(.1: — 13 ++/(z — 23] + C. ¥xasanue. HaGapurca ot

HPPANMOHANTBEHOCTH B 3HAMEHATEE NOILIHTEerPANLHON Apolu.
8.4.45. C — arcsin % ¥resanue. Cnenath NoOCTAHOBKY T = e

8.4.46. 715 arccos —‘f{% + C. Vxaaanue. CoenaTh NoocTaHOBKY £ = T + :}—:
z

8.4.47. %[1/ (@ + 1P + V=3 - %[«,/(:E +1)° + V5] + C. Vrasenue. Usbanumca

OT MPPAIMOHAMBHOCTH B 3HAMEHATe e MOJLIHTErpaIbHoH Jpobn:
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f 1{:@z+li d:c:f Ve(z + Dz -2+ 1) dz =
VZ+vVz+l (Vz +Ve+ D(Vz - Ve +1)

- [ TR = [/t [ i Tomeme

MHTETpaihl BEITHCIATCA Ge3 Tpyda.

§ 5. Wurerpupapanve TpuroHoMeTpryeckux diyHkLmi

1_ . 3
tgi—-2‘+c 855.7E arctg(\/;tgx)+c.

8.56.C—~ =< ctg" z —ctg?z +In|tgz|. 8.5.8. % cos®z —cosz + C.

8.5.2. ln|tg2|+C 8.5.8. 1m

1 __1 3p+lg L g
8.5.9. —— 3_3_+C 8.6.11. 8x+431n2m+32sm4z+0.

1._ 1 _1 _1
8.5.12. 8%~ 33 sindx + C. 8.5.14. C 1 cos bx 4cos22:

2
8.5.15. %sinz— % sin2z+ C. 8.5.1T. C — 9352—"' —In|sinz]|. 8.5.18, tgx —z + C.

tgs +1
tgf—1

otgf +4
3

8.5.19. In +C.

+C. 8.5.20. 1—2—,, +C. 8.5.21. Zarcty
2

tg 3

V3
1 z 1

8.6.24. §(ln|tg§| +3wZ+21gL) +C. 8525,

gz +1
V5

:13 arctg(3tgx) + C.

a.rctg(—gz—) +C.

B.5.22, In{2 + cosz) + 7 a.rctg( ) +C. 8.5.23. 713 arctg +C.

1 2 1
8.5.26. } arctg(% tgz) + C. 8.5.27. 1

3
8.5.28. —Ega—-'! —ctgz + C. Vxieaagnue. Caenars noacranoeky ¢ = ctgT.

8.5.20. C — Lcos® v+ 2 cos® x —~ cosz. 8.5.30. L g sin ®r— 250"z + Lsin®zr +C.

5 3 7 5
8.5.3L —L— +(.8.5.32.C —sinz - 5‘“3 2y l|lssng)
8.5.33. %x - ‘l—lsin 2z + 6% sin 4z + -5 48 sin® 2z + C.
8.5.34. %m - 6L4 sin 4z + % sin?2z + C. 8.5.35, 1;—8(33: - sindz + Lsin8z) + C.
8.5.36. ‘l—lsinh - %sin-lr +C. 8.5.37. 2cos % - gcos % +C.
8.5.38. %sin 4z + %sin 2e+C.
8.5.39. %(%sin 3z + %sin 7z +s8inz + %sian‘) +C.

8.5.40.C~%ctgsx+3ctg z—-ctgz —T. 8.5.41, £tg %—2tg“2—:+.1:+0.

WIM

8.5.42. %tgax - %tg"z+ %tgzz +In|cosz|+ C.
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Mnasa 9. Onpepenennsiidi nHTerpan
§ 1. Npuemsi asiuncnennn

9.1.3. 72 9.1.4. L __ 9.1.5.

11n7.916.5Im2-1.9.1.7. 22 - 1. 8.1.8. %.

Inl 2
9.1.9. %11113. 9.1.10. ﬁ, 9.1.11. 4. 9.1.13. 0. 9.1.14. ‘%55.
{_Z 17 1 2
9.1.15. v3 — 1 5. 9.1.16. —7o5. 9.1.17. 2. 9.1.18. 1. 8.1.19. £.

9.1.21. ln— 9.1.22. 1n-£ 9.1.23. 12 + 9In 3. 9.1.24. arctg 0,08. 9.1.25. 1n196‘

2
9.1.27, % 9.1.28. [n2 9.1.29. & T —ln 2.9.1.30, 1 —cos 1.

*
9.1.31. 9132.11nL2£ 9.1.33. 1=1n2 9434 _In 2
ln2 13 ) 7

9.1.35. 20 29‘ 24 91,362 9.1.37. V3—1+1n 3@. 9.1.38. 31“—2‘”. 9.1.39. 1.

9.1.40. T g 2 +1n V2. 9.1.41. O1BeT He BepeH, T. K. MPOTHBOPEHUT CBOHCTRY 7.

9.1.42, 0. 9.1.43. a} sropoit; 6) nepswilt; B) Bropoit; r) nepeuii. 9.1.44. a) < 0;

6) > 0. 9.1.45, Her. 9.1.47. 11131 9.1.48. 1. 9149.31119 9.1.50. 3In3.

9.1.53. 1‘; 9154.% 9.1.55, 3§ 9156.4"'2‘/_ 9157.1n2—g.

1 T Tv3 7r—2
9.1.58. $ir. 9.1.60. 21n(3v2 - 3). 9.1.62. T + T¥3 9.1.63. T2

9.1.64. T - % 9.1.65. % 9.1.66. 5. 9.1.67. 2v/3 — %«. 9.1.68. In2.

9.1.69. In %. 9.1.70. '13T74‘ 9.1.71. %11 — /3. Yxazanue. z = 4sin?¢. 9.1.72.

9.1.78. 3. 9.1.74. ‘/_’f — arctg v/7. 9.1.75. Ag 9.1.76. é%g 9.1.77. T

. oo
N

9.1.78. 30 ln% ~6.9.1.79.21 9.1.80. 2 =2 9.1.81. ™. 9.1.82. a) nex; 6) ner.

4 4
9.1.83, 50. 9.1.84, Pasprp npu ¢t = 0. 9.1.87. —1. 9.1.88. 1 —4+6In2.

9.1.89. 63_15 £ 9.1.90. 241n2 — 16.9.1.92. T. 9.1.93. T 4‘8

2
Ll g7 37 _

ris
9.1.94.454 In{l + v/2). 9.1.96. T 64+16 5 T

3 6 4 _ x31’r 1
9.1.98. ™3 m+l—3—3 9.1.9%. 27 — 4. 9.1.100. In 2 4+ 9.1.101. "

9.1.102. —% + 33” — 7 —2In2 9.1.108. 2¢% — 2.

9.1.104. ('“ 32‘ T 4 Wg' ‘”). 9.1.105. QJ@ 9.1.108. Z - 38@. 9.1.107. 2.
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n 2
9.1.108. 4¢® + 2. 9.1.109. % 0.1.110. L2+ 12(1 +¥72)

3
9.1.111. % +1. 9.1.112. =/2 — 4. 9.1.113. 0. 8.1.115. 0.

§ 2. HecoGeteeHHbIE MnTErpant

9.2.2. % 9.2.3. % 9.2.4, Pacxoanrca. 9.2.5. Pacxoanrtea. 9.2.7. Pacxonurca.
9.2.9.1n2 9.2.11. ——3[2“9 3 9.2.13. Pacxomurca. 9.2.14. In(2 + v/5). 8.2.15. 7—2"
9.2.16. PacxoguTcs. 9.2.17. —1. 9.2.18, 7% 9.2.19. 4. 9.2,20. Cxoaurca.

9.2.21. Pacxomurcea, 9.2.22. Cxoonrea. 9.2.23, Cxonurca, 9.2.24, Pacxonurca.
9.2.25. Cxonurca. 9.2.26. Pacxonurca. 9.2.27. Pacxoonres. 9.2.28, Cxognrea.
9.2.29. Cxonurca. 9.2.30. Cxonurca. 9.2.31. Cxomirea. 9.2.32. Pacxonurcs.

9.2.33. Cxomuren. 9.2.34. %. 9.2.35. % 9.2.36. 31:24&@. 9.2.37. T + %

9.2.38. 7 (nonc'rauonxa t=g - %) 9.2.39. 0. 9.2.41. Yxasanue. Cpanrurs

2

e”" me ¥t 9,2,42, Cxogurcs (% = t)‘ 9.2.43, Cxooutcs.

¥xasonue. Cpasnnts f = e~="(1-122) ¢ plz) = e~*". 9.2.44. Pacxogurcs
{Inz = ¢). 9.2.45. Her suxaxux 3Havenuil o. 9.2.48. Pacxoourca. 9.2.49. —%.

9.2.50. Pacxomures. 9.2.52. 2v/2. 9.2.53. Pacxomurca. 9.2.54. 6. 9.2.56. 1—35.

9.2.57. Cxoourca. 9.2.59. 7. 9.2.60. Cxonurca. 9.2.61. Pacxozurcs.

9.2.62. Pacxomures. 9.2.83. Pacxomures. 9.2.64. Pacxomurca. 9.2.65. —% In 2e.

9.2.68. Pacxoontca. 9.2.67, g — arctg /7. 9.2.68. 2. 9,2.69. Pacxoxnrea.

9.2.70. Cxonurca. 9.2.71. Pacxoanrca. 9.2.72. Pacxogurca.
9.2.73. Pacxoantca. 9.2.74. Cxoanrca. 9.2.75, Cxoourea. 9.2.76. Cxoourca.
9.2.77. npu ¢ < 1; pacxomurca opu o = 1. 9.2.78. Pacxonurcs.

l-a
9.2,79. Pacxonurca. 9.2.80. J, = (—1)" - n! 9.2.81. —% In2. 9.2.82. Cxogurca.

9,2.84. Cxognrca npn o < 1; pacxoaures npu o = 1.
§ 3. Mpunoxenna onpeaeneHHOro MHTerpana

9.3.2. 3—21‘ 9.3.3.7—-1.9.3.4.1- 7. 9.36. 6%@ 9.3.7. 1. 9.3.8. %‘

9.3.9. 36. 9.3.10. %. 9.3.11. 8. 9.3.12. %. 9.3.14.2- 2. 9.3.15. % —241n %

9.3.16. %. 9.3.17. %. 9.3.19. 67. 9.3.20. nab. 9.3.21. 7425@ 9.3.22. 8r.

9.3.23. 3—8’!. 9.3.24. %x + 7%_15 8.3.27. 6,257, 9.3.28, %w. 9.3.29. 3-;1
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2
9.3.30. 2. 9.3.31. %. 9.3.32. 6ma’. 9.3.33, %ﬂ" 9.3.34. % 9.3.35.

9.3.36. 4+ 7°. 9.3.37. 3(6+ 7 - 3v/3). 9.3.38, %. 9.3.39. 37a>.

1
i

9.3.40. 47 — 3v/3. 9.3.41. %x. 9.3.42, 4491'7 9.3.43. 7. 9.3.44. %w — V3

9.3.45. a®. 9.3.46, 1. 9.3.47. 41n2 — 1. 9.3.48, 5. 9.3.49. 128 g9 3 50. .

3 3
9.3.51. 27r—§ 9352.J—2 9.3.53. I—Z 9.3.54. 13arcsmﬁ—-121n
9.3.55. 3. 9.3.56. L. 9.8.57. §. 9.3.58. 18arcsin { — 41n(1 + v2).

9.3.59. V2 — 1. 9.3.60. 3. 9.3.61. JSC 9.3.62. 8(x + 4). 9.3.63. 47 — 6/3.

Ta 5 in ra’
9.3.64. 7. 9.3.65. yrs . 9.3.68, - 9.3.87. 16(12 \/ﬁ) 9.3.68, =5

9.3.60. 5 + 1+ l2£ 9.3.70. %. 9.3.71. %az. 9.3.72. 243@ 7. 9.3.73. !@

9.3.74. 1. 9.3.75. %ab‘ 9.3.786. “T“b. 9.3.77. %m? 9.3.78. T + 3?.
9.3.79. a) T, 6) 0; B) 10. 9.3.80, 2{“63 9.3.81.a=2 9383, A=-3 B —
mwoboe yucno; C = 1; (c0). 9.3.84. Pasuel, 9.3.88. 3'2—/5 - i Inf+/5 - 2).

(1313 — 8)4 1, 6 1. V241 14
9.3.87. - .9.388.1+1m8 9380, v2+ 11 VT 9.3.90. .
9.3.91, %(e —e ). 9.3.93. 8(v2 + In(v2 + 1)). 9.3.94. %(6\/3_7 — In{/37 — 8)).

9.3.95. 12—37‘1, $.3.96. 8. 9.3.97. 27a. 9.3.98. 12+/3. 9.3.99. %
5 3
12 +1n 2

9.8.105. 5(7“/1 T4 + L+ VT 47:2]). 9.3.106. 12(2 — V3).

9.3.100. V2(e — 1). 9.3.102. /2. 9.3.103. 28. 9.3.104.

9.3.107. 2(e% —1). 9.3.108. 3. 9.3.109. T 32 9.3.110. 8v/2— 1. 9.8.111. 1 1n3.

9.3.112. 1 (\/5 +3ln(2+ JE)). 9.3.113. In7 - 3. 9.3.114. 23+ (V3 + 2).

9.3.115. “2'2?(13\/13 —8). 9.3.116. 4+/3. 9.3.117. 10#. 9.3.118. 12. 9.3.119. 16.

9.3.120. 12. 9.3.121. 41/2. 8.3.122. 263!1374" 9.3.123. "‘T

L5 4 In 2) 9.3.125. 2v/2. 9.3.126. 2v/3. 9.3.127. 2 — 2arctg 2.

9.3.124. 3(16

2
9.3.128. 4V3 arctg v2 + 38 (11Y22 1) 9.3.120. §. 9.3.130. J +2In(v2+1).

9.3.131. “—1 93132.M( 35 3) 9.3.133. 2¢¥ ~2.9.3.134. m I

B
1(5, 5v3 3ra
9.3.135. E( + 2 ln(2+\/§)),9.3.136. Ia.
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9.3.137, 2xv/1 + 472 4+ In(27 + 1+ 4x7%). 9.3.138. %(ﬁ + In{1 + V).
9.3.139. 16. 9.3.140. £V/T+5. 9.3.144. %«Ri 9.3.145. %ﬂ'RzH. 9.3.146. 8.

9.3.147. 8. 9.3.148. 8r. 9.3.149. %‘R’. 9.3.150. 54r. 9.3.151. 24,

9.3.152. 241/37. 9.3.153. %h(az + ab +b?). 9.3.154. Mn. 9.3.155. 247.

9.3.156. %’f-. 9.3.157. %. 9.3.158. 4307r 9.3.159. 135. 9.3.160. Sé’”

9.3.161. 27x. 9.3.162. i 9.3.163. 423“ . 9.3.164. 50. 9.3.170. 7?8

9.3.171. —‘*ﬁ 9.3.172. égﬂ 9.3.173. 16384« 9.3.174. 4x2.

9.3.175. 7(37 + 4). 9.3.176. 47. 9.3.177. %w. 9.3.178. %'nazb‘ 9.3.179. %m%.

9.3I.180. r(lnf-l - %) 9.3.181, 2x2. 9.3.182. 487. 9.3.183, 18x. 9.3.184, 48~.

sh?2 32,
9.3.185. 5 9.3.186. 10511' 9.3.187, ma ( + 1) 9.3.188. BT

(e? —1). 9.8.190. 2&?« 9.3.191. grr. 9.3.192. 63—4er3.

I—I

T
9.3.189. vy
4

2
9.3.193. 7a’. 9.3.194. 7~ 9.3.195. 4. 9.3.196. 1703 9.3.197. 84,

7 3 37
R®. 9.3.200. 8. 9.3.201. L 1793202 8.

L

9.3.198, 2167. 9.3.199.

50

9.3.203. 1281 9.3.204. %f:. $.3.205. 4x2. 9.3.206. ,(mzé - 2). 9.3.207. &

3
9.3.208. Z(15 - 161n2). 9.3.209. 34"322& 9.3.210. n. 9.8.211. 7

9.3.212. . 9.3.213. (1 - -) -7 0.3.214. 327. 9.3.215. Ja.

3
9.3.220. 63—4173 9.3.221. 167242. 9.3.222. %ﬂ. 9.3.223. 2r(v2 + In(1 + v3)).
a’ € b a+c 2
9.3.224. 27b(b + & arcsin £ ). 9.8.225. 2ma(a + & 1n|2EC|). 9.3.226. 167",

9.3.227. 4r. 9.3.228. Zx(2v2 - 1). 9.3.229. 7RVRZ + HY,
9.3.230, m(e — ¢! +2). 9.3.231. &L (JT = Ln(vT0 - 3)). 9.3.232. Xna?.

9.3.233. n(vZ +In(1 + v2)). 9.3.234. 5 (2¢* - 5¢* — 1). 9.3.235. 1852,

430 {97v/33% - 97 — B0V 333).

9.3.239. 6407. 9.8.240. 87(2 — V7). 9.3.241. Sx(2v2 - 1). 9.3.242. 8+
2V2+1) _
9.3.243. 1 (f V2 +1n Ve ) 9.3.244. /3 (2 2). 9.3.245. 37.

9.3.246. 3% 9.3.247. g (37 — 4). 9.3.248, 9“-"7: 9.3.250. 10 m; 1 M/c.

9.3.286. 2“5 2(e™ — 2). 9.3.237. 13317 9.3.238.
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9.3.251. 37,5 m. 9.3.254. 11—29an232. 9.3.255. 10 cM. 9.3.258. 60g ~ 588 Ix.

9.3.259. gyD°. 8.3.260. hgyab®. 9.3.261. a) ~ 1226 H; 6) ~ 613 H,
2 i 2
9.3.265. ( =28, ‘23). 9.3.268. M‘ 9.3.267. (—%,0) 9.3.268. vot — 95—;

2 . 9.3.2690. 400 M. 9.3.270. §g7ﬂR2H2 x. 9.3.271. §g‘rHR3

9.3.272. 1083,3~ xH. 9.3.273. E’ygahg. 9.3.274. 367gy % 9,2 - 10° H.

9.3.275. 5, = §, = Ly, M. = M, = 3y. 9.3.276. =R®. 9.3.277. ( R,ZR).

Sa%; Sr=92’,”T‘g;S :32 9.3.280. 8.

9.3.281. z(t) = W sinwt; 2. 9.3.282. 11 s; 8 mfc; 0 M. 9.3.283. 5 cex;; Th m.

9.3.278. (ﬁas;n 2, 0) 9.3.279. m —

9,3.284. ﬁow ﬂ(dha 9.3.285. é'y?czab 6,28 - 10° Ix. 9.3.286. ——mRﬁ 2,

9.3.287. 1rR2H* (71 - %72) 8510 k. 9.3.288. 2 54 Mun.

Mmaea 10. KomnnekcHslie 4Mcna

§ 1. KomnnexcHele HACNA, OCHOBHBIE NOHATWUA. MeomeTpuqeckoe usobpaxenue
KOMANEKCHLIX Yncen. DopMul 3aNNCH KOMANEXCHBIX YNCEn

10.1.2. a) 5; ?r,5)23,2,n)\/_ ,r)\/- arctg3 10.1.4. a) -1+ V/3;
6) —% +s'§. 10.1.5. a) 5 —5; 5v/2; -5:6) 2,82 0.

10.1.6. a) 2v/5(cos(arctg 2) + isin(arctg 2)); 6) 2(005(—%) + ¢ sin (—%)),

B) 2001{cos 0 + ¢sin 0); r) 2(cos (—%) +isin(—%)). 10.1.7. a) 12¢%7;

6) (V3 —1)e'™; B) 56"”(““3 %_”); r) %, 10.1.11, a) 7 + 2nk; 6) % + 2wk,
10.1.12. a) — % mn —&7; 6) 3. 10.1.13. a) 5(::05(—%) +isin(-2)) u -5;
6) 2(cos(—150°) + isin(—150°)) n —v/3 — 4.

10.1.14. a) 5(cos (— arctg %) + isin (— arctg %)) = HeTioree 34;

1»‘_

6) 3{cos(—10°) + isin{—10°)) = 3¢~ 'T8; n) r 1 cos1®

0s 1
10.1.15. a) 2cos 11°(cos 11° + isin 11°); 6) ms(% - @) +isin(% - Lp);

{cosl +isinl) =

B) — c (cos(ﬂ' — ) +isin(r — a)); r) 5(!:08 %:rr + isin %11') 10.1.16. 2 u 1.

10.1.17.a) z =4; y = —3£; 6)r=4y= _&3@_ 10.1.21. vy, =1y
1 = @2 + 2k7.
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§ 2. JedcTBnA Haf KOMNMEXCHLIMW YHCNIAMW

10.2.3. ) —1+ 55 6) 15 — 13i 10.2.4. a) - + 3.i;6) 0. 10.2.5. 2) 32;

6) 32i. 10.2.6. a) 1 4—*; 6) 4 —4i. 10.2.9. —1. 10.2.10. 1. 10.2.12. a) 7 = I;

¥y=26)2.10218. a)z=3,y=5,6) s =2+i;y=2-i 10.2.14. -2 -2

10.2.15. 512(1 — £/3). 10.2.186. ﬂ:3£ {1+ :v/3). 10.2.17. —1; éiﬂf.

10.2.19. OxpyxnrocTs (7 +1)° + 3 = 4. 10.2.20. IomyniockocTs y >

vole

10.2.21. a) 25; 0; 6) § §. 102.22.a)z1_0 = —1;23‘4=%:|:—3

v
|§a S
|

b=
.

6) z = /2 + 4i. 10.2.23. a) —32 - 32v/3i; 6) —1. 10.2.25. a) 2, =
2 =4 23 = —Ag ~ 24, 6) 2.el-8+3m4) k—0,1,2,3,8) 2. {5+ %)5,
k=0,1,23 r) ‘{'/E(cosm +isin ZEETKY k= 0,1,2,3,4

20
:I:"/g'

10.2.286, a) v65; 6) 2v/10. 10.2.27. 21 =0; z2 = 1; 234 = — 5.

B

10.2.28. a) 2 % 2;; 6) mﬁ@‘ 10.2.29. a) %
6) 4(cos(2p + &) +isin(20 + ) ). 10.2.30. a) -2 +iv/G; 6) ~12 +0i

10.2.32. —La n —v/724i. 10.2.34. a) cosg =3 + %cos 2r+ %coszl:r;

8
6) sin’ ¢ = § — £ cos 2z. 10.2.35. a) —2 +14; =3+ i; 6) £24; +v/5i,
10.2.36. cosz + isinz. 10.2.38. z = /3. 10.2.39. z = —4,8 + 6,4i.

10.2.40, 2% . cos!® (71'_—4_252) {cos 8 — isin 8ip). 10.2.41. a) (; apryMent me

) 4y 4 2
IPENSIeH; 6) 64; 1577! B) gin ll ' 571-‘
2 psin® ¢ + sin® .
sin 22 - sin ”-jlz'_lx‘ 6) sin 2% - cos %x

¥

E TE
s 5 5N 3

10.2.42. sin 5¢ = §singcos? ¢ — 10cos

10.2.43. a)

. 10.2.44. a) 21,2 = +i;

23,4 = 1 i2‘/§‘.; 6) z12 =%1; zaq = 2i; 256 = £2; 27z = 12i; B) 2 = % — 3.

10.2.45. (1;1) u (—1;1). 10.2.46. a) Koxeu panuyc-BeKTOpa 2z NepeHecTH Ha
BexTop @(—3;0); 6) NoBEPHYTH PANMYC-BEKTOP TOMKM Z HA YTOJ & MPOTHB

2

9acoBOH CTPENKY; B) MepeHecTH KOHEL PAnMyCa-BeKTOPA TOYKH z Ha BEKTOD
&(2; —1). 10.2.48, IIpu ¢ = y unu = = —y. 10.2.49. a) OxpyxHocTh |2| = 1;
6) vet Takux Towek. 10.2.50. a) 1; 6) 1. 10.2.51. Ha.
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fnasa 11. DyHkUMM HECKONLKUX NEPEMEHHbBIX

§ 1. Nouarve hyHkuMA Heckonbrux nepemeHHbix. Fpaduk u nubun yposna
hyHKuMn geyx NepemMenH bix

1113, S=pp-2)p- )z +y-p),0<2<p 0<y<p,z+y>p
11.1.4, OyHknus HeogHOIHAMHAS, V = l9:3,.-(2R+ R? — x? — y°), ecu ueHTp
Iapa pacnosioxeH BHYTPH MHpaMunsl; ¥V = —xy(2R v R2 — 22 — y?), ecnu
HEHTP WApa pacnoaoxken sae nupamips;; D= {(z,9): 0 < z € 2R,

2 2
0 <y VART— 27} 1116, V = Th(® — 1*), 0 < h <1 11.1L.7. a) %;

2 T2
-y, ¥y -z 2zy _ E
6) o | B) 22y ;1) zrz—yz 11.1.8, a) -2 6) . B) Ty +

2 2 2 _
r) %L.n) 1+§g.e) x*—y2+§—+§. 11.1.10. f(z) = V1 + 2.

2
11.1.11. f(x;4) = %‘Tﬂ Yxasarue. OGo3HauMB U =2+ Y, ¥ = %, oTpenes M

w? + R = ‘"'2(1 -
T+ Q+9? . O+
JaMeHMTh w Ha T Mo Ha 3. 11.1.12. f(z) =2 ~z,a2=2y — (z — y)
11.1.15. llonwcn 2an € 2 £ 2n+ Um, 20, 2n+ Dr £z £ 2n + 2w, y £ 0,
rae n — NpOM3BOUILHOE uesoe duciao. 11.1.16. Buccextpuca Il u IV
KOOpPAMHATHHIX yrioB, ¥y = —x. 11,117, llonoca: 1L €y s 1, z € R

) . Ocraerca

T =

4o Y= Thv
2

11.1.18. HacTe IJ0CKOCTH NepBoit 4eTBEPTH, PAcONOXKEHHaa Boime napabouisr
rz2, r <2,
~2<yg2 -2y
11.1.22. YacTs TpocTpAHCTBA HAJ 3JLIMOTHYECKHUM TApaboIonaoM.

11.1.23. YacTe npoCcTpaHCTha, PACOJIOKEHHAS HAL THIePDOTHYeCK UM
napabosongom. 11.1.24, I, I1I, VI, VIII oktanThl ciuctemel koopounar Ozyz, He
prJouan rpanany. 11.1,25. HoaynpocTpancrso, OrpaHHYeHHOS IJIOCKOCTID

z+ ¢+ z =1, u comepxamee Havase koopanuar. 11.1.27. JiuHun yposHa —
npAMEe ¢ + ¥ = ¢, a rpadue byHEnnM — 310 WIockocTe. 11.1.28, Jlumuu
YPOBHA — DABHOCTODOHHNE CUNEPOOJHL Y = ¢, ¢ > () (OHH PAcmo/MoXeHH B NepBoil
H Tperbell werseprn maockoctn). Tpaduk pyuxumn — Konyc. 11.1,29, JIunanu
YPOBHA — panHOCTOpoHHAE rHnepboisl 11.1.30. JIunui ypoBHA — nNpAMble
JIMHHH, Tapa/liesbHble npamolt £+ y + 1 = 0. 11.1.32. Ilnockocn,
napasUIesIBHbIe IUIOCKOCTH & + i + 2 = (. 11.1.83. Konnentpuyecue ceps
paauyca /u, u > 0, ¢ UeHTPOM B Haualle KOODAHHAT; Hadaro keopaunar O(0; 0;0)
npu u = 0. 11.1.34. Ognonoaoctasie runepboonas ¢ ocbio Oz, ecom w > 0 wam
OBYXIOJIOCTHEIE mnepﬁo.nonnm pu 4 < 0, ecom me u =0, 0 2° +y* — 22 =0 —

+:r: >+ b +z
konyc. 11.1.35, a) EQ—‘Q‘ y (yg+z:2)a:y - g_ ot

¥ > /7 (z = 0). 11.1.19, Ipe noaynonocen: {
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gg n:+y 2 +y _*+¥ 411 R 2
®) - x+y+ (w +y)r Ty 3 g T AL

11.1.37. a) 2* — 2:1:2‘_:;2 + 2y%; 6) 4242 11.1.39. a) cos 2x; 6) cos{z? — y?).
11.1. 40 ,El,Be nosynoock D = {(x;y) €R? : [y} 2 1, |z] < 1}. 11 1.41. Konsne
2% € 2% + 3% € 3%, 11.1.42. NMoayzameuyroe konsuo 1 < 22 + 42 < 16.

11.1.43. BHemHoCTE ABYX OKPYXKHOCTEH ¢ ypaBseHHAMH

-1y ( _1)2_1 (z+1 ? ( 1)2_1

(:c 2) +{y 3) =g H 2:+2) + y+§ =3 € HCKJIUYeHHON ToukoHl
O(0; 0). 11.1.44, O61acTE, 3aKTI0YEHHAA MexXIy napafonaMu y = 1 — 2% i
y=2z"— 1. Dopmamsho, D = {(z;y) €R?*: y 2 1 —2% y2 -1}

11.1.45. D = {{z;y) : ‘%l € 1} — ABa BEPTHRANBHHEX YTJIA, OPPAHMYEHHBIX

NMpAMBEIMH ¥ = £ B § = —& ¥ comepxawmx ock Oy. 11.1.46, D — obnacts

{(x+ D2+ 2,

011,147 cos(z¥ + ) 2 0=0< 2 + 1’ £
(z-1P°+4 > 1 (= +y) > = Y

Eil
“--.Es

2km — g 22+’ < vk + ’2’ k=1,2,3,... (puc. 134). 11.1.48. MMepsmit

Puc. 134

okTanT £ 20, y 2 0, z 2 0. 11.1.49. YacTe npocTpancTBa MEeXOY ABYMS
KOHueHTp}{'-IECKHMH cd)epamn pamuycos T U R ¢ I.IieHTpEI.MH B HAYMAJIE KOOPIHHAT.
11.1.50. 0 € z° + 4% € 2% 11.1.51. a)

—2) Ty +3)°
1 1 . 1 . 1 .
) -7+ @+3" (z—3)2+(y+2)2'“) x2+y2—4’r) (€° - 2y)(z+2)’

1 : 1 : 1 gy Y42 — P
) sinzwm+g,7“e) 2% + sin” ?ry’x) sin’ 7r:t+sin21ry’3) v-y
n) Y-y : k) 1 ) iz —y?
Vad—z2 -2 2t (=3P -9 Jy-z+4
1 1 1 1 :
+ + + . 11,1.52. a T)=snz,
)\/y?—:c Viz -y Jay-4  fB-ay 1@
gl{x) = cosz; 6) g(z) = cosz, g{z) =sinz; B) f(z) =tgz; 1) flz) =€".

11.1.54, z = «®ln v, —g <v< g 11.1.55. -1 <3z -2y < 1.
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§ 2. Mpepen thyrkymn B Touxe. HenpepbiBHOCTE PYHKUMK B TOUKE W HA
MHOMXECTBE

11.2.6. 0. 11.2.7. He cymectpyer. 11.2.8. 2 11.2.9. —% 11.2.10. 0.

11.2,12. 0. 11,2.13, 0. 11.2,14. In 2. 11.2.17. 0. 11.2.18. 0. 11.2.19. 0.
11.2.20. —4. 11,2.22, ®yuxkuna HenpepHBHA B NaHHOl Touke.
11.2.23, Henpeprisaa. 11.2.24, Henpepuena. 11.2.26. f(1;2) =

11.2.27. £(1;1) = 0. 11.2.28. £(0;1) = —12. 11.2.29. f(0;4) = %

11.2.30. f(0;0) = 0. 11.2.34. z = 0, ¥y = 0 — TouEa pa3puBa. B oxpecTiocTH
a1olt Touku f{z;y) GeckoHewno manas, 11.2.35. My(0;0) — Touka paspupa. B
OKpecTHocTH 5T0H Toukn f(x;y) Geckoreuno Gonmwmasn. 11,.2,36, dyHxuus
Pa3pBIBHA BO BCEX TOUKax npaMoil x — y = (. B oxpecrrocTH Kamno# Touku
npamolt f{z;y) — nosoxurersias GeckoHedHO GoIbIAA PYHKIHA,

11.2.37. Oyukuus paspeiBHa B Kax a0k Touke napaGonsl y = 2. B okpecTHOCTH
ee touex f{z;y) — GeckoHeyno GoNbMIAS PASHEIX 3HAKOB C DA3HLIX CTOPOH

napadonst. 11.2.38. —10. 11.2.39. 0. 11.2.40. % 11.2.41. €. 11.2.42. 0.

11.2.43. 0. 11.2.44. % 11.2.45. —%. 11.2.46. 1. 11.2.47. ¢?

§ 3. Hactueie nponseoarsie. Nonuoili gudrdepenuman. Nuneapuwsauma dynxumia

11.3.2. A;z =042, Az = 02, Az =0,178. 11.3.3. A,z = (,0031,

Agyz = 0,0006, Az = 0,0063. 11.3.4. Az =004, Ayz =004, Az =0 .

11.3.5. 1,31. 11.3.6. 0,2109. 11.3.7. 0,33. 11.3.8. 0,0187. 11.3.11. 2! = 2xe® 1¥"

2= 2ye"2+’2. 11.3.12. «; = 5t'sin® z, o), = 3" sin® zcos 2.

11.3.13. v, = 45 cos?y — 15z* y “sin 2% - cosz®, v, = —z*sin 2y — 4y sin® 2%

11.3.14. 2% = 2« cos 2ey — 2ya® sin 2ey — 47 cos(x + y),

z, = —22°%sin 2zy — 2y sin{x + y) + y* cos(x + ).

11.8.15. ul, = ya¥ '+ et T  + 42 Inz, v, = x¥Inx + 272y + 225 In 2,
= (zy}¥ In(z - y) + 2yz"¥ "', Vresanue. CnenyeT 3aMeTUTh, YTO 30€Ch HMEEM

IeN1o Mo CYWECTBY C ABYMA OpMYNaMu: 4714 [MPOU3BOIHON CcTeneHHOH U

nokasarensholt yukunit. 11.3.1%9. 1,08, 11.3.20. 3,185. 11.3.21. 0,227.

Ysocaaaw.ue Or rpanycoa CJ'IeJJ\YE'T MepeXOIUTh K pa,cmanam {(aucnan). Torna

o 6’ Yo = §’ Ar = -2° 90 VAy=1" = 180 Besne npuanmats w = 3,14 u

OpOH3BOAMTE COOTBETCTBYKMuNe pacders, 11.3.23. 0,82. 11.3.24. 3,037.

11.3.25. -0,03. 11.3.27. 108,972. 11.3.28. 1,054.

11.8.29. dz = 30zy(5a’y — ¥° + 7)2dz + 3(52%y — y° + 7)2(5¢% — 3y%)dy.

11.3.30. dv = a tzdu - — :‘L t:,dt,
11.3.81, dz = (ﬂ— ~3\~V/——)da: + (3% + <= )y
Wy Yz
11.3.32. dz = Fdo - —2Edy,
bln — Y sin —
" y
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W

11.3.33. dz = — du + vdy _
2\/%(. +v mul v 4u /u2+v2
2 2z
11.3.34. dz = — ds + .
¢$2+y2 y1||"x2+y2 Y
11.3.35. dz = — 24Y2dz = o*V2dy
(z* + ) /a2 — y?

— {1 z Y y, in £ gin ¥ _
11.3.36. dz—(ycosycos + smysm )dz
1z z ¥l Tap ¥
(? cosycosz+$smysm )dy.

2 2 f
11.3.37. dz=2- 1_(”1 ;;‘"’/ :+ x:);' k (zdz + ydy).
¥4y
11.3.38. du = (322 + 3y — Dde + (22 + 32) dy + Qyz + 1) da.
11.3.39. du = gs:lf‘lda: + %x* Inzdy - ;'é-z% Inzdz.

11.3.40. dz = y*s¥ “'dr + zp* " '2¥ Inzdy + y*x¥ Inzlnydz. 11.3.41. %

11.3.42. ;%. 11.3.43. 39 11.3.44. 0,08. 11.3.45. 0,25¢. 11.3.46, = 7,5.

11.3.47. 2,95. 11.3.48. 0,345. 11.3.49. 0,75. 11.3.50. 257,408.
11.23.51. VMeunmntea ua 23 15,7 cM®. Veasanve. V = l7rR2H,

3

AV =dV = %ﬂ(ZRHAR+ R*AH) = -57 (cm?). 11.8.52. YMeHBIINTCA Ha

0,32 cM. 11,3.53. 4370 £ 100 oM,

§ 4. Onddepenumposane cnoxuoix 1 HeasHbix dynkumii. Kacatenehan v
HOPManb K MOBEPXHOCTH

11.4.4. 82 = o2 + y) cost — a(2y + 7) sin .

dt
o 4 _ Vt\fo_ 8 _ Int-—2

11.4.5. sm(2t+? lnt)(2 5 Jut= t)‘

11.4.6. ‘;—i = 2z u + 627y ut + 22y% cost mam % = t"(8sint + tcost).
dz _

11.4.7. = 0.

o £’ 2
11.4.8. (yarctgzy + ﬁ%’?) 2+ (yarctgay + =24 =k ) -t

11.4.9. 2e2“‘3v§5—t -3¢ 7M(2t — 1). 11.4.20. y2¥ 'L 4 2V Inzcost.

11.4.14. dz = 3u (*ua + ;13) du + u® (311;2 - f;) de.

—_ I v=1 _
11.4.15. dz = (mvﬂ ﬁ: In ‘U) du+
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(B gt

11.4.16. dz = — (ge” + x%) sinzydu — (ye* + zInw) sin zy dv.

= o (e o) oo () @]
11.4.17. dz = - +x)|du+t+ — x| dv].
1+3292[(\/u2+v2 u? + ¢?

11.4.18. dz = 2\/::+ y S?Ifgv + (casl;z v ﬁ:}zv)udv]'

11.4.19. dz = m [(2z cos v+15y* sin v) du+ (—2zusin v+ 15y u cos v) dv].
eV _ ¥

11.4.22. ¢ —W 11.4.23. ¢ = H%—e—— 11.4.24, 3/ _;%g.

11.4.28. ' = L. 1‘311:—2321—“3 11.4.26. y' = - ¥ 11.4.28. (¢):

Nr+2y—24=0,(n): 2z — 11y +7=0.11.4.29. (t}: Te —y — 13 =0, (n):

2+ Ty—9=0 11.4.35, dz = W. 11.4.36. 92 = % = m.

2 2
11.4.37. 2, = —a%’zi z = —g,%. 11.4.38. z + 4y + 62 = +21.

11.4.39. +z +y+ 2 = Va? + b2 +¢2. 11.4.40. B Touxax (1;1;0) u (1;-1;0)
KACATE/IBHEIE ILAOCKQOCTH NapavieNsHe maockocTw Oz, B Toukax (0;0;0) u
(2;0; 0) kacarensHBIe NNOCKOCTH NAPAIIENLAR (Y2, A KACATRIBHEIX IOCKOCTEH,

2¢
napasLrensHeix Ory, Her. 11.4.42., 3 = 2 (2
¢ Tty
11.4.43. dz = 2(4z° — 8xy?) + (43° — 8x’y)e? dt.
1 - 1
11.4.44. dz = [y+y)—g—+(¢‘ y)t]dt-

{12 22
11.4.45. d _(?W m)dc

11.4.46. dz = (2tg5= 2+ 22 ) dt

VI + 2P V1 - 422

11.4.47. dz = [ gsin(z +y H“"’s (2+9) | opqe - l)cos(y+x)} dt.

_{_2zsinz® _ n::os:.c2 1_
11.4.48, dz = ( yft+25 y! o5 t) dt.

2!
11.4.49. dz = (—2—"’336«: y = sin 2t — 2—5 sec? y £ cos 2t) dt. 11.4.56. Ha.

11.4.57. Her. 11.4.58. Ia. 11.4.59. HET‘ 11.4.60. Her. My(—1;1) He nexur HA

awand. 11,4.61. Ja. 11.4.62. y = :I:\/3z2 + /924 — arctg 2z.

11.4.63. y = /7 + In(20z + 1823 + 1}. 11.4.64. y = & {/arctg(3z? + 17) - z2.
3+ /3 1624 + /(3 + VO + 1629)? + 1624
412 L]

11.4.65. y =
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-9+ 16zt £ \/(3 - V9 + 1624)2 + 1624
4z”

YPaBHEHNE ONPEOETAeT IB€ OFHOIHAYHEE HesBHEE (DYHELHN, TAK Kag IPH Zo = 1

ypaBHeHMue gonyckaer opa KopHs y = 2 u y = 0. KacarensHaa uepes (1;0):

y= _,1%(:0 —1),uepes (1;2): y— 2= —%(:c —1). B oxpecrnocTi y = 2

y= . 11.4.66. B okpectHOCTH 2o = 1

YPaBHEHWE JONYCKAET TAKMKE OBe OJHOIHAMHEIE HeABHEIE QYHKIMH, nbo npun y = 2
YpaBHeHHe HMe-

er mRaxopua z = 1uz = 20. 11.4.67. B‘ =2 ( ﬂéﬁ) %3 =2 (1’”’ —vﬁ)
11.4.68.dz = (21:)2,(1; v)— —L,fu(u v)) d:c+(mgfu(u v)=3 £, (u; v)) dy.
11.4.69. gﬁ = ;z_—y-.rfu(u; v} +y2ftr(u; v}, @ = 2zy fo(uiv) — Ez—_yfygfu(u; v}

11.4.70. dz = [(2w — v¥)siny — (u? — 2uv)ysin :r:] dz+

+ [(mw — vz cosy + (u? — 2uv) cos 3:] dy.

11.4.71. dz = (50", (w; v) — y S (w; v) siney) do — (:r sin zy 1 (u; 0) + 7 £ (1 v)) dy

=1 E gt (s L 4. -
11.4.72. dz = ? (cos yfu(u‘ v) + 3 \/:f‘,(u, u)) (yde — zdy).
11.4.73. dz = a:da: y?dy ¥Yrazanue Mz DaHHEIX YCIOBMIE HYXRKHO HCKMIOYATE U

Hou= :z:+'y,‘u=1,/:r—y. Torna z = /2 — 4%,

—_zdr ydy _zdr—ydy edr _ ydy
N VT Z 11474, dz = 2= 4+ Z58,

11.4.75. dz = /z(z dz — ydy). 11.4.76. dz = 2z dz + ydy).
11.4.77. dz = 2(zdz + ydy).

§ 5. YacTHbie npovssopHbie v gudidpepeHuUMaNbl BLICWVX NOPARKOS

11.5.7. —sin 2 sin ydz? + 2cos z cos y dr dy — sin osin ydy?. 11.5.8. 24z 4 6y.

11.5.9. —sin(z +y). 11.5.10. —~2252E+ 3 14 5470, 11.5.12, ZEX2Y)

sin® 2(z + ) (x+y)
11.5.18. y{2 3;2)c3051:3,r—:.|:y2 sinzy. 11.5.14. sin y cos(zr + cos y).

11.5.15. —%;‘“n(dx — dy? )—49:9( did ) . 11.5.18. — cos(z + y)(dz + dy)*.

11.5.17. dz = (2:r:y — y))dr + (2° — 2zy)dy, d°2 = 2yde? + A(z — y)drdy — 2z dy’.
11.5.18. dz = (y + fg-)dx + (m - %)dy, &z = —%gdxz +2(1+ ;lz)dzdy.
11.5.19. dz = 6(z% + y°)(z dz + ydy),

&z = 6(2? + y)[(62® + y*)dz® + ey dx dy + (2 + 5y?)dy?).

11.5.20. dz = (8inx)°*° ¥ (cos yetgr de — sin y In sin x dy),

d?z = cosm{sin £)*** ¥[(cosy — 1) ctg’ & — 1] da’—

—2sinyctg z(sinz)***¥(1 + cos y Insin z)dr dy+
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+(sinz)°**¥ Insinz (siny - Insin £ — cos y)dy’. 11.5.21, dz = dz — 3cosy,
d’z = 3sinydy?®. 11.5.22. dz = 2rdy + d s

2(z” + y)
_ (2y— 22?) dz? — 4z da:dy dy’ ‘ 0o_ 2
.11.5.25. ' = = = -2
d*z 2+ ) 5.25. 4 =0,9" =y 3
11.5.26. d°z = —25—5 dz?. 11.5.27. d*z = —dz? + 2dzdy. 11.5.28. y'(2) = —

’
y"(2) = —5. ¥xasanue. H3 2z + 2yy’ + 2—;{%&?— =0 ¢ yueror &2 + ¢ # 0 merxo

P _ X o oo _2x+y o _ 18
=-=, + =0.11.5.29. ¢ = — , = - s
NOAYYHTDL Y g T Yy T z 72y Y @+ %)
2
1t 162z ' l—Inz
=— . 11.5.30, y = =,
VT T e+ ¥ P11y
_ ¢yl =z’ = 26 = 30 —hw)(l ~Ing)~2(1—lny)?]
(1 —Iny)®

11.5.32. ¢ = —g, Y= %3{, 11.5.33. %' = -1, ¥ = 0. 11.5.34. ' = —g,

oo 2 __6_2 :l::d;c d
y" = ;g 11.5.87. dz = £ (—az— + PE#)

b4

2 1‘34 € ?
2> \a?

- )4+ Shasos (o0 5) )

(A —ya¥dr + (1 — xz) dy

11.5.38. dz =
1—zy
diz 2g.'(l—zg.')af:a: +[z+y—z(1+n:y)]d:cdy+z(l—:.cz)dy
(1-=zy)°
11.5.89. dz = ﬂ%ﬁ@, d2z = _z? dz — zdy)®
yle+z y(z+2)
11540, dz = dp— — E—2dy o 2e— Y+ V(-2 +3" ;-
(x—2)" +yly+1) [w—z}2+y(y+1)]

11.5.41. ae¥(e¥ sin(ax + e¥) — cos(az + €¥)). 11.5.42. 4. 11.5.43. 0.
11.5.44. —6(cosz + cosy). 11.5.45. e™¥*(1 + 3ryz + z2y?2%).

2 2
11.5.486. —% + 48(z - 'u)s(y = v) yTae T = +/(z — u)? + (y — v)2. 11.5.47. pl - gl.

2(— 1}"‘(m+n—1)' (nx+my}
y)'m +rt1

11.5.49, ¢=+¥ [zz + ¥ + 2{(me + ny) + mim — 1} + n{n — 1)]. 11.5.50. 0.
—9l{dzx + d d,; dy' | di*
11.5.51. A—rgL 11.5.52. 29& + 42
(z+9) _HJ_ 5l
11.5.58. ¥ (adx + bdy)™. 11.5.54. e”""‘”"'“(a dr + bdy + cdz)™.

sose. (1) (w2~ 1) - (2) (G + F)]eer

+2(3$«’-)J°'1 (1n ¥ l)d:c dy+2=1 (g)z'zdy?

2y(2x sin 2 —y cos &) dr? +4x(2ycos—£—x sin &) dg dy—4z* cos 2 dy”
zésin® &

11.5.48.

11.5.57.
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11.5.58, e“‘[(l + zy) dz® +2( +z— y )dzdy+ (:l':2 - % + fg)%dy:’}.

11559 z,—4:.|: +9:7:y Boy? —5y zy—S:r: — 8zy + 15zy® — 43°,
» = 1222 + 18zy — 8y, zzyug:v — 162y + 15¢° ,Zyz——Sl‘ +30:vy—12y,

:% = 18z — 16y, 2y, = 18z — 16y, 2/, = —162 + 30y. 11.5.60. 27, = 3™,
z:y =e"¥{zy +1), z’ = 2%, 11.5.61. (1 — £2y?2%) cos 2yz — Jxyzsin xyz.
11.5.64. 92 = az(au) 626u3v+6z(8v) 0z Pu 0z 8%

T 827 T g’ \ Oz Budvdz bz T 50 \Bx) T Bupg’ T Bvar

= 2% u) +23z6‘u3v+62z(6v)2 9z Pu | 928
dy’ ~ ou’ \Oy ud 0y Oy " o' \By) T Bugy® T v oy

&z Pz ufu , Oz 8%80 Sv du Pz uvde |, 8z OCu , Jz O
+a”*a‘(a—a‘ azw)*a"? bz dy T 5udxdy ¥ Bv Brdy

2
11.5.65. 8—% = 41:23_5 yﬂ— 28 Zz +262

-+
=3

l

oz Ou’
%@:4;{‘3"‘+4;1:y3—6;+;|:2'5’‘”-+26.‘u
j%*‘lxyg—f-l-%r +y)auav+zyg—§+gz.
11.5.86. %Eg gz+3—g+2% %:?—u’é—gzz,
0*: _ 8%z 82 _

@5 = 5% + <= s 233% 11.5.88. sin(z + 2y°) dz® + 12y sin(x + 2y%) dz® dy+

+[48y? sin(x + 29°) — 12 cos(z + 2y7)) de dy® +
+[64y° sin(z + 24%) — 48y cos(z + 24?)] dy®.

§ 6. Mpowasonxaa no HanpaBnexuio. MpapuwenT

11.6.5. JInuus ypoBHA, NPOXOOAMAR Yepes A, — 3TO OKPY®EHOCTh &2 + y2 =2

—
grad z(1; 1) = (—2; —2). BexTop HanpabfieH K LeHTPY OKPYXKHOCTH, T. €. 11O
paauycy. 11.6.6. JIuHUA YPOBHA — 3T0 NpAMAadA, IPOXOOALWIAA Yepe3 Havaso

—
KOODAMAAT g =tge{z#0), gradz = ( _2_9_7 m)

grad 2(151) = (-L1). rad (15 —1) = (L 5) 11.6.7. grad 2(4;2) = (2; 4).

—_—
11.6.8. 715 11.6.10. gra.dz =(2;2:2), =% 6“ =2++2. 11.8.11. grad u = (+4; 0; 0).

§ 7. IxcTpeMyM yHXUMN NBYX NEPEMEHHLIX

11.7.2. 2{e — 1)* + (z — 1P (y + 2) — 4{z — 1)(y + 2)°.
11.7.3. 1+ {(z+ )+ 2y + 1)+ (z+ 1) = 3(z + (g + 1) + 2(y + 1)%. 11.7.5. 2,86.

11.7.6. 0,503. 11.7.8. (%, %) — CcTaHOMAPHAHA TOYKA, YAOBMAETBODAICIIAA
YCIOPHID) MHHUMYMA, [min(Z; Yy} = f(é g) 130 11.7.9. Oyrxuus umeer
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MaxcuMyM B Touke M{—5;—1), finax = f(—5;—1) = 1. 1L.7.11. frax — oM,
samay 11.7.10; fmin(2;y} = f(?'—ﬂ 3—“) = -3, 11.7.12, (2‘"" 2”) — Touxa

22 3'3
MHHHMYMA; (%, %) — TOYKa MAKCHMYME; fmin = — finax = _ig\/g_
11.7.14. M; (—%; %) — TOMKA MUHWMYMA € Zmin = 4+ 6 3 6

Mg(l’@:a—_—l; %) — TOYKA MAKCHMYMA € Zmax = 4%@ 11.7.15. (—-2;3) —

TOYEL MUHHMYMA, (13—6, {}) — TOMEA MAKCHMYMA.

11.7.17. max fz;y) = f(£4;0) = 16, mgn Hzy)y = (0,00 =0,
Fain(@39) = f(:l:%; +28) = 14 11,718, 2mio = 5, 2max = 12
11.7.19. zmin = —=2(vV2 + 1), zmax = 2(v2 = 1). 11.7.21. y = 2,08z — 0,5.
11.7.22, y = —%x + % 11.7.23. Mi(1; —4) — TOUKA MAKCHMYMA C

Fmax(1; —4} = —14. 11.7.24. M (3;6) He ApnAeTCH TOUKOH 3KCTPEMYMA.

11.7.25. M(%, %) — Touka MuEuMyMa. 11.7.26, M1(1;0), M2(1; -3) —

CTAlHOHAPHEBIR, He 3xkcTpeManbHele. 11.7.27. M (0; 0} — He sxcTpEMasbHASA.
M2(6;6) — Touxa MuHUMYMA. fnin = f(6;6) = —422. 11.7.28. M(1;1} — Touxa
MHHHMYMA, Zmin = —~82; M2(—1; —1) — TOYKA MAKCHMYMA, Zmax = 82;

Ma(—731—4; ——\%) " M4(731—4; @) — HE 3ECTPEMAJIBHEIE.

11.7.29. 2min{V2; —V2) = zmin(—v2; v2) = =8, M(0;0) — 1pebyer
JOTIOJIHATEIBHOTO HeCIenoBatud. 11.7.30. 2. (6; 4) = 6912.

11.7.31. zmin(5;6) = —86. 11.7.32. zmax = 2(0; =5) = 41, zmin = 2(—2; =1} = —3.
11.7.33. 2min{3; —2) = =11, 2max{1;2) = 9. 11.7.34. MunuMy™ B TOUKE
(—6;6v/3). 11.7.35. B Touke (1; —1) MaKcHMyM z = 6 NAN MAHIMYM 2z = —2
(ypapHeHHe ompepenger Ase OnHo3HavHee (yHxumu). 11.7.36. 2(-1;2) = -2 nnu

z{—1;2) = 2. 11.7.37. (%, %) — Touka Makcamyma. 11.7.38. (g;a) — TouKa
muauMyMa. 11.7.39. (lg, 3@), (—39; —39) — TOMKH MAKCHMyMAa,

(%; —%)‘ (—4, @) — TOYEH MHHHMYMa.

11.7.40. zmax = z(—%; —3) =11, Zmin = z(“- 3) =1.11.7.41. Ky6.

5 5'5
11.7.42. Y2V x V2V x 1 V2V 11.7.43. Ky6. 11.7.44. £+ §+ 2 =1.
2¢ 2b 2c

11.7.45. Pasmeprl napasuieaenunena: VAR A 4 roe a, b, c —

s
COOTBeTCTBEHHLIE NONYOCH 3uumunconas. 11.7.46. fnex = ‘%—

.
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KHura oxsaTbiBaeT Matepuas, NpeumMyLLecTBeHHO
u3y4aeMblil Ha 1-M Kypce TeXHUYeCcKvux BY3OB.

B Hell copepXuTCA HecKonbKo ThiCAY 3a4ad

No BbiCLUEW MaTeMaTuKe.

Heobxogumble TeopeTtuyeckue

CBeIeHWA Mo BCEM pasfenam BMmecTe

C AeTaNbHO pa30bpaHHbIMU TUMNOBbLIMK 3afa4aMu
No3BONIAT gaxe cnabomy CTygeHTy OCBOUTb

asbl 3TOW HENpOCTON HayKu.

BMecTe ¢ TeM B 3ToM cbopHuke HeMano
WHTEPECHbIX U CNOXHbIX 3aAay

LNA NPOABUHYTLIX CTYOEHTOB.

A Hanuyue «KayeCTBEHHbIX» BOMPOCOB

K 3K3aMeHy, KOHTpOfbHbIX paboTt
M YCTHbIX 3afaHui genaet

3Ty KHUry 6ecLieHHON He TOoMbKO
LA CTYLEHTOB, HO U ANA npenopgasaTenew.

HecnyyaitHo B nocnegHve rofbl 3TOT

cbopHUK 3afa4 Npo4HO BoLes B y4ebHbIN ‘
NPOLIecC v 3aHAN MeCTo Ha nonkax 6ubnuotek y
MHOMUX TEXHUYECKUX BY30B.

AVPUC 4R MPECC




